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Ïåðåäìîâà

Íàâ÷àëüíèé ïîñiáíèê íàïèñàíî íà ïiäñòàâi äîñâiäó âèêëàäàííÿ ïðàêòè-

÷íîãî êóðñó ìàòåìàòè÷íîãî àíàëiçó íà ôàêóëüòåòi ìàòåìàòèêè òà iíôîðìà-

òèêè i ôiçèêî-òåõíi÷íîìó ôàêóëüòåòi Ïðèêàðïàòñüêîãî íàöiîíàëüíîãî óíiâåð-

ñèòåòó iìåíi Âàñèëÿ Ñòåôàíèêà äëÿ ñòóäåíòiâ ìàòåìàòè÷íèõ òà òåõíi÷íèõ

ñïåöiàëüíîñòåé.

Ó ÷åòâåðòié ÷àñòèíi ïîñiáíèêà ðîçãëÿäà¹òüñÿ ìåòîäèêà ðîçâ'ÿçóâàííÿ ïðà-

êòè÷íèõ âïðàâ ç íàñòóïíèõ òåì: ÷èñëîâi ðÿäè, îçíàêè ¨õ çáiæíîñòi òà âëà-

ñòèâîñòi, çáiæíiñòü i ðiâíîìiðíà çáiæíiñòü ôóíêöiîíàëüíèõ ïîñëiäîâíîñòåé i

ðÿäiâ, ñòåïåíåâi ðÿäè òà ¨õíi âëàñòèâîñòi, ðÿä Òåéëîðà, ðîçâèíåííÿ ôóíêöié â

ñòåïåíåâi ðÿäè, çáiæíi ïîñëiäîâíîñòi i ðÿäè ç êîìïëåêñíèìè ÷èñëàìè òà ñòå-

ïåíåâi ðÿäè ç êîìïëåêñíèìè ÷ëåíàìè, à òàêîæ ðÿäè Ôóð'¹ òà ïåðåòâîðåííÿ

Ôóð'¹.

Íà ïî÷àòêó êîæíîãî ïàðàãðàôó ïîäàþòüñÿ êîðîòêi òåîðåòè÷íi âiäîìîñòi ç

êîæíî¨ òåìè, ÿêi ìiñòÿòü îñíîâíi îçíà÷åííÿ, ôîðìóëþâàííÿ âàæëèâèõ òåîðåì

òà îñíîâíi ôîðìóëè. Äàëi ïîìiùåíî âïðàâè äëÿ ðîçâ'ÿçóâàííÿ. Äðóãà ÷àñòèíà

êîæíîãî ïàðàãðàôó ìiñòèòü ïîâíå ðîçâ'ÿçóâàííÿ âèáðàíèõ âïðàâ.

Ìàþ÷è íàâ÷àëüíèé ïîñiáíèê çi çðàçêàìè ðîçâ'ÿçàíèõ ïðèêëàäiâ, âèêëàäà÷

ìîæå çîñåðåäèòè óâàãó ñòóäåíòiâ íà ðîçâ'ÿçóâàííi áiëüø ñêëàäíiøèõ çàäà÷.

Íàÿâíiñòü òåîðåòè÷íîãî ìàòåðiàëó òà ïðèêëàäiâ ðîçâ'ÿçóâàííÿ çàäà÷ äîïîìî-

æå ñòóäåíòó îïðàöüîâóâàòè ìàòåðiàë ïîñiáíèêà ñàìîñòiéíî.



ÐÎÇÄIË I. ×èñëîâi ðÿäè

�1.1. ×èñëîâèé ðÿä òà éîãî ñóìà. Íåîáõiäíà óìîâà çáiæíîñòi

Íåõàé {an} � ÷èñëîâà ïîñëiäîâíiñòü. Âèðàç
+∞∑
n=1

an = a1 +a2 + . . .+an+ . . .

íàçèâà¹òüñÿ ÷èñëîâèì ðÿäîì, à ÷èñëà an òà Sn = a1 + a2 + . . . + an �

âiäïîâiäíî n-èì åëåìåíòîì òà ÷àñòèííîþ ñóìîþ öüîãî ðÿäó.

ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ lim
n→+∞

Sn = S, òî ÷èñëîâèé ðÿä íàçèâà¹òüñÿ

çáiæíèì , à ÷èñëî S íàçèâà¹òüñÿ éîãî ñóìîþ. Â òàêîìó âèïàäêó ïîçíà÷à-

þòü
+∞∑
n=1

an = S.

ßêùî ãðàíèöÿ lim
n→+∞

Sn íåñêií÷åííà àáî íå iñíó¹, òî ðÿä íàçèâà¹òüñÿ ðîç-

áiæíèì.

Ðÿä
+∞∑

n=m+1

an = am+1 +am+2 + . . . íàçèâà¹òüñÿ çàëèøêîì ÷èñëîâîãî ðÿäó

+∞∑
n=1

an ïiñëÿ n-ãî åëåìåíòà (n-èì çàëèøêîì ðÿäó).

Òåîðåìà 1. Íåõàé
+∞∑
n=1

an i
+∞∑
n=1

bn � ÷èñëîâi ðÿäè, c ∈ R. Òîäi âèêîíóþ-

òüñÿ ñïiââiäíîøåííÿ:
+∞∑
n=1

(an + bn) =
+∞∑
n=1

an +
+∞∑
n=1

bn;

+∞∑
n=1

can = c
+∞∑
n=1

an,

ïðè÷îìó iç çáiæíîñòi ðÿäiâ ïðàâîðó÷ âèïëèâà¹ çáiæíiñòü ðÿäiâ ëiâîðó÷.
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Òåîðåìà 2. ×èñëîâèé ðÿä
+∞∑
n=1

an çáiãà¹òüñÿ òîäi i òiëüêè òîäi, êîëè

çáiãà¹òüñÿ áóäü-ÿêèé éîãî çàëèøîê. Ó öüîìó ðàçi äëÿ áóäü-ÿêîãî m ∈ N

ñïðàâäæó¹òüñÿ ðiâíiñòü

+∞∑
n=1

an =
m∑
n=1

an +
+∞∑

n=m+1

an.

Ç îñòàííüî¨ òåîðåìè âèïëèâà¹, ùî âiäêèäàííÿ âiä ðÿäó àáî ïðè¹äíàííÿ äî

íüîãî ñêií÷åííî¨ êiëüêîñòi åëåìåíòiâ íå âïëèâà¹ íà çáiæíiñòü ðÿäó. Êðiì òîãî,

m-èé çàëèøîê çáiæíîãî ðÿäó ïðÿìó¹ äî íóëÿ ïðè m→ +∞.

Ãåîìåòðè÷íîþ ïðîãðåñi¹þ àáî ãåîìåòðè÷íèì ðÿäîì íàçèâàþòü

ðÿä
+∞∑
n=1

aqn−1, äå a 6= 0, q � çàäàíi ÷èñëà, ÿêi íàçèâàþòü âiäïîâiäíî ïåðøèì

åëåìåíòîì òà çíàìåííèêîì ðÿäó. Çàóâàæèìî, ùî ãåîìåòðè÷íà ïðîãðåñiÿ

çáiæíà òîäi i òiëüêè òîäi, êîëè |q| < 1, òîäi ñóìà S =
a

1− q
.

Ãàðìîíi÷íèì ðÿäîì íàçèâà¹òüñÿ ÷èñëîâèé ðÿä
+∞∑
n=1

1

n
. Ãàðìîíi÷íèé ðÿä

¹ ðîçáiæíèì i éîãî ñóìà S = +∞.

Êðèòåðié Êîøi çáiæíîñòi ðÿäó. Ðÿä
+∞∑
n=1

an çáiãà¹òüñÿ òîäi i òiëü-

êè òîäi, êîëè

(∀ε > 0)(∃N ∈ N)(∀n > N)(∀p ∈ N) :
{
|an+1 + . . .+ an+p| < ε

}
.

Çàóâàæèìî, ùî çáiæíiñòü ðÿäó ðiâíîñèëüíà çáiæíîñòi ïîñëiäîâíîñòi {Sn}

éîãî ÷àñòèííèõ ñóì, ÿêà ðiâíîñèëüíà ôóíäàìåíòàëüíîñòi öi¹¨ ïîñëiäîâíîñòi.

Íåîáõiäíà óìîâà çáiæíîñòi ðÿäó. ßêùî ðÿä
+∞∑
n=1

an � çáiæíèé, òî

lim
n→+∞

an = 0.

Óìîâà ¹ ëèøå íåîáõiäíîþ, áî, íàïðèêëàä, ãàðìîíi÷íèé ðÿä
+∞∑
n=1

1

n
� ðîçái-

æíèé, õî÷à lim
n→+∞

1

n
= 0.
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Âïðàâè

1. Çà çàäàíîþ ïîñëiäîâíiñòþ {an} ïîáóäóâàòè ïîñëiäîâíiñòü {Sn} i ðÿä
+∞∑
n=1

an :

1) {n}, 2) {3n− 1},

3) {n2}, 4) {n3},

5)
{ 1

n(n+ 1)

}
, 6)

{5n−1 − 3n−1

25n−1

}
,

7)
{

ln
n+ 1

n

}
, 8) {e3n−1},

9)
{

(−1)

n∑
k=1

k−1
n
}
, 10)

{
(−1)

n∑
k=1

k2−1
n
}
.

2. Çà çàäàíîþ ÷àñòèííîþ ñóìîþ ðÿäó Sn ïîáóäóâàòè ÷èñëîâèé ðÿä òà

äîñëiäèòè éîãî íà çáiæíiñòü:

1) Sn = n, 2) Sn =
n(n+ 1)(2n+ 1)

6
,

3) Sn =
n(n+ 1)

2
, 4) Sn =

n

n+ 1
,

5) Sn =
n2(n+ 1)2

4
, 6) Sn =

2 + 3n

3n
,

7) Sn = sin
1

2n
, 8) Sn = (n− 1)2n + 1,

9) Sn =
n2 + 2n

3(2n+ 1)(2n+ 3)
, 10) Sn =

1, ÿêùî n = 2k,

0, ÿêùî n = 2k + 1.

3. Êîðèñòóþ÷èñü îçíà÷åííÿì ñóìè ðÿäó, çíàéòè ñóìó äàíîãî ðÿäó:

1)
+∞∑
n=1

3n+ 1

(n− 1)n(n+ 1)
, 2)

+∞∑
n=1

1

(2n− 1)(2n+ 1)
,

3)
+∞∑
n=1

4

n(n− 2)(n− 3)
, 4)

+∞∑
n=1

3n2 + n+ 1

n3(n+ 1)3
,

5)
+∞∑
n=1

1

n(n+ 1)(n+ 2)
, 6)

+∞∑
n=1

1

52n−1
,

7)
+∞∑
n=1

1

(n+ 1)!(n+ 3)
, 8)

+∞∑
n=1

ln
n(2n+ 1)

(n+ 1)(2n− 1)
,
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9)
+∞∑
n=1

sin
1

2n
cos

3

2n
, 10)

+∞∑
n=1

arctg
1

2n2
.

4. Ïåðåêîíàòèñÿ, ùî ðÿä
+∞∑
n=1

an çáiãà¹òüñÿ i çíàéòè éîãî çàëèøîê ïiñëÿ

n-ãî åëåìåíòà:

1)
+∞∑
n=1

1

n2 + 7n+ 10
, n = 30,

2)
+∞∑
n=1

(
√
n+ 2− 2

√
n+ 1 +

√
n), n = 50,

3)
+∞∑
n=1

( 1

5n
+

2

5n+1
+

3

5n+2

)
, n = 3,

4)
+∞∑
n=1

3n + (−1)n−12n−2

6n−1
, n = 3,

5)
+∞∑
n=1

ln
(

1− 1

(n+ 1)2

)
, n = 5,

6)
+∞∑
n=1

sin
1

2n+1
sin

3

2n+1
, n = 5,

7)
+∞∑
n=1

arctg

√
3

2n(2n− 1)
, n = 5,

8)
+∞∑
n=1

n−
√
n2 − 1√

n2 + n
, n = 55,

9)
+∞∑
n=1

2n− 1

(n2 + 3n+ 2)(n2 + 4n+ 5)
, n = 8,

10)
+∞∑
n=1

ln
n3 + 3

n3 + 3n2 + 3n+ 2
, n = 3.

5. Êîðèñòóþ÷èñü êðèòåði¹ì Êîøi, äîâåñòè çáiæíiñòü àáî ðîçáiæíiñòü ÷è-

ñëîâèõ ðÿäiâ:

1)
+∞∑
n=1

sinnx

5n
, x ∈ R, 2)

+∞∑
n=1

1

n2
,

3)
+∞∑
n=1

(−1)nn

(n+ 1)2 − (n− 1)2
, 4)

+∞∑
n=1

1√
n2 + n

,
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5)
+∞∑
n=1

n+ 1

n2 + 4
, 6)

+∞∑
n=1

ln
(

1 +
1

n

)
,

7)
+∞∑
n=1

(n+ 3

n

)n
, 8)

+∞∑
n=1

n3 + 1

n+ 3
arcsin

1

n2 + 2
,

9)
+∞∑
n=1

cosnx

n(n+ 1)
, x ∈ R, 10)

+∞∑
n=1

cosnx− cos(n+ 1)x

n
, x ∈ R.

6. Äîâåñòè, ùî ÿêùî ðÿäè
+∞∑
n=1

an i
+∞∑
n=1

bn � çáiãàþòüñÿ i äëÿ äîâiëüíîãî

n ∈ N âèêîíó¹òüñÿ íåðiâíiñòü an ≤ cn ≤ bn, òî ðÿä
+∞∑
n=1

cn òàêîæ ¹ çáiæíèì.

ßêèì ¹ ðÿä
+∞∑
n=1

cn ïðè ðîçáiæíîñòi ðÿäiâ
+∞∑
n=1

an i
+∞∑
n=1

bn i âèêîíàííi äàíî¨

íåðiâíîñòi?

7. Äîâåñòè, ùî ÿêùî
+∞∑
n=1

an ¹ çáiæíèì, òî çáiãà¹òüñÿ ðÿä
+∞∑
n=1

a2n. Äîâåñòè,

ùî çâîðîòí¹ òâåðäæåííÿ íå âèêîíó¹òüñÿ.

8. Äîâåñòè, ùî ÿêùî lim
n→+∞

nan = a 6= 0, òî ðÿä
+∞∑
n=1

an ¹ ðîçáiæíèì.

9. Äîâåñòè, ùî ÿêùî ðÿä
+∞∑
n=1

an ç äîäàòíèìè i ìîíîòîííî ñïàäíèìè åëå-

ìåíòàìè çáiãà¹òüñÿ, òî lim
n→+∞

nan = 0.

10. Äîâåñòè ðîçáiæíiñòü ãàðìîíi÷íîãî ðÿäó, êîðèñòóþ÷èñü êðèòåði¹ì Êî-

øi.

11. Ó êðóã ðàäióñà r âïèñàíî êâàäðàò, ó êâàäðàò âïèñàíî êðóã i ò. ä. Çíà-

éòè ñóìè ÷èñëîâèõ ðÿäiâ, ÷ëåíàìè ÿêèõ ¹ ïëîùi çàäàíèõ êðóãiâ i êâàäðàòiâ.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.9. Îñêiëüêè çà îçíà÷åííÿì ÷àñòèííî¨ ñóìè ÷èñëîâîãî ðÿäó Sn =
n∑
k=1

ak

i Sn−1 =
n−1∑
k=1

ak, òî Sn − Sn−1 = an, äå n > 1 i S1 = a1.

Òîäi äëÿ Sn =
n2 + 2n

3(2n+ 1)(2n+ 3)
ìà¹ìî:

an = Sn − Sn−1 =
n2 + 2n

3(2n+ 1)(2n+ 3)
− (n− 1)2 + 2(n− 1)

3(2n− 1)(2n+ 1)
=



� 1.1. ×èñëîâèé ðÿä òà éîãî ñóìà. Íåîáõiäíà óìîâà çáiæíîñòi 11

=
(n2 + 2n)(2n− 1)− ((n− 1)2 + 2(n− 1))(2n+ 3)

3(2n− 1)(2n+ 1)(2n+ 3)
=

=
2n3 − n2 + 4n2 − 2n− (n2 − 2n+ 1 + 2n− 2)(2n+ 3)

3(4n2 − 1)(2n+ 3)
=

=
2n3 + 3n2 − 2n− (n2 − 1)(2n+ 3)

3(4n2 − 1)(2n+ 3)
=

=
2n3 + 3n2 − 2n− 2n3 − 3n2 + 2n+ 3

3(4n2 − 1)(2n+ 3)
=

1

(4n2 − 1)(2n+ 3)
.

Îòæå, ÷èñëîâèé ðÿä ìà¹ âèãëÿä
+∞∑
n=1

1

(2n− 1)(2n+ 1)(2n+ 3)
. Iç òîãî, ùî

Sn =
n2 + 2n

3(2n+ 1)(2n+ 3)
, ìà¹ìî:

S = lim
n→+∞

Sn = lim
n→+∞

n2 + 2n

3(2n+ 1)(2n+ 3)
= lim

n→+∞

1 + 2
n

3(2 + 1
n)(2 + 3

n)
=

1

12
. I

3.10. Çàïèøåìî ñïî÷àòêó ÷àñòèííó ñóìó çàäàíîãî ÷èñëîâîãî ðÿäó:

Sn = arctg
1

2
+ arctg

1

8
+ arctg

1

18
+ . . .+ arctg

1

2n2
.

Òîäi

S1 = arctg
1

2
= a1,

S2 = arctg
1

2
+ arctg

1

8
.

Çâiäñè

tgS2 = tg
(

arctg
1

2
+ arctg

1

8

)
=

1
2 + 1

8

1− 1
2 ·

1
8

=
10

15
=

2

3
.

Îòæå, S2 = arctg
2

3
.

Äàëi,

S3 = S2 + a3 = arctg
2

3
+ arctg

1

18
.

Çâiäêè

tgS3 = tg
(

arctg
2

3
+ arctg

1

18

)
=

2
3 + 1

18

1− 2
3 ·

1
18

=
39

52
=

3

4
.

Îòæå, S3 = arctg
3

4
.
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Äîâåäåìî, ùî çà ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ âèêîíó¹òüñÿ ðiâíiñòü

Sn = arctg
n

n+ 1
.

Ïðè n = 1 ìà¹ìî S1 = a1 = arctg
1

2
.

Ïðèïóñòèìî, ùî ðiâíiñòü ñïðàâäæó¹òüñÿ ïðè n = k :

Sk = arctg
k

k + 1
.

Äîâåäåìî, âèêîðèñòîâóþ÷è ïðèïóùåííÿ, ùî ðiâíiñòü ñïðàâäæó¹òüñÿ ïðè

n = k + 1. Òîäi

Sk+1 = Sk + ak+1 = arctg
k

k + 1
+ arctg

1

2(k + 1)2
.

Çâiäñè

tgSk+1 = tg
(

arctg
k

k + 1
+ arctg

1

2(k + 1)2

)
=

=

k
k+1 + 1

2(k+1)2

1− k
k+1 ·

1
2(k+1)2

=
(2k(k + 1) + 1)(k + 1)

2(k + 1)3 − k
=

(2k2 + 2k + 1)(k + 1)

2k3 + 6k2 + 6k + 2− k
=

=
(2k2 + k + 1)(k + 1)

2k3 + 6k2 + 5k + 2
=
k + 1

k + 2
=

k + 1

(k + 1) + 1.

Îòæå, Sn = arctg
n

n+ 1
âèêîíó¹òüñÿ äëÿ äîâiëüíîãî ÷èñëà n ∈ N.

Âðàõîâóþ÷è, ùî Sn = arctg
n

n+ 1
� ÷àñòèííà ñóìà ðÿäó

+∞∑
n=1

arctg
1

2n2
, çà-

ïèøåìî

S = lim
n→+∞

Sn = lim
n→+∞

arctg
n

n+ 1
= lim

n→+∞
arctg

1

1 + 1
n

=
π

4
.

Îòæå, ðÿä
+∞∑
n=1

arctg
1

2n2
¹ çáiæíèì i éîãî ñóìà S =

π

4
. I

5.9. Äîâåäåìî, ùî äëÿ ðÿäó
+∞∑
n=1

cosnx

n(n+ 1)
, x ∈ R, âèêîíó¹òüñÿ íåðiâíiñòü

ç êðèòåðiþ Êîøi. Òîäi äëÿ çàäàíîãî ÷èñëîâîãî ðÿäó îòðèìà¹ìî

0 <
∣∣∣ cosnx

n(n+ 1)
+

cos(n+ 1)x

(n+ 1)(n+ 2)
+ . . .+

cos(n+ p)x

(n+ p)(n+ p+ 1)

∣∣∣ <
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<
1

n(n+ 1)
+

1

(n+ 1)(n+ 2)
+ . . .+

1

(n+ p)(n+ p+ 1)
.

Îñêiëüêè
1

(n+ p)(n+ p+ 1)
=

1

n+ p
− 1

n+ p+ 1
äëÿ äîâiëüíîãî p ≥ 0, òî

1

n(n+ 1)
+

1

(n+ 1)(n+ 2)
+ . . .+

1

(n+ p)(n+ p+ 1)
=

=
1

n
− 1

n+ 1
+

1

n+ 1
− 1

n+ 2
+ . . .+

1

n+ p
− 1

n+ p+ 1
=

=
1

n
− 1

n+ p+ 1
<

1

n
.

Âèáåðåìî äîâiëüíå ε > 0. Òîäi ç òîãî, ùî lim
n→+∞

1

n
= 0, âèïëèâà¹ íàñòóïíå

òâåðäæåííÿ:

(∀ε > 0)(∃N(ε) ∈ N)(∀n > N)(∀p ∈ N) :{∣∣∣ cosnx

n(n+ 1)
+

cos(n+ 1)x

(n+ 1)(n+ 2)
+ . . .+

cos(n+ p)x

(n+ p)(n+ p+ 1)

∣∣∣ < ε
}
,

òîáòî íåðiâíiñòü ç êðèòåðiþ Êîøi âèêîíó¹òüñÿ. Îòæå, ðÿä
+∞∑
n=1

cosnx

n(n+ 1)
� çái-

ãà¹òüñÿ. I

10. ßêùî êðèòåðié Êîøi íå âèêîíó¹òüñÿ, òî iñíó¹ õî÷à á îäíå ε > 0 i õî÷à

á îäíå íàòóðàëüíå ÷èñëî p, ùî äëÿ äîâiëüíîãî íîìåðà N iñíó¹ òàêå n > N,

äëÿ ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü

|an+1 + an+2 + . . .+ an+p| ≥ ε.

Äëÿ ãàðìîíi÷íîãî ðÿäó
+∞∑
n=1

1

n
âèáåðåìî íîìåð N òàêèé, ùî n = p = N.

Òîäi

|an+1 + an+2 + . . .+ an+p| =
1

N + 1
+

1

N + 2
+ . . .+

1

N +N
>

1

2N
·N =

1

2
.

Îòæå, íåðiâíiñòü âèêîíó¹òüñÿ ïðè ε =
1

2
, òîáòî ãàðìîíi÷íèé ðÿä

+∞∑
n=1

1

n
¹

ðîçáiæíèì. I
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�1.2. ×èñëîâi ðÿäè ç íåâiä'¹ìíèìè åëåìåíòàìè. Îçíàêè çáiæíîñòi

Âàæëèâó ðîëü â òåîði¨ ÷èñëîâèõ ðÿäiâ âiäiãðàþòü ðÿäè ç íåâiä'¹ìíèìè

åëåìåíòàìè. ×èñëîâèé ðÿä
+∞∑
n=1

an íàçèâà¹òüñÿ íåâiä'¹ìíèì, ÿêùî an ≥ 0

äëÿ äîâiëüíîãî n ∈ N.

Îñíîâíîþ õàðàêòåðèñòèêîþ òàêîãî ðÿäó ¹ òå, ùî ïîñëiäîâíiñòü éîãî ÷à-

ñòèííèõ ñóì ¹ íåñïàäíîþ, à îòæå, íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ çáiæíîñòi

¹ îáìåæåíiñòü öi¹¨ ïîñëiäîâíîñòi.

Îçíàêà ïîðiâíÿííÿ. ßêùî iñíó¹ íîìåð N òàêèé, ùî äëÿ âñiõ n > N

âèêîíó¹òüñÿ íåðiâíiñòü 0 ≤ an ≤ bn, òî iç çáiæíîñòi ðÿäó
+∞∑
n=1

bn âèïëèâà¹

çáiæíiñòü ðÿäó
+∞∑
n=1

an, à iç ðîçáiæíîñòi ðÿäó
+∞∑
n=1

an ñëiäó¹ ðîçáiæíiñòü

ðÿäó
+∞∑
n=1

bn.

Ïðè âèêîíàííi íåðiâíîñòi an ≤ bn äëÿ ðÿäiâ ç íåâiä'¹ìíèìè åëåìåíòàìè

ðÿä
+∞∑
n=1

bn íàçèâà¹òüñÿ ìàæîðàíòíèì ðÿäîì àáî ìàæîðàíòîþ äëÿ ðÿ-

äó
+∞∑
n=1

an. Iíøèìè ñëîâàìè, ÷èñëîâèé ðÿä
+∞∑
n=1

an ìàæîðó¹òüñÿ ðÿäîì
+∞∑
n=1

bn.

Ãðàíè÷íà îçíàêà ïîðiâíÿííÿ. ßêùî an ≥ 0, bn ≥ 0, òà iñíó¹ ñêií-

÷åííà, âiäìiííà âiä íóëÿ, ãðàíèöÿ lim
n→+∞

an
bn
, òî ðÿäè

+∞∑
n=1

an òà
+∞∑
n=1

bn çáiãà-

þòüñÿ àáî ðîçáiãàþòüñÿ îäíî÷àñíî.

Îçíàêà Äàëàìáåðà. Íåõàé
+∞∑
n=1

an � ðÿä ç íåâiä'¹ìíèìè åëåìåíòàìè.

Òîäi, ÿêùî iñíó¹ ãðàíèöÿ lim
n→+∞

an+1

an
= α, òî ïðè α < 1 ðÿä çáiãà¹òüñÿ, à

ïðè α > 1 ðÿä ðîçáiãà¹òüñÿ.

Çàóâàæèìî, ùî ïðè α = 1 ðÿä
+∞∑
n=1

an ìîæå ÿê çáiãàòèñü, òàê i ðîçáiãàòèñü.

Îçíàêà Êîøi. Íåõàé
+∞∑
n=1

an � ðÿä ç íåâiä'¹ìíèìè åëåìåíòàìè. Òîäi,

ÿêùî iñíó¹ ãðàíèöÿ lim
n→+∞

n
√
an = β, òî ïðè β < 1 ðÿä çáiãà¹òüñÿ, à ïðè

β > 1 ðÿä ðîçáiãà¹òüñÿ.
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Çàóâàæèìî, ùî ïðè β = 1 ðÿä
+∞∑
n=1

an ìîæå ÿê çáiãàòèñü, òàê i ðîçáiãàòèñü.

Îçíàêà Ðààáå. Íåõàé
+∞∑
n=1

an � ðÿä ç íåâiä'¹ìíèìè åëåìåíòàìè. Òîäi,

ÿêùî iñíó¹ ãðàíèöÿ lim
n→+∞

n
(

1− an+1

an

)
= p, òî ïðè p > 1 ðÿä çáiãà¹òüñÿ, à

ïðè p < 1 ðÿä ðîçáiãà¹òüñÿ.

Äëÿ p = 1 çíîâó ìà¹ìî ñóìíiâíèé âèïàäîê.

Iíòåãðàëüíà îçíàêà Êîøi. ßêùî ôóíêöiÿ f(x) ≥ 0 i f(x) � íåçðîñòà-

þ÷à íà ïðîìiæêó [1; +∞), òî ðÿä
+∞∑
n=1

f(n), i íåâëàñíèé iíòåãðàë

+∞∫
1

f(x)dx

çáiãàþòüñÿ àáî ðîçáiãàþòüñÿ îäíî÷àñíî.

Êðèòåðié çáiæíîñòi óçàãàëüíåíîãî ãàðìîíi÷íîãî ðÿäó. Ðÿä
+∞∑
n=1

1

nk
çáiãà¹òüñÿ, ÿêùî k > 1, i ðîçáiãà¹òüñÿ ïðè k ≤ 1.

Âïðàâè

1. Âèêîðèñòîâóþ÷è îçíàêè ïîðiâíÿííÿ, äîñëiäèòè íà çáiæíiñòü ðÿäè:

1)
+∞∑
n=1

1

3n + 1
, 2)

+∞∑
n=1

4−
n2

n+1 ,

3)
+∞∑
n=1

1

n · 3n
, 4)

+∞∑
n=1

1

n2 + 3
,

5)
+∞∑
n=1

arctg n

n2 + 1
, 6)

+∞∑
n=1

arctg
1

n+ 1
,

7)
+∞∑
n=1

√
n

n4 + 1
, 8)

+∞∑
n=1

lnn

n2
,

9)
+∞∑
n=1

sin2 3n

n
√
n
, 10)

+∞∑
n=1

lnn

n3
,

11)
+∞∑
n=1

(
√
n−
√
n− 1), 12)

+∞∑
n=1

√
n+ 1−

√
n− 1

n
,

13)
+∞∑
n=1

n(
√

2 + sin
√
n)

2n + n
, 14)

+∞∑
n=1

arctg(n2 + 2n)

3n + n2
,

15)
+∞∑
n=1

arcsin n−1
n+1

n
√

ln(n+ 1)
, 16)

+∞∑
n=1

cos π
4n

5
√

2n5 − 1
,
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17)
+∞∑
n=1

n2e−n, 18)
+∞∑
n=1

(1

n
− ln

n+ 1

n

)
,

19)
+∞∑
n=1

lnn+ sinn

n2 + 2 lnn
, 20)

+∞∑
n=1

ln(1 + lnn)
4
√
n4 + 3n2 + 1 ln3(n+ 2)

.

2. Äîñëiäèòè íà çáiæíiñòü ÷èñëîâèé ðÿä:

1)
+∞∑
n=1

1
3
√
n

arcsin
1

5
√
n4
, 2)

+∞∑
n=1

ln
n+ 3

n2 + 4
,

3)
+∞∑
n=1

arcsin
(
√
n+ 1)3

n3 + 3n+ 2
, 4)

+∞∑
n=1

1

2
√
n

arctg
1

2
√
n
,

5)
+∞∑
n=1

(
e

1
n − 1

)
sin

1√
n+ 1

, 6)
+∞∑
n=1

n3 + 3n2 + 5

n 5
√
n16 + n4 + 1

,

7)
+∞∑
n=1

n sin2
(1

n
− arctg

1

n

)
, 8)

+∞∑
n=1

(
1− n sin

1

n

)α
,

9)
+∞∑
n=1

(
etg

1
n − 1

)α
, 10)

+∞∑
n=1

( 1√
n
−
√

ln
n+ 1

n

)α
.

3. Äîñëiäèòè çàäàíi ÷èñëîâi ðÿäè çà îçíàêîþ Äàëàìáåðà:

1)
+∞∑
n=1

n2 + 2n

5n
, 2)

+∞∑
n=1

(2n)!

(n!)2
,

3)
+∞∑
n=1

2 · 5 · 8 · . . . · (3n− 1)

1 · 6 · 11 · . . . · (5n− 4)
, 4)

+∞∑
n=1

2 · 5 · 8 · . . . · (3n− 1)

1 · 5 · 9 · . . . · (4n− 3)
,

5)
+∞∑
n=1

(2n+ 1)!!

3nn!
, 6)

+∞∑
n=1

(n!)2

5n2
,

7)
+∞∑
n=1

53n

(2n− 1)!
, 8)

+∞∑
n=1

4n

3n(2n+ 3)
,

9)
+∞∑
n=1

n!

nn
, 10)

+∞∑
n=1

a(a+ 1)(a+ n− 1)

(2n− 1)!!
, a > 0,

11)
+∞∑
n=1

n!(3n+ 1)!

(2n)!
, 12)

+∞∑
n=1

(3n)!

(n!)353n
,

13)
+∞∑
n=1

(2n)!!

n!
arctg

1

3n
, 14)

+∞∑
n=1

n!an

nn
, a 6= e, a > 0,
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15)
+∞∑
n=1

3n cos
π

3n− 1
, 16)

+∞∑
n=1

n tg
π

2n+1
.

4. Äîñëiäèòè ðÿäè íà çáiæíiñòü çà îçíàêîþ Êîøi:

1)
+∞∑
n=1

( 2n

3n+ 2

)n
, 2)

+∞∑
n=2

1

(lnn)n
,

3)
+∞∑
n=1

3n
( n

n+ 1

)n2
, 4)

+∞∑
n=1

n
(n2 + 4

n2 + 5

)n3
,

5)
+∞∑
n=1

43n+1
(n+ 2

n+ 3

)n2
, 6)

+∞∑
n=1

(2n− 1

2n+ 1

)n(n−1)
,

7)
+∞∑
n=1

( n

n+ 2

)n2+n
, 8)

+∞∑
n=1

(n− 1

n+ 1

)n2+4n+5

,

9)
+∞∑
n=1

(√n+ 2√
n+ 3

)n 3
2

, 10)
+∞∑
n=1

( 3n2

2n+ 1

)n
arcsinn

1

n
,

11)
+∞∑
n=1

( an

n+ 2

)n
, a > 0, 12)

+∞∑
n=1

arcsinn
1

n
,

13)
+∞∑
n=1

(6n+ 1

5n+ 3

)n
2
(5

6

) 2n
3

, 14)
+∞∑
n=1

nn
2

((3n)!)n
,

15)
+∞∑
n=1

n2nn arctgn 1
n

(3n2 + 2n+ 1)
n+3
2

, 16)
+∞∑
n=1

nα

(ln(n+ 1))
n
2

, α > 0.

5. Äîñëiäèòè çàäàíi ðÿäè çà iíòåãðàëüíîþ îçíàêîþ Êîøi:

1)
+∞∑
n=0

1√
2n+ 1

, 2)
+∞∑
n=1

1

(n+ 1) ln3(n+ 1)
,

3)
+∞∑
n=3

n

n4 − 4
, 4)

+∞∑
n=1

lnn

n(ln4 n+ 1)
,

5)
+∞∑
n=1

1

n
√
n+ 1

, 6)
+∞∑
n=1

ln(n+ 2)− ln(n+ 1)

ln2(n+ 1)
,

7)
+∞∑
n=2

1√
n

ln
n+ 1

n− 1
, 8)

+∞∑
n=2

n

(n2 − 1) lnn
,

9)
+∞∑
n=1

1

(n+ 1) ln(n+ 1) ln(ln(n+ 1))
, 10)

+∞∑
n=1

(1 + n2

n3 + 1

)2
.
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6. Äîñëiäèòè íà çáiæíiñòü ÷èñëîâi ðÿäè:

1)
+∞∑
n=1

√
n+ 1

n
, 2)

+∞∑
n=1

5n

n · 4n
,

3)
+∞∑
n=3

1 · 4 · 9 · . . . · n2

(4n− 3)!!
, 4)

+∞∑
n=1

(3

7

)2n
,

5)
+∞∑
n=1

arctgn
1

n
, 6)

+∞∑
n=1

n
√

3

n3
,

7)
+∞∑
n=2

1

n−
√
n
, 8)

+∞∑
n=1

7nn!

nn
,

9)
+∞∑
n=2

1
n
√

lnn
, 10)

+∞∑
n=1

(
ln
n+ 1

n
− 1

n+ 1

)
,

11)
+∞∑
n=1

(
√
n3 + 1−

√
n3), 12)

+∞∑
n=1

n3

3n3 − 1
,

13)
+∞∑
n=1

arctg
√
n+ 2

n ln2(n+ 1)
, 14)

+∞∑
n=1

(
1− cos

π

n

)
,

15)
+∞∑
n=1

(
√
n+ 1− 2

√
n+
√
n− 1), 16)

+∞∑
n=1

√
n+ 2

n+ 3
cos

1

n!
ln

3n+ 1

3n− 1
,

17)
+∞∑
n=1

(
tg

1

n
− arctg

1

n

)
, 18)

+∞∑
n=1

(n− 1)n

nn+1
,

19)
+∞∑
n=1

nn+
1
n(

n+ 1
n

) , 20)
+∞∑
n=1

1
3
√
n

ln
(

1 +
1√
n+ 1

)n
.

7. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=2

1

np(lnn)α
ïðè ðiçíèõ äiéñíèõ çíà÷åííÿõ

p i α.

8. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=3

1

np(lnn)α(ln lnn)β
ïðè ðiçíèõ äiéñíèõ

çíà÷åííÿõ p, α, β.

9. Äîâåñòè, ùî îçíàêà Äàëàìáåðà íåçàñòîñîâíà äî ðÿäó
+∞∑
n=1

an, äå

a2n−1 =
2n−1

3n
, a2n =

2n

3n
, òîäi ÿê îçíàêà Êîøi ïîêàçó¹, ùî ÷èñëîâèé ðÿä

çáiãà¹òüñÿ.

10. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=1

an, ÿêùî
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1) an =

1
n∫

0

√
xdx

x2 + 1
, 2) an =

π+πn∫
πn

cos2 xdx

x
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.14. Ñïî÷àòêó äîñëiäèìî íà çáiæíiñòü ðÿä
+∞∑
n=1

1

3n
. Îñêiëüêè

+∞∑
n=1

1

3n
¹

ãåîìåòðè÷íèì ðÿäîì, òî âií çáiãà¹òüñÿ äî ñóìè S =
1
3

1− 1
3

=
1

2
.

Âèêîðèñòà¹ìî ãðàíè÷íó îçíàêó ïîðiâíÿííÿ. Äëÿ öüîãî çíàéäåìî ãðàíèöþ:

lim
n→+∞

arctg(n2+2n)
3n+n2

1
3n

= lim
n→+∞

arctg(n2 + 2n)

1 + n2

3n

=
π

2
.

Îñêiëüêè ðÿä
+∞∑
n=1

1

3n
¹ çáiæíèì, òî ç ãðàíè÷íî¨ îçíàêè ïîðiâíÿííÿ âèïëè-

âà¹, ùî ðÿä
+∞∑
n=1

arctg(n2 + 2n)

3n + n2
¹ çáiæíèì. I

3.14. Çà îçíàêîþ Äàëàìáåðà çíàéäåìî ãðàíèöþ:

lim
n→+∞

an+1

an
= lim

n→+∞

(n+1)!an+1

(n+1)n+1

n!an

nn

= lim
n→+∞

(n+ 1)a

(n+ 1)
(

1 + 1
n

)n =

= lim
n→+∞

a(
1 + 1

n

)n =
a

e
.

ßêùî a > e, òî
a

e
> 1 i ðÿä

+∞∑
n=1

n!an

nn
¹ ðîçáiæíèì. ßêùî 0 < a < e, òî

a

e
< 1 i ðÿä

+∞∑
n=1

n!an

nn
¹ çáiæíèì çà îçíàêîþ Äàëàìáåðà. I

4.10. Äëÿ çàäàíîãî ðÿäó çíàéäåìî ãðàíèöþ lim
n→+∞

n
√
an, äå

an =
( 3n2

2n+ 1

)n
arcsinn

1

n
.

Òîäi

lim
n→+∞

n
√
an = lim

n→+∞
n

√( 3n2

2n+ 1

)n
arcsinn

1

n
=

= lim
n→+∞

3n2

2n+ 1
arcsin

1

n
= lim

n→+∞

arcsin 1
n

1
n

· lim
n→+∞

3n

2n+ 1
=

3

2
.
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Îñêiëüêè β =
3

2
> 1, òî çà îçíàêîþ Êîøi ðÿä

+∞∑
n=1

( 3n2

2n+ 1

)n
arcsinn

1

n
¹

ðîçáiæíèì. I

5.5. Î÷åâèäíî, ùî äëÿ äîâiëüíîãî n ∈ N âèðàç
1

n
√
n+ 1

> 0. Ôóíêöiÿ

f(x) =
1

x
√
x+ 1

âèçíà÷åíà, íåïåðåðâíà i äîäàòíà íà iíòåðâàëi (1; +∞).

Êðiì òîãî, îñêiëüêè f ′(x) =
−
√
x+ 1− x

2
√
x+1

x2(x+ 1)
= − 3x+ 2

2x2(x+ 1)
√
x+ 1

, òî

f ′(x) < 0 ïðè x ∈
(
− 2

3
; 0
)
∪
(
0; +∞

)
. Îòæå, f ′(x) < 0 ïðè x ∈ [1; +∞),

òîáòî ôóíêöiÿ f(x) =
1

x
√
x+ 1

ìîíîòîííî ñïàäà¹ íà öüîìó ïðîìiæêó.

Äîñëiäèìî íà çáiæíiñòü íåâëàñíèé iíòåãðàë

+∞∫
1

dx

x
√
x+ 1

.

Îòðèìà¹ìî

+∞∫
1

dx

x
√
x+ 1

= lim
b→+∞

b∫
1

dx

x
√
x+ 1

=

∣∣∣∣∣∣∣∣∣
x+ 1 = t2, x1 = 1, t1 =

√
2

x = t2 − 1, x2 = b, t2 =
√
b+ 1

dx = 2tdt

∣∣∣∣∣∣∣∣∣ =

= lim
b→+∞

√
b+1∫
√
2

2tdt

(t2 − 1)t
= lim

b→+∞

√
b+1∫
√
2

2dt

t2 − 1
= lim

b→+∞
ln
∣∣∣t− 1

t+ 1

∣∣∣∣∣∣√b+1

√
2

=

= lim
b→+∞

(
ln
∣∣∣√b+ 1− 1√
b+ 1 + 1

∣∣∣− ln

√
2− 1√
2 + 1

)
= ln

√
2 + 1√
2− 1

= ln(3 + 2
√

2).

Îòæå,

+∞∫
1

dx

x
√
x+ 1

¹ çáiæíèì. Â ðåçóëüòàòi îòðèìà¹ìî, ùî ÷èñëîâèé ðÿä

+∞∑
n=1

1

n
√
n+ 1

¹ çáiæíèì. I

6.15. Ðîçãëÿíåìî ÷àñòèííó ñóìó çàäàíîãî ðÿäó:

Sn =
n∑
k=1

(
√
k + 1− 2

√
k +
√
k − 1) = (

√
2− 2) + (

√
3− 2

√
2 + 1)+

+(
√

4− 2
√

3 +
√

2) + (
√

5− 2
√

4 +
√

3) + . . .+ (
√
n− 1− 2

√
n− 2 +

√
n− 3)+

+(
√
n−2

√
n− 1+

√
n− 2)+(

√
n+ 1−2

√
n+
√
n− 1) = −1+

√
n+ 1−

√
n =
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= −1 +
1√

n+ 1 +
√
n
.

Òåïåð çíàéäåìî ãðàíèöþ:

S = lim
n→+∞

Sn = lim
n→+∞

(
− 1 +

1√
n+ 1 +

√
n

)
= −1.

Îòæå, ðÿä
+∞∑
n=1

(
√
n+ 1 − 2

√
n +

√
n− 1) ¹ çáiæíèì i éîãî ñóìà ðiâíà

−1. I

�1.3. Çíàêîçìiííi ðÿäè. Îçíàêè çáiæíîñòi

Ðÿä, çíàêè åëåìåíòiâ ÿêîãî çìiíþþòüñÿ, íàçèâà¹òüñÿ çíàêîçìiííèì.

Ðÿä
+∞∑
n=1

an íàçèâà¹òüñÿ àáñîëþòíî çáiæíèì , ÿêùî çáiãà¹òüñÿ ðÿä

+∞∑
n=1

|an|, ñêëàäåíèé iç àáñîëþòíèõ âåëè÷èí åëåìåíòiâ äàíîãî ðÿäó. Áóäü-ÿêèé

àáñîëþòíî çáiæíèé ðÿä ¹ çáiæíèì, òîáòî iç çáiæíîñòi ðÿäó
+∞∑
n=1

|an| çàâæäè

âèïëèâà¹ çáiæíiñòü ðÿäó
+∞∑
n=1

an.

Ðÿä
+∞∑
n=1

an íàçèâà¹òüñÿ óìîâíî çáiæíèì , ÿêùî âií çáiãà¹òüñÿ, à ðÿä

+∞∑
n=1

|an| � ðîçáiãà¹òüñÿ.

Äëÿ çíàêîçìiííèõ ðÿäiâ ñïðàâåäëèâi íàñòóïíi äîñòàòíi îçíàêè çáiæíîñòi.

Îçíàêà ïîðiâíÿííÿ. Íåõàé äëÿ åëåìåíòiâ ðÿäiâ
+∞∑
n=1

an i
+∞∑
n=1

bn, bn > 0,

âèêîíó¹òüñÿ íåðiâíiñòü |an| ≤ bn i ðÿä
+∞∑
n=1

bn ¹ çáiæíèì. Òîäi ðÿä
+∞∑
n=1

an

çáiãà¹òüñÿ àáñîëþòíî.

Îçíàêà Äàëàìáåðà. ßêùî äëÿ çíàêîçìiííîãî ðÿäó
+∞∑
n=1

an iñíó¹ ãðàíèöÿ

lim
n→+∞

∣∣∣an+1

an

∣∣∣ = α, òî ïðè α < 1 ðÿä çáiãà¹òüñÿ àáñîëþòíî, à ïðè α > 1 ðÿä

ðîçáiãà¹òüñÿ.
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Îçíàêà Êîøi. ßêùî äëÿ ðÿäó
+∞∑
n=1

an iñíó¹ ãðàíèöÿ lim
n→+∞

n
√
|an| = β, òî

ïðè β < 1 ðÿä çáiãà¹òüñÿ àáñîëþòíî, à ïðè β > 1 ðÿä ðîçáiãà¹òüñÿ.

Ñåðåä çíàêîçìiííèõ ðÿäiâ âèäiëÿþòü ìíîæèíó çíàêîïî÷åðåæíèõ ðÿäiâ.

Ðÿä
+∞∑
n=1

(−1)n−1an, an > 0, íàçèâà¹òüñÿ çíàêîïî÷åðåæíèì ðÿäîì .

Äëÿ äîñëiäæåííÿ çíàêîïî÷åðåæíèõ ðÿäiâ íàéáiëüø çðó÷íîþ ¹ îçíàêà Ëåé-

áíiöà.

Îçíàêà Ëåéáíiöà. Íåõàé äëÿ çíàêîïî÷åðåæíîãî ðÿäó
+∞∑
n=1

(−1)n−1an,

an > 0, âèêîíóþòüñÿ óìîâè:

1) a1 ≥ a2 ≥ . . . ≥ an ≥ an+1 ≥ . . . ,

2) lim
n→+∞

an = 0.

Òîäi äàíèé ðÿä ¹ çáiæíèì.

Çàóâàæèìî, ùî ñóìà çíàêîïî÷åðåæíîãî çáiæíîãî ðÿäó ¹ ìåíøîþ çà ïåð-

øèé åëåìåíò ðÿäó, à éîãî çàëèøîê Rn çàäîâîëüíÿ¹ íåðiâíiñòü

|Rn| ≤ an+1.

Íàñòóïíi äâi îçíàêè ïåðåäáà÷àþòü ïîäàííÿ åëåìåíòiâ ðÿäó
+∞∑
n=1

an ó âè-

ãëÿäi an = UnVn i äîñëiäæåííÿ ïîñëiäîâíîñòi {Un} i ðÿäó
+∞∑
n=1

Vn.

Îçíàêà Äiðiõëå. ßêùî ïîñëiäîâíiñòü {Un} ìîíîòîííà i íåñêií÷åííî

ìàëà, à ïîñëiäîâíiñòü ÷àñòèííèõ ñóì ðÿäó
+∞∑
n=1

Vn îáìåæåíà, òî ðÿä

+∞∑
n=1

UnVn çáiãà¹òüñÿ.

Îçíàêà Àáåëÿ. ßêùî ïîñëiäîâíiñòü {Un} ìîíîòîííà i îáìåæåíà, à ðÿä
+∞∑
n=1

Vn çáiãà¹òüñÿ, òî i ðÿä
+∞∑
n=1

UnVn çáiãà¹òüñÿ.

Âïðàâè

1. Äîâåñòè, ùî çàäàíi ðÿäè ¹ àáñîëþòíî çáiæíèìè:
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1)
+∞∑
n=1

(−1)n(2n)!!

(n+ 1)n
, 2)

+∞∑
n=1

(−1)n−1n3

3n
,

3)
+∞∑
n=1

n3 sinne−
√
n, 4)

+∞∑
n=1

(−1)n
( n

2n+ 1

)n
,

5)
+∞∑
n=1

cos nπ
4

(n+ 2)
√

ln3(n+ 3)
, 6)

+∞∑
n=1

(−1)

[
n
4

]
nn

n!3n+1
,

7)
+∞∑
n=1

(sinn
3
√
n2
− sin

sinn
3
√
n2

)
, 8)

+∞∑
n=1

(−1)
n(n+1)

2
2n + n2

3n + n2
,

9)
+∞∑
n=1

√
n2 + 2

n3 + 4n
ln
(

1 +
(−1)n

n+ 1

)
, 10)

+∞∑
n=1

sin 3n

n ln(n+ 1) ln2(ln(n+ 2))
.

2. Äîâåñòè, ùî çàäàíi ðÿäè ¹ óìîâíî çáiæíèìè:

1)
+∞∑
n=1

(−1)n−1
√
n+1−

√
n−1√

n+ 2
, 2)

+∞∑
n=1

(−1)n−1 ln
n+ 2

n2 + 4
,

3)
+∞∑
n=1

(−1)n−1

3
√
n

, 4)
+∞∑
n=1

(−1)n−1
ln7 n

n
,

5)
+∞∑
n=1

cosn

n
, 6)

+∞∑
n=1

(n+ 1)n

(−1)nnn+1
,

7)
+∞∑
n=1

(−1)n−1

n− ln(n+ 1)
, 8)

+∞∑
n=1

(−1)n−1
√
n2+2n+1−

√
n2−2n+3

n
,

9)
+∞∑
n=1

(−1)n−1√
n

arctg
1√
n
, 10)

+∞∑
n=1

(−1)n−1

n ln(n+ 1)
.

3. Äîñëiäèòè íà àáñîëþòíó i óìîâíó çáiæíiñòü ðÿäè:

1)
+∞∑
n=1

cos3 n

n
, 2)

+∞∑
n=1

(
ln

n

n+ 1

)n
,

3)
+∞∑
n=1

(−1)nn23n

4n + 1
, 4)

+∞∑
n=1

(−1)n

(n+ 1) ln(n+ 2)
,

5)
+∞∑
n=1

cosn cos 1
n

3
√
n

, 6)
+∞∑
n=1

(−1)n−1
(2n+ 1)!!

2 · 5 · . . . · (3n− 1)
,

7)
+∞∑
n=2

sin
(
n+ 1

n

)
ln lnn

, 8)
+∞∑
n=1

(−1)n−1
3
√
n+ 1√
n+ 1

,
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9)
+∞∑
n=1

sinn

n2
, 10)

+∞∑
n=1

(−1)n−1
n+ 1−

√
n2 − 2n+ 1

n
.

4. Äîñëiäèòè íà çáiæíiñòü ðÿäè:

1)
+∞∑
n=1

(−1)n−1
2n+ 1

n(n+ 1)
, 2)

+∞∑
n=1

(−1)n−1√
n+ 1

,

3)
+∞∑
n=1

sinn sinn2

n
, 4)

+∞∑
n=1

(−1)n

n ln 2n
,

5)
+∞∑
n=1

(−1)n−1

n
√
n2 + 1

, 6)
+∞∑
n=1

(−1)n

n+ cos 2√
n+4

,

7)
+∞∑
n=1

(−1)n−1
ln2 n√
n
, 8)

+∞∑
n=1

(−1)n

(2n+ 1)22n+2
,

9)
+∞∑
n=2

(−1)n√
n+ (−1)n

, 10)
+∞∑
n=1

(−1)[cosn]+1 1√
n+ 1

(
1 +

1

n

)n
.

5. Íåõàé
+∞∑
n=1

an, an > 0, � çáiæíèé ðÿä. Äîâåñòè, ùî ðÿä
+∞∑
n=1

√
an
n

òàêîæ

¹ çáiæíèì.

6. Äîâåñòè, ùî êîëè ðÿäè
+∞∑
n=1

an i
+∞∑
n=1

bn çáiãàþòüñÿ àáñîëþòíî, òî ðÿä

+∞∑
n=1

(−1)n−1
√
|anbn| çáiãà¹òüñÿ àáñîëþòíî.

7. Äîâåñòè îçíàêó Ëåéáíiöà ÿê íàñëiäîê îçíàêè Äiðiõëå.

8. Äîâåñòè, ùî êîëè ðÿä
+∞∑
n=1

an çáiãà¹òüñÿ àáñîëþòíî, òî ðÿä
+∞∑
n=1

n+ 1

n
an

çáiãà¹òüñÿ àáñîëþòíî.

9. Íåõàé p ≥ 2 � íàòóðàëüíå ÷èñëî. ×è iñíó¹ òàêèé çáiæíèé ðÿä
+∞∑
n=1

an,

ùî ðÿä
+∞∑
n=1

apn áóäå ðîçáiæíèì.

10. Äîâåñòè, ùî êîëè ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë {an} íåçðîñòàþ÷à

i íåñêií÷åííî ìàëà, òî ðÿäè
+∞∑
n=1

(−1)n−1
1

n

n∑
k=1

ak i
+∞∑
n=1

(−1)n−1 n
√
a1a2 · . . . · an

çáiãàþòüñÿ.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.6. Äëÿ çàäàíîãî ðÿäó
+∞∑
n=1

(−1)

[
n
4

]
nn

n!3n+1
ðîçãëÿíåìî ðÿä

+∞∑
n=1

nn

n!3n+1
.

Î÷åâèäíî, ùî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ñïðàâäæó¹òüñÿ ñïiââiä-

íîøåííÿ

(−1)

[
n
4

]
nn

n!3n+1
≤
∣∣∣(−1)

[
n
4

]
nn

n!3n+1

∣∣∣ =
nn

n!3n+1
.

Äîñëiäèìî ðÿä
+∞∑
n=1

nn

n!3n+1
íà çáiæíiñòü. Çà îçíàêîþ Äàëàìáåðà îòðèìà¹ìî

lim
n→+∞

an+1

an
= lim

n→+∞

(n+ 1)n+1

(n+ 1)!3n+2
· n!3n+1

nn
=

= lim
n→+∞

(n+ 1)n+1

(n+ 1) · 3 · nn
= lim

n→+∞

(
1 + 1

n

)n
3

=
e

3
.

Îñêiëüêè
e

3
< 1, òî ÷èñëîâèé ðÿä

+∞∑
n=1

nn

n!3n+1
� çáiæíèé. Òîäi ïî÷àòêîâèé

ðÿä
+∞∑
n=1

(−1)

[
n
4

]
nn

n!3n+1
¹ àáñîëþòíî çáiæíèì. I

2.9. Ñïî÷àòêó äîñëiäèìî íà çáiæíiñòü ðÿä
+∞∑
n=1

1√
n

arctg
1√
n
, ÿêèé ñêëà-

äà¹òüñÿ ç àáñîëþòíèõ âåëè÷èí ïî÷àòêîâîãî ðÿäó
+∞∑
n=1

(−1)n−1√
n

arctg
1√
n
.

Çà ãðàíè÷íîþ îçíàêîþ ïîðiâíÿííÿ ìà¹ìî:

lim
n→+∞

1√
n

arctg 1√
n

1
n

= lim
n→+∞

arctg 1√
n

1√
n

= 1.

Îñêiëüêè
+∞∑
n=1

1

n
� ðîçáiæíèé, òî

+∞∑
n=1

1√
n

arctg
1√
n
� ðîçáiæíèé.

Ðîçãëÿíåìî òåïåð ðÿä
+∞∑
n=1

(−1)n−1√
n

arctg
1√
n
. Çà îçíàêîþ Ëåéáíiöà ðÿä

+∞∑
n=1

(−1)n−1√
n

çáiãà¹òüñÿ, áî
1√
n
− 1√

n+ 1
> 0 äëÿ äîâiëüíîãî ÷èñëà n ∈ N i

lim
n→+∞

1√
n

= 0.
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×èñëîâà ïîñëiäîâíiñòü
{

arctg
1√
n

}
¹ ìîíîòîííî ñïàäíîþ i îáìåæåíîþ,

áî 0 < arctg
1√
n
≤ π

4
. Òîäi çà îçíàêîþ Àáåëÿ çàäàíèé ðÿä çáiãà¹òüñÿ.

Îòæå, ðÿä
+∞∑
n=1

(−1)n−1√
n

arctg
1√
n
¹ óìîâíî çáiæíèì. I

4.9. Çîáðàçèìî n-èé åëåìåíò ðÿäó ó âèãëÿäi

(−1)n√
n+ (−1)n

= (−1)n ·
√
n− (−1)n

(
√
n+ (−1)n)(

√
n− (−1)n)

=

= (−1)n ·
√
n+ (−1)n+1

n− 1
= (−1)n ·

√
n

n− 1
+

(−1)2n+1

n− 1
= (−1)n ·

√
n

n− 1
− 1

n− 1
.

Äëÿ ÷èñëîâîãî ðÿäó
+∞∑
n=2

(−1)n
√
n

n− 1
îòðèìà¹ìî, ùî lim

n→+∞

√
n

n− 1
= 0, i

ïîñëiäîâíiñòü
{ √n
n− 1

}
¹ ìîíîòîííî ñïàäíîþ, áî

( √x
x− 1

)′
=

1
2
√
x
(x− 1)−

√
x

(x− 1)2
= − x+ 1

2
√
x(x− 1)2

< 0

ïðè x ∈ [2; +∞). Îòæå, ðÿä
+∞∑
n=2

(−1)n
√
n

n− 1
¹ çáiæíèì çà îçíàêîþ Ëåéáíiöà.

Îäíàê ðÿä
+∞∑
n=2

1

n− 1
� ðîçáiæíèé. Òîäi ïî÷àòêîâèé ðÿä

+∞∑
n=2

(−1)n√
n+(−1)n

¹

ðîçáiæíèì. I

7. Â ÷èñëîâîìó ðÿäi
+∞∑
n=1

(−1)n−1an ïîçíà÷èìî Un = an, à Vn = (−1)n−1.

Îñêiëüêè ïîñëiäîâíiñòü {Un} ¹ ìîíîòîííî ñïàäíîþ i lim
n→+∞

Un = 0, òà ïîñëi-

äîâíiñòü ÷àñòèííèõ ñóì ðÿäó
+∞∑
n=1

(−1)n−1 îáìåæåíà â ñóêóïíîñòi, òî óìîâè

îçíàêè Äiðiõëå âèêîíóþòüñÿ. Îòæå, ðÿä
+∞∑
n=1

(−1)n−1an çáiãà¹òüñÿ. Òàêèì ÷è-

íîì, îçíàêà Ëåéáíiöà ¹ ÷àñòèííèì íàñëiäêîì îçíàêè Äiðiõëå. I

�1.4. Îñíîâíi âëàñòèâîñòi ÷èñëîâèõ ðÿäiâ

Íàâåäåìî îñíîâíi âëàñòèâîñòi ÷èñëîâèõ ðÿäiâ.
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1) Ëiíiéíiñòü. ßêùî
+∞∑
n=1

an = A 6=∞ i
+∞∑
n=1

bn = B 6=∞, òî

∞∑
n=1

(αan + βbn) = αA+ βB,

äå α, β � äîâiëüíi äiéñíi ÷èñëà.

2) Ñïîëó÷íà âëàñòèâiñòü. ßêùî
+∞∑
n=1

an = S, òî

(a1 + . . .+ an1) + (an1+1 + . . .+ an2) + . . .+ (ank−1+1 + . . .+ ank) + . . . = S

äëÿ äîâiëüíèõ nk ∈ N òàêèõ, ùî nk+1 > nk.

3) Àáñîëþòíî çáiæíèé ðÿä çàëèøà¹òüñÿ çáiæíèì, i éîãî ñóìà íå çìiíþ¹-

òüñÿ ïðè äîâiëüíié ïåðåñòàíîâöi åëåìåíòiâ öüîãî ðÿäó.

4) Çìiíþþ÷è ïîðÿäîê ðîçìiùåííÿ åëåìåíòiâ â óìîâíî çáiæíîìó ðÿäi, ìî-

æíà çðîáèòè ñóìó ðÿäó ðiâíîþ áóäü-ÿêîìó íàïåðåä çàäàíîìó ÷èñëó i íàâiòü

çâåñòè öåé ðÿä äî ðîçáiæíîãî.

5) ßêùî çíàêîçìiííèé ðÿä çáiãà¹òüñÿ àáñîëþòíî, òî çáiãàþòüñÿ ðÿäè,

ñêëàäåíi îêðåìî iç éîãî äîäàòíèõ òà âiä'¹ìíèõ åëåìåíòiâ. ßêùî çíàêîçìiííèé

ðÿä çáiãà¹òüñÿ óìîâíî, òî òàêi ðÿäè ¹ ðîçáiæíèìè.

Äîáóòêîì çà Êîøi äâîõ ðÿäiâ
+∞∑
n=1

an i
+∞∑
n=1

bn íàçèâà¹òüñÿ ðÿä
+∞∑
n=1

cn,

äå cn = a1bn + a2bn−1 + . . .+ anb1, n ∈ N.

6) Àáñîëþòíà çáiæíiñòü äîáóòêó äâîõ ðÿäiâ. Äîáóòîê çà Êîøi

äâîõ àáñîëþòíî çáiæíèõ ðÿäiâ ¹ àáñîëþòíî çáiæíèì ðÿäîì i ñóìà éîãî äîðiâ-

íþ¹ äîáóòêó ñóì öèõ ðÿäiâ.

×àñòî íà ïðàêòèöi âèíèêà¹ ïîòðåáà ñêîðèñòàòèñÿ ñóìîþ ðÿäó, çáiæíiñòü

ÿêîãî îá ðóíòîâàíà, àëå ñóìó íåìà¹ ìîæëèâîñòi çíàéòè. Òîäi, âðàõîâó-

þ÷è òå, ùî ó çáiæíîìó ðÿäi
+∞∑
n=1

an éîãî çàëèøîê ïiñëÿ n-ãî åëåìåíòà

rn =
+∞∑

k=n+1

ak = S − Sn, äå S � íåâiäîìà ñóìà, ìà¹ ãðàíèöþ íóëü, ìîæíà

ïðèïóñòèòè, ùî S ≈ Sn.
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Îäíàê, ïðè öüîìó âèíèêà¹ ïðîáëåìà (â áiëüøîñòi âèïàäêiâ äîñèòü ñêëà-

äíà) ïðî âèçíà÷åííÿ êiëüêîñòi åëåìåíòiâ, ÿêà ãàðàíòó¹ íàáëèæåííÿ ñóìè n-îþ

÷àñòèííîþ ñóìîþ ç íàïåðåä çàäàíîþ òî÷íiñòþ.

Äîñèòü ïðîñòî öÿ çàäà÷à ðîçâ'ÿçó¹òüñÿ ó âèïàäêó, êîëè çàäàíèé ðÿä ¹

çíàêîïî÷åðåæíèì. Äëÿ òàêîãî ðÿäó âèêîíó¹òüñÿ íåðiâíiñòü |Sn−S| ≤ |an+1|.

Âïðàâè

1. Çíàéòè ñóìè ðÿäiâ:

1)
+∞∑
n=1

( n
2n

+
3

2n

)
, 2)

+∞∑
n=1

( 1

2n
+

(−1)n

5n

)
,

3)
+∞∑
n=1

(1

n
− 1

n+ 1

)
, 4)

+∞∑
n=1

1

2n
cos

2πn

3
,

5)
+∞∑
n=1

n!− 1

n!2n
, 6)

+∞∑
n=1

( 1

5n−1
+

(−1)n

n2

)
+
∞∑
n=1

(−1)n+1

n2
,

7)
+∞∑
n=1

(−1)n−1
n

(2n− 1)!
, 8)

+∞∑
n=1

(−1)n−1
2n+ 1

(2n)!
,

9)
+∞∑
n=1

(−1)n−1
8n+ π

4(2n)!

(π
4

)2n−1
, 10)

+∞∑
n=1

(−1)n−1
8n− 4− π
4(2n− 1)!

(π
4

)2n−2
.

2. Ñêiëüêè åëåìåíòiâ çàäàíîãî ÷èñëîâîãî ðÿäó òðåáà âçÿòè, ùîá äiñòàòè

éîãî ñóìó ç òî÷íiñòþ äî ε, ÿêùî:

1)
+∞∑
n=1

(−1)n−1

n
, ε = 10−4, 2)

+∞∑
n=1

(−1)n−1

n2
, ε = 10−3,

3)
+∞∑
n=1

(−1)n+1

√
n2 + 1

, ε = 10−6, 4)
+∞∑
n=1

1

n!
, ε = 10−2,

5)
+∞∑
n=1

1

(2n− 1)!
, ε = 10−4, 6)

+∞∑
n=1

(−1)n−1

n!
, ε = 10−3,

7)
+∞∑
n=1

(−1)n−1 · 2n
(4n+ 1)7n

, ε = 10−3, 8)
+∞∑
n=1

(−1)n

n!(2n+ 1)
, ε = 10−4.

3. Äîâåñòè, ùî çàäàíi ïîñëiäîâíîñòi ¹ íåñêií÷åííî ìàëèìè:
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1)
{an
n!

}
, 2)

{n!

nn

}
,

3)
{ nn

(n!)2

}
, 4)

{ √
n!

(3 +
√

1)(3 +
√

2) · . . . · (3 +
√
n)

}
,

5)
{ n!

n ln 3(ln 3 + 1) · . . . · (ln 3 + n)

}
, 6)

{ ln 5(ln 5 + 1) · . . . · (ln 5 + n)

n!n

}
.

4. Äîñëiäèòè íà çáiæíiñòü äîáóòîê çà Êîøi äàíèõ ðÿäiâ:

1)
+∞∑
n=1

(−1)n+1

np
·
+∞∑
n=1

1

3n
, p > 1,

2)
+∞∑
n=1

(−1)n+1

√
n
·
+∞∑
n=1

(−1)n+1

√
n

,

3)
(

1−
+∞∑
n=1

(3

2

)n)(
1 +

+∞∑
n=1

(3

2

)n−1(
2n +

1

2n+1

))
,

4)
+∞∑
n=1

(−1)n

nα
·
+∞∑
n=1

(−1)n

nβ
, α > 0, β > 0.

5. Ïîêàçàòè, ùî ðÿä
+∞∑
n=1

(−1)n+1

√
n

� çáiæíèé, à ðÿä

1 +
1√
3
− 1√

2
+

1√
5

+
1√
7
− 1√

4
+ . . .+

1√
4n− 3

+
1√

4n− 1
− 1√

2n
+ . . .

¹ ðîçáiæíèì.

6. Âiäîìî, ùî
π2

8
= 1 +

1

32
+

1

52
+ . . .+

1

(2n− 1)2
+ . . .. Çíàéòè ñóìè ðÿäiâ

+∞∑
n=1

1

n2
òà

+∞∑
n=1

1

(2n)2
.

7. ×ëåíè ðÿäó
+∞∑
n=1

(−1)n−1

n
ïåðåñòàâèòè òàê, ùîá:

1) ñóìà ðÿäó çáiëüøèëàñü âäâi÷i,

2) ðÿä ñòàâ ðîçáiæíèì.

8. Äîâåñòè, ùî ÿêùî ðÿäè
+∞∑
n=1

a2n i
+∞∑
n=1

b2n çáiãàþòüñÿ, òî òàêîæ çáiãàþòüñÿ

ðÿäè
+∞∑
n=1

|an · bn|,
+∞∑
n=1

(an + bn)
2,

+∞∑
n=1

|an|
n
.
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9. Äîâåñòè, ùî
( +∞∑
n=1

an−1
)2

=
+∞∑
n=1

nan−1, äå |a| < 1.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.6. Çà îçíà÷åííÿì ñóìè ðÿäiâ îòðèìà¹ìî:

+∞∑
n=1

( 1

5n−1
+

(−1)n

n2

)
+

+∞∑
n=1

(−1)n+1

n2
=

+∞∑
n=1

1

5n−1
+

+∞∑
n=1

(−1)n

n2
+

+∞∑
n=1

(−1)n+1

n2
=

=
+∞∑
n=1

1

5n−1
+
(
− 1 +

1

4
− 1

9
+

1

16
− . . .+ (−1)n

n2
+ . . .

)
+

+
(

1− 1

4
+

1

9
− 1

16
+ . . .+

(−1)n+1

n2
+ . . .

)
=

+∞∑
n=1

1

5n−1
+

+
(
− 1 + 1− 1

4
+

1

4
− 1

9
+

1

9
− . . .+ (−1)n

n2
− (−1)n

n2
+ . . .

)
=

+∞∑
n=1

1

5n−1
.

Ïðè âèêîðèñòàííi ñïîëó÷íî¨ âëàñòèâîñòi îòðèìà¹ìî ãåîìåòðè÷íèé ðÿä
+∞∑
n=1

1

5n−1
, ñóìà ÿêîãî S =

1

1− 1
5

=
5

4
.

Îòæå,
+∞∑
n=1

( 1

5n−1
+

(−1)n

n2

)
+

+∞∑
n=1

(−1)n+1

n2
=

5

4
. I

3.4. Ðîçãëÿíåìî ðÿä
+∞∑
n=1

√
n!

(3 +
√

1)(3 +
√

2) · . . . · (3 +
√
n)
.

Çà îçíàêîþ Äàëàìáåðà ìà¹ìî, ùî

lim
n→+∞

an+1

an
= lim

n→+∞

√
(n+ 1)!

(3 +
√

1)(3 +
√

2) · . . . · (3 +
√
n+ 1)

·

·(3 +
√

1)(3 +
√

2) · . . . · (3 +
√
n)√

n!
= lim

n→+∞

√
n+ 1

3 +
√
n+ 1

= 1.

Îòæå, îçíàêà Äàëàìáåðà íå äà¹ îäíîçíà÷íî¨ âiäïîâiäi íà ïèòàííÿ, ÷è ðÿä

¹ çáiæíèì.

Çà îçíàêîþ Ðààáå ìà¹ìî:

lim
n→+∞

n
(

1− an+1

an

)
= lim

n→+∞
n
(

1−
√
n+ 1

3 +
√
n+ 1

)
= lim

n→+∞

3n

3 +
√
n+ 1

= +∞.

Îòæå, ïîáóäîâàíèé ðÿä ¹ çáiæíèì.
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Òîäi çà íåîáõiäíîþ îçíàêîþ çáiæíîñòi ðÿäó ìà¹ìî, ùî

lim
n→+∞

an = lim
n→+∞

√
n!

(3 +
√

1)(3 +
√

2) · . . . · (3 +
√
n)

= 0.

Ùî é òðåáà áóëî äîâåñòè. I

4.3. Äîñëiäèìî íà çáiæíiñòü êîæåí iç ðÿäiâ çîêðåìà. Çà îçíàêîþ Êîøi

ìà¹ìî, ùî ðÿäè 1−
+∞∑
n=1

(3

2

)n
i 1 +

+∞∑
n=1

(3

2

)n−1(
2n +

1

2n+1

)
¹ ðîçáiæíèìè.

Çà ïðàâèëîì ìíîæåííÿ ðÿäiâ îòðèìà¹ìî ðÿä
+∞∑
n=1

cn, äå

cn = a1bn + b1an +
n−1∑
k=2

akbn−k+1,

çâiäêè a1 = 1, an = −
(3

2

)n−1
, b1 = 1, bn =

(3

2

)n−2(
2n +

1

2n

)
, n = 2, 3, ...

Îòæå,

cn =
(3

2

)n−2(
2n +

1

2n

)
−
(3

2

)n−1
−

n−1∑
k=2

(3

2

)k−1(3

2

)n−k−1(
2n−k +

1

2n−k+1

)
=

= 2 · 3n−2 +
3n−2

22n−2
−
(3

2

)n−1
−
(3

2

)n
· 2

2

32

n−1∑
k=2

(
2n−k +

1

2n−k+1

)
=

= 2 · 3n−2 +
3n−2

22n−2
−
(3

2

)n−1
− 3n−2

2−2

n−1∑
k=2

1

2k
− 3n−2

22n−1

n−1∑
k=2

2k =

= 2 · 3n−2 +
3n−2

22n−2
−
(3

2

)n−1
− 4 · 3n−2 ·

1
4

(
1−

(
1
2

)n−2)
1
2

− 3n−2

22n−1
· 4(2n−2 − 1)

1
=

=
2

9
· 3n +

4

9

(3

4

)n
− 2

3
·
(3

2

)n
− 2

9
· 3n +

8

9
·
(3

2

)n
− 2

9
·
(3

2

)n
+

8

9
·
(3

4

)n
=

=
12

9

(3

4

)n
=

4

3

(3

4

)n
=
(3

4

)n−1
.

Òîäi ðÿä
+∞∑
n=1

cn =
+∞∑
n=1

(3

4

)n−1
¹ àáñîëþòíî çáiæíèì ðÿäîì i éîãî ñóìà

ðiâíà

S = lim
n→+∞

Sn = lim
n→+∞

1−
(
3
4

)n
1− 3

4

= 4. I
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Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó I

1. Âèêîðèñòîâóþ÷è îçíà÷åííÿ, çíàéòè ñóìó çàäàíîãî ðÿäó. Îá÷èñëèòè ÷à-

ñòèííi ñóìè Sn äëÿ n = 10 i n = 100. Äëÿ êîæíîãî iç âèïàäêiâ çíàéòè

àáñîëþòíó ∆n òà âiäíîñíó δn ïîõèáêè íàáëèæåíî¨ ðiâíîñòi Sn ≈ S.

1)
2

1 · 7
+

2

3 · 9
+

2

5 · 11
+

2

7 · 15
+ . . . ,

2)
1

1 · 6
+

1

2 · 8
+

1

3 · 10
+

1

4 · 12
+ . . . ,

3)
4

1 · 5
+

4

3 · 7
+

4

5 · 9
+

4

7 · 11
+ . . . ,

4)
2

3 · 5
+

2

5 · 7
+

2

7 · 9
+

2

9 · 11
+ . . . ,

5)
3

5 · 8
+

3

8 · 11
+

3

11 · 14
+

3

14 · 17
+ . . . ,

6)
6

4 · 7
+

6

7 · 10
+

6

10 · 13
+

6

13 · 16
+ . . . ,

7)
4

1 · 5
+

4

5 · 9
+

4

9 · 13
+

4

13 · 18
+ . . . ,

8)
3

2 · 5
+

3

5 · 8
+

3

8 · 11
+

3

11 · 14
+ . . . ,

9)
4

1 · 5
+

4

2 · 6
+

4

3 · 7
+

4

4 · 8
+ . . . ,

10)
2

1 · 3
+

2

3 · 5
+

2

5 · 7
+

2

7 · 9
+ . . . ,

11)
1

3 · 6
+

1

6 · 9
+

1

9 · 12
+

1

12 · 15
+ . . . ,

12)
5

4 · 9
+

5

9 · 14
+

5

14 · 19
+

5

19 · 24
+ . . . ,

13)
4

2 · 6
+

4

4 · 8
+

4

6 · 10
+

4

8 · 12
+ . . . ,

14)
9

2 · 11
+

9

5 · 14
+

9

8 · 17
+

9

11 · 20
+ . . . ,

15)
3

12 · 22
+

5

22 · 32
+

7

32 · 42
+

9

42 · 52
+ . . . ,

16)
8

1 · 9
+

8

5 · 13
+

8

9 · 17
+

8

13 · 21
+ . . . ,

17)
12

1 · 7
+

12

4 · 10
+

12

7 · 13
+

12

10 · 16
+ . . . ,

18)
7

6 · 13
+

7

13 · 20
+

7

20 · 27
+

7

27 · 34
+ . . . ,
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19)
1

1 · 4
+

1

2 · 5
+

1

3 · 6
+

1

4 · 7
+ . . . ,

20)
1

2 · 4
+

1

4 · 6
+

1

6 · 8
+

1

8 · 10
+ . . . ,

21)
2

1 · 3
+

2

2 · 4
+

2

3 · 5
+

2

4 · 6
+ . . . ,

22)
1

2
+

2

4
+

3

8
+

4

16
+ . . . ,

23)
8

1 · 9
+

8

9 · 17
+

8

17 · 25
+

8

25 · 33
+ . . . ,

24)
5

2 · 7
+

5

7 · 12
+

5

12 · 17
+

5

17 · 22
+ . . . ,

25)
4

2 · 6
+

4

6 · 10
+

4

10 · 14
+

4

14 · 20
+ . . . ,

26)
9

8 · 17
+

9

17 · 26
+

9

26 · 35
+

9

35 · 44
+ . . . ,

27) 2 +
1

5
+

1

50
+

1

500
+

1

5000
+ . . . ,

28)
4

3 · 5
+

4

7 · 9
+

4

11 · 13
+

4

15 · 17
+ . . . ,

29) 1− 1

3
+

1

9
− 1

27
+ . . .+

(−1)n−1

3n−1
+ . . . ,

30)
1

2
+

3

4
+

5

8
+

7

16
+ . . . .

2. Âèêîðèñòîâóþ÷è íåîáõiäíó óìîâó çáiæíîñòi ðÿäó, äîâåñòè, ùî çàäàíèé

ðÿä ¹ ðîçáiæíèì.

1)
+∞∑
n=1

1
n
√
n
, 2)

+∞∑
n=1

(
cos

1√
n

)n2
, 3)

+∞∑
n=1

(n− 1

n+ 1

)n(n−1)
,

4)
+∞∑
n=1

2n + 5n

n10
, 5)

+∞∑
n=1

cos
π√
n
, 6)

+∞∑
n=1

(−1)n+1,

7)
+∞∑
n=1

(n2 − 1

n2 + 1

)n(n+1)

, 8)
+∞∑
n=1

arctg

√
n√

n+ 5
, 9)

+∞∑
n=1

n
√

0, 005,

10)
+∞∑
n=1

cos
πn

n2 + 1
, 11)

+∞∑
n=1

(n2 + 2

n2 + 1

)n
, 12)

+∞∑
n=1

(
√
n− 1)2

n+
√
n
,

13)
+∞∑
n=1

n3 tg3 π

n
, 14)

+∞∑
n=1

n

lnn
, 15)

+∞∑
n=1

7n + 5

5n + 7
,

16)
+∞∑
n=1

ln
2n2 + 3

(n+ 1)(n+ 2)
, 17)

+∞∑
n=1

n+ 2

n+ sin 2n
, 18)

+∞∑
n=1

n2
(
e

1
n − 1

)2
,
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19)
+∞∑
n=1

n arctg
1
3
√
n
, 20)

+∞∑
n=1

n2
(
1− cos

2π

n

)
, 21)

+∞∑
n=1

n sin
1

3
√
n2
,

22)
+∞∑
n=1

n
√
n+ 2

2 3
√
n+ 1

, 23)
+∞∑
n=1

n ln
(

1 +
1

n

)
, 24)

+∞∑
n=1

ln
(

2 +
1

n3

)
,

25)
+∞∑
n=1

(n+ 3
√
n)3

n3 −
√
n
, 26)

+∞∑
n=1

n2 sin
1

n2
, 27)

+∞∑
n=1

(
√
n+ 2)2

4n
,

28)
+∞∑
n=1

(2n+ 1

2n− 3

)n
, 29)

+∞∑
n=1

n ln
3n

3n− 1
, 30)

+∞∑
n=1

n
√

4n2 + 1

2n2 + 3
.

3. Çíàéòè ñóìó ÷èñëîâîãî ðÿäó:

1)
+∞∑
n=9

2

n2 − 14n+ 48
, 2)

+∞∑
n=9

18

n2 − 13n+ 40
,

3)
+∞∑
n=8

4

n2 − 12n+ 35
, 4)

+∞∑
n=8

36

n2 − 11n+ 28
,

5)
+∞∑
n=7

6

n2 − 10n+ 24
, 6)

+∞∑
n=7

54

n2 − 9n+ 18
,

7)
+∞∑
n=6

8

n2 − 8n+ 15
, 8)

+∞∑
n=6

72

n2 − 7n+ 10
,

9)
+∞∑
n=5

10

n2 − 6n+ 8
, 10)

+∞∑
n=5

90

n2 − 5n+ 4
,

11)
+∞∑
n=4

12

n2 − 4n+ 3
, 12)

+∞∑
n=4

18

n2 − n− 2
,

13)
+∞∑
n=0

16

n2 + 4n+ 3
, 14)

+∞∑
n=0

36

n2 + 7n+ 10
,

15)
+∞∑
n=10

30

n2 − 14n+ 48
, 16)

+∞∑
n=9

54

n2 − 11n+ 28
,

17)
+∞∑
n=9

36

n2 − 12n+ 35
, 18)

+∞∑
n=8

72

n2 − 9n+ 18
,

19)
+∞∑
n=8

12

n2 − 10n+ 24
, 20)

+∞∑
n=7

18

n2 − 7n+ 10
,

21)
+∞∑
n=7

60

n2 − 8n+ 15
, 22)

+∞∑
n=6

36

n2 − 5n+ 4
,
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23)
+∞∑
n=6

48

n2 − 6n+ 8
, 24)

+∞∑
n=3

54

n2 + n− 2
,

25)
+∞∑
n=5

6

n2 − 4n+ 3
, 26)

+∞∑
n=3

18

n2 − n− 2
,

27)
+∞∑
n=1

24

n2 + 4n+ 3
, 28)

+∞∑
n=2

36

n2 + n− 2
,

29)
+∞∑
n=0

72

n2 + 6n+ 8
, 30)

+∞∑
n=0

54

n2 + 5n+ 4
.

4. Äîñëiäèòè íà çáiæíiñòü ðÿä çà äîïîìîãîþ îçíàêè ïîðiâíÿííÿ:

1)
+∞∑
n=1

sin2 n
√
n

n
√
n

, 2)
+∞∑
n=1

arctg n2

n(n+ 1)(n+ 2)
,

3)
+∞∑
n=1

arctg2 n

n3
, 4)

+∞∑
n=1

1− cosn

n3 + 2
,

5)
+∞∑
n=1

3− sinn

n− lnn
, 6)

+∞∑
n=1

lnn
3
√
n7
,

7)
+∞∑
n=1

n cos2 n

n3 + 5
, 8)

+∞∑
n=1

n lnn

n2 − 3
,

9)
+∞∑
n=1

n2 + 3

n3(2 + cosnπ)
, 10)

+∞∑
n=1

3− cosn
4
√
n3

,

11)
+∞∑
n=1

lnn

n3 + n+ 1
, 12)

+∞∑
n=1

sin2 n

n2
,

13)
+∞∑
n=1

arctg3 n

n4 + 3
, 14)

+∞∑
n=1

sin2 2n

n2
,

15)
+∞∑
n=1

1− sinn

(n+ 1)(n+ 2)
, 16)

+∞∑
n=1

(2 + cosnπ)
√
n

4
√
n7 + 5

,

17)
+∞∑
n=1

lnn√
n5 + n

, 18)
+∞∑
n=1

n(2 + cosnπ)

2n2 − 1
,

19)
+∞∑
n=1

sin2 n

n2 + 1
, 20)

+∞∑
n=2

ln
√
n2 + 3n√
n2 − n

,

21)
+∞∑
n=1

1 + cosn

n2 + 2
, 22)

+∞∑
n=2

3 + sinn√
n3 − n

,
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23)
+∞∑
n=2

1

n2 lnn+
3
√

ln2 n
, 24)

+∞∑
n=1

arctg n√
n(2 + n2)

,

25)
+∞∑
n=2

2− cosn√
n2 − n

, 26)
+∞∑
n=1

cosn2

n3 + n
,

27)
+∞∑
n=1

arctg2 n

n(n+ 1)
, 28)

+∞∑
n=2

2 + cosn
4
√
n4 − 1

,

29)
+∞∑
n=1

1 + sinn

n(n+ 2)
, 30)

+∞∑
n=1

√
n3 + 2

n2(2 + sinn)
.

5. Äîñëiäèòè íà çáiæíiñòü ðÿä:

1)
+∞∑
n=1

1
3
√
n

arctg
π

4
√
n
, 2)

+∞∑
n=2

3
√
n · tg n− 1

n3 − n
,

3)
+∞∑
n=2

1
3
√
n+ 5

sin
1

n− 1
, 4)

+∞∑
n=1

1
3
√
n+ 2

arctg
n+ 3

n2 + 5
,

5)
+∞∑
n=1

√
n
(

1− cos
1

n+ 1

)
, 6)

+∞∑
n=1

1

n+ 4
tg

1√
n
,

7)
+∞∑
n=1

ln
n2 + 5

n2 + 4
, 8)

+∞∑
n=1

1√
n+ 4

sin
1

n+ 1
,

9)
+∞∑
n=1

1√
n+ 3

(
e

1√
n − 1

)
, 10)

+∞∑
n=1

ln
n2 + 1

n2 − n+ 2
,

11)
+∞∑
n=1

3
√
n · arctg

1

n3
, 12)

+∞∑
n=1

n3 + 2

n3 + 1
,

13)
+∞∑
n=3

n3 tg5 π

n
, 14)

+∞∑
n=2

n+ 1

( 3
√
n− 1)(n

4
√
n3 − 1)

,

15)
+∞∑
n=1

(
1− cos

π

n

)
, 16)

+∞∑
n=2

1

n− 1
arctg

1
3
√
n− 1

,

17)
+∞∑
n=2

ln
n2 + 3

n2 − n
, 18)

+∞∑
n=1

(
e
√
n−1
n3 − 1

)
,

19)
+∞∑
n=2

√
n arcsin

n+ 1

n3 − 2
, 20)

+∞∑
n=1

n
(
e

1
n2 − 1

)
,

21)
+∞∑
n=1

1
5
√
n+ 1

sin
1√
n
, 22)

+∞∑
n=1

sin
3
√
n√

n5 + 2
,
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23)
+∞∑
n=2

(
e
√
n

n3−1 − 1
)
, 24)

+∞∑
n=2

arctg
1

(n− 1) 5
√
n2 + 1

,

25)
+∞∑
n=1

sin
2n+ 1

n2(n+ 1)2
, 26)

+∞∑
n=1

1√
n

sin
2π

2n+ 1
,

27)
+∞∑
n=1

3 + 7n

5n + n
, 28)

+∞∑
n=1

n · sin 1
3
√
n4
,

29)
+∞∑
n=1

n
(
e

1
n − 1

)2
, 30)

+∞∑
n=1

sin
n

n2 3
√
n+ 5

.

6. Äîñëiäèòè íà çáiæíiñòü ðÿä:

1)
+∞∑
n=1

3 · 5 · 7 · . . . · (2n+ 1)

2 · 5 · 8 · . . . · (3n− 1)
, 2)

+∞∑
n=1

1 · 4 · 7 · . . . · (3n− 2)

7 · 9 · 11 · . . . · (2n+ 5)
,

3)
+∞∑
n=1

(2n)!

2n + 5
, 4)

+∞∑
n=1

nn

(n!)2
,

5)
+∞∑
n=1

(3n+ 2)!

10n · n2
, 6)

+∞∑
n=1

72n

(2n− 1)!
,

7)
+∞∑
n=1

n+ 1

2n(n− 1)!
, 8)

+∞∑
n=1

1 · 3 · 5 · . . . · (2n− 1)

3n(n+ 1)!
,

9)
+∞∑
n=1

4n

n!
, 10)

+∞∑
n=1

2n+1(n3 + 1)

(n+ 1)!
,

11)
+∞∑
n=1

10n · n!

(2n)!
, 12)

+∞∑
n=1

(2n+ 2)!

2n(3n+ 5)
,

13)
+∞∑
n=1

n+ 5

n!
sin

2

3n
, 14)

+∞∑
n=1

n!

nn−1
,

15)
+∞∑
n=1

1

n!
arctg

5

n
, 16)

+∞∑
n=1

(n!)2

(3n + 1)(2n)!
,

17)
+∞∑
n=1

n! · sin π

2n
, 18)

+∞∑
n=1

4n−1
√
n2 + 5

(n− 1)!
,

19)
+∞∑
n=1

n! 3
√
n

3n + 2
, 20)

+∞∑
n=1

(n+ 1)!

nn
,

21)
+∞∑
n=1

nn

3n · n!
, 22)

+∞∑
n=1

5n · 3
√
n2

(n+ 1)!
,
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23)
+∞∑
n=1

n!

(2n)!
tg

1

5n
, 24)

+∞∑
n=1

6n(n2 − 1)

n!
,

25)
+∞∑
n=1

4n · n2

(n+ 2)!
, 26)

+∞∑
n=1

2n · n!

nn
,

27)
+∞∑
n=1

5n(n+ 1)!

(2n)!
, 28)

+∞∑
n=1

n!(2n+ 1)!

(3n)!
,

29)
+∞∑
n=1

1 · 4 · 7 · . . . · (3n− 2)

2n+1n!
, 30)

+∞∑
n=1

n!

2n2
.

7. Äîñëiäèòè íà çáiæíiñòü ðÿä:

1)
+∞∑
n=1

2n+1

nn
, 2)

+∞∑
n=1

1

3n

( n

n+ 1

)−n2
,

3)
+∞∑
n=1

(2n− 1

3n+ 1

)n
2

, 4)
+∞∑
n=1

n4
( 2n

3n+ 5

)n
,

5)
+∞∑
n=1

n2 sinn
π

2n
, 6)

+∞∑
n=1

(2n2 + 1

n2 + 1

)n2
,

7)
+∞∑
n=2

n3

(lnn)n
, 8)

+∞∑
n=1

1

4n

(
1 +

1

n

)n2
,

9)
+∞∑
n=1

( n

3n− 1

)n3
, 10)

+∞∑
n=1

(2n+ 1

3n− 2

)n2
,

11)
+∞∑
n=1

n3 arctgn
π

3n
, 12)

+∞∑
n=1

(2n+ 2

3n+ 1

)n
· n3,

13)
+∞∑
n=1

(4n− 3

5n+ 1

)n2
, 14)

+∞∑
n=1

( n

10n+ 5

)n2
,

15)
+∞∑
n=1

n · arcsinn
π

4n
, 16)

+∞∑
n=1

( n+ 2

3n− 1

)n2
,

17)
+∞∑
n=1

(n− 1

n

)n
· n

5n
, 18)

+∞∑
n=1

(2n+ 3

n+ 1

)n2
,

19)
+∞∑
n=1

3n · n5

(2n+ 1)n
, 20)

+∞∑
n=1

2n−1e−n,

21)
+∞∑
n=1

n
(3n− 1

4n+ 2

)2n
, 22)

+∞∑
n=1

( 2n

4n+ 3

)n2
,
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23)
+∞∑
n=1

nn+2

(2n2 + 1)
n
2

, 24)
+∞∑
n=1

√
n
( n

3n− 1

)2n
,

25)
+∞∑
n=1

1

2n

(n+ 1

n

)n2
, 26)

+∞∑
n=1

n2
(3n+ 2

4n− 1

)n
,

27)
+∞∑
n=1

( n+ 1

2n− 3

)n2
, 28)

+∞∑
n=1

( n

3n+ 1

)2n+1

,

29)
+∞∑
n=1

n · 3n+2

5n
, 30)

+∞∑
n=1

2n arctg2n π

4n
.

8. Äîñëiäèòè íà çáiæíiñòü ðÿä:

1)
+∞∑
n=2

1

n
√

lnn
, 2)

+∞∑
n=1

1

(n+ 1) ln2(n+ 1)
,

3)
+∞∑
n=1

1

(2n− 1) ln 2n
, 4)

+∞∑
n=1

1

n ln2(3n+ 1)
,

5)
+∞∑
n=2

1

(3n− 1) lnn
, 6)

+∞∑
n=2

1

(n+ 2) ln2 n
,

7)
+∞∑
n=1

1

(2n+ 3) ln2(n+ 1)
, 8)

+∞∑
n=2

1

(2n+ 3) ln2(2n+ 1)
,

9)
+∞∑
n=2

1

(2n− 3) ln(3n+ 1)
, 10)

+∞∑
n=3

1

(3n− 5) ln2(4n− 7)
,

11)
+∞∑
n=5

1

(n− 2)
√

ln(n− 3)
, 12)

+∞∑
n=1

1

(2n+ 1) ln2(n
√

5 + 2)
,

13)
+∞∑
n=4

1

(3n− 1)
√

ln(n− 2)
, 14)

+∞∑
n=1

1

(3n+ 4) ln2(5n+ 2)
,

15)
+∞∑
n=2

1

(n+ 5) ln2(n+ 1)
, 16)

+∞∑
n=1

1

(n
√

2 + 1) ln2(n
√

3 + 1)
,

17)
+∞∑
n=2

1

(n+ 3) ln2(n+ 7)
, 18)

+∞∑
n=1

1

(n+ 1) ln 2n
,

19)
+∞∑
n=2

n2

(n3 + 1) lnn
, 20)

+∞∑
n=2

1

(2n+ 3) ln2(n+ 1)
,

21)
+∞∑
n=5

1

(n− 2) ln(n− 3)
, 22)

+∞∑
n=1

1

(n+ 3) ln2 2n
,
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23)
+∞∑
n=3

n

(n2 − 3) ln2 n
2

, 24)
+∞∑
n=3

2n+ 1

(3n2 + 2) ln n
2

,

25)
+∞∑
n=2

1

(n2 + 5) lnn
, 26)

+∞∑
n=2

n

(n2 − 1) lnn
,

27)
+∞∑
n=2

3n

(2n2 + 3) lnn
, 28)

+∞∑
n=2

1

2n
√

ln(3n− 1)
,

29)
+∞∑
n=4

n+ 1

(5n2 − 9) ln(n− 2)
, 30)

+∞∑
n=2

3n

(n2 − 2) ln 2n
.

9. Äîñëiäèòè íà àáñîëþòíó i óìîâíó çáiæíiñòü ðÿäè:

1)
+∞∑
n=1

(−1)n · 2n+ 1

n(n+ 1)
, 2)

+∞∑
n=1

(−1)n

n2 + sin2 n
,

3)
+∞∑
n=0

(−1)n · n3

(n+ 1)!
, 4)

+∞∑
n=2

(−1)n+1

ln(n+ 1)
,

5)
+∞∑
n=1

(−1)n

(2n+ 1)22n+1
, 6)

+∞∑
n=1

(−1)n sin
π

2n
,

7)
+∞∑
n=3

(−1)n

n lnn ln(lnn)
, 8)

+∞∑
n=1

(−1)n · 2n2

(n+ 2)3
,

9)
+∞∑
n=2

(−1)n

(n+ 1) ln(n+ 1)
, 10)

+∞∑
n=1

(−1)n−1

n 5
√
n+ 5

,

11)
+∞∑
n=1

cosn

n2
, 12)

+∞∑
n=1

sinn

n!
,

13)
+∞∑
n=1

(−1)n cos
π

6n
, 14)

+∞∑
n=1

(−1)n sin
π

2n
,

15)
+∞∑
n=1

(−1)n · n
( 4
√
n+ 1)3

, 16)
+∞∑
n=1

(−1)n · n2

(
√

2n+ 1)5
,

17)
+∞∑
n=2

(−1)n

n ln(2n)
, 18)

+∞∑
n=1

(−1)n · n+ 1

n2
√
n
,

19)
+∞∑
n=1

(−1)n · n3

(n+ 1)!
, 20)

+∞∑
n=1

(−1)n−1 · 2n

(n+ 1)3n
,

21)
+∞∑
n=1

(−1)n · 2n

n10
, 22)

+∞∑
n=2

(−1)n

n lnn
,
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23)
+∞∑
n=1

(−1)n ·
3
√
n

n+ 3
, 24)

+∞∑
n=2

(−1)n

n ln(lnn)
,

25)
+∞∑
n=1

(−1)n

n
√
n
, 26)

+∞∑
n=1

(−1)n · arctg n
3
√
n

,

27)
+∞∑
n=1

(−1)n ln
(

1 +
1

2n

)
, 28)

+∞∑
n=2

(−1)n · n2 + 1

2n(n− 1)!
,

29)
+∞∑
n=1

(−1)n · nn

(2n)!
, 30)

+∞∑
n=1

(−1)n · n

(4n2 − 1)2
.

10. Äîñëiäèòè íà àáñîëþòíó i óìîâíó çáiæíiñòü ðÿäè:

1)
+∞∑
n=1

(−3)n

3n + n3
, 2)

+∞∑
n=1

(−1)n · n+ 2

n
√
n
,

3)
+∞∑
n=1

(−5)n

1− n · 5n
, 4)

+∞∑
n=1

(−1)n · n3

(n+ 1)4
,

5)
+∞∑
n=2

n ln
(

1 +
(−1)n

n2

)
, 6)

+∞∑
n=1

(−2n+ 3

3n+ 2

)n
,

7)
+∞∑
n=1

(−1)nn2

(n+ 2)4
, 8)

+∞∑
n=1

(−1)n · n · 2n

(n+ 1)3
,

9)
+∞∑
n=1

n4 arctg
(−1)n

4n
, 10)

+∞∑
n=1

(−1)n
(2n+ 3

2n− 3

)n
,

11)
+∞∑
n=1

(−1)n · 2n

nn+1
, 12)

+∞∑
n=1

(−1)n

ln(2n+ 1)
,

13)
+∞∑
n=1

(−1)n · 5n

(
√

5)n
, 14)

+∞∑
n=1

(−1)n · en

n
√
n+ 1

,

15)
+∞∑
n=1

√
n arctg

(−1)n

4n
, 16)

+∞∑
n=1

(−1)n ·
√
n+ 10

10n
,

17)
+∞∑
n=1

(−1)n · 3n

n3
, 18)

+∞∑
n=1

(−1)n arcsin
π√

2n+ 1
,

19)
+∞∑
n=1

(−1)n√
(2n− 1)(2n+ 1)

, 20)
+∞∑
n=1

(−1)n sin
π

2
√
n
,

21)
+∞∑
n=1

(−1)n arcsin
π

3n
, 22)

+∞∑
n=1

(−1)n · 2n− 1

n2(n+ 1)2
,
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23)
+∞∑
n=1

(−1)n
(sinn

n

)2
, 24)

+∞∑
n=1

(−1)n · n
en
,

25)
+∞∑
n=1

(−1)n · n
100

100n
, 26)

+∞∑
n=1

(−1)n

n− lnn
,

27)
+∞∑
n=2

(−1)n√
n− 4
√
n
, 28)

+∞∑
n=1

(−1)n · e
n

n!
,

29)
+∞∑
n=1

(−1)n

3
√
n2 + 3

, 30)
+∞∑
n=1

(−1)n tg
π

4n
.

11. Îá÷èñëèòè ñóìó ðÿäó iç çàäàíîþ òî÷íiñòþ α :

1)
+∞∑
n=1

(−1)n · n
(2n− 1)2(2n+ 1)2

, α = 0, 001, 2)
+∞∑
n=0

(−1)n

(2n+ 1)!!
, α = 0, 0001,

3)
+∞∑
n=1

(−1)n

(2n)!!
, α = 0, 001, 4)

+∞∑
n=0

(
− 2

5

)n
, α = 0, 01,

5)
+∞∑
n=1

(−1)n · n
7n
, α = 0, 0001, 6)

+∞∑
n=1

(−1)n+1

3n2
, α = 0, 01,

7)
+∞∑
n=1

(−1)n+1

n!
, α = 0, 01, 8)

+∞∑
n=1

(−1)n+1

(2n)3
, α = 0, 001,

9)
+∞∑
n=1

(−1)n

n!(2n+ 1)
, α = 0, 001, 10)

+∞∑
n=1

(−1)n(2n+ 1)

n3(n+ 1)
, α = 0, 01,

11)
+∞∑
n=1

(−1)n · n
2n
, α = 0, 1, 12)

+∞∑
n=0

(
− 2

3

)n
, α = 0, 1,

13)
+∞∑
n=1

(−1)n

(2n+ 1)!
, α = 0, 0001, 14)

+∞∑
n=1

(−1)n

(2n)!
, α = 0, 001,

15)
+∞∑
n=1

(−1)n · n2

3n
, α = 0, 1, 16)

+∞∑
n=0

(−1)n

3n!
, α = 0, 01,

17)
+∞∑
n=0

(−1)n

(n+ 1)n
, α = 0, 001, 18)

+∞∑
n=1

(−1)n

n3 + 1
, α = 0, 01,

19)
+∞∑
n=1

(−1)n · 2

n2(n+ 3)
, α = 0, 01, 20)

+∞∑
n=0

(−1)n

(n3 + 1)2
, α = 0, 001,

21)
+∞∑
n=0

(−1)n

2 + n3
, α = 0, 01, 22)

+∞∑
n=1

(−1)n · n
(1 + n3)2

, α = 0, 001,
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23)
+∞∑
n=1

(−1)n

(2n)!2n
, α = 0, 00001, 24)

+∞∑
n=1

(−1)n · 2n+ 1

(2n)!n!
, α = 0, 001,

25)
+∞∑
n=1

(−1)n

2n · n!
, α = 0, 001, 26)

+∞∑
n=0

(−1)n

3n(n+ 1)
, α = 0, 001,

27)
+∞∑
n=1

(−1)n

3n · n!
, α = 0, 0001, 28)

+∞∑
n=0

(−1)n

4n(2n+ 1)
, α = 0, 001,

29)
+∞∑
n=1

(−1)n

(2n)!n!
, α = 0, 00001, 30)

+∞∑
n=1

(−1)n

n3
, α = 0, 01.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ äî ðîçäiëó I

1. Âèêîðèñòîâóþ÷è îçíà÷åííÿ, çíàéòè ñóìó ðÿäó
9

8 · 17
+

9

17 · 26
+

9

26 · 35
+

9

35 · 44
+. . .. Îá÷èñëèòè ÷àñòèííi ñóìè Sn äëÿ n = 10 i n = 100. Äëÿ êîæíîãî

iç âèïàäêiâ çíàéòè àáñîëþòíó ∆n òà âiäíîñíó δn ïîõèáêè íàáëèæåíî¨ ðiâíîñòi

Sn ≈ S.

Ðîçâ'ÿçàííÿ. Çàãàëüíèé ÷ëåí ðÿäó ìà¹ âèãëÿä an = 9
(9n−1)(9n+8) , îñêiëü-

êè, ÿê ïåðøi ìíîæíèêè, òàê i äðóãi ìíîæíèêè â çíàìåííèêàõ óòâîðþþòü

àðèôìåòè÷íi ïðîãðåñi¨, âiäïîâiäíî ç a1 = 8, d = 9 òà a1 = 17, d = 9. Äëÿ çíà-

õîäæåííÿ ÷àñòèííî¨ ñóìè äîöiëüíî ïîäàòè êîæåí ÷ëåí ðÿäó ó âèãëÿäi ñóìè,

âèêîðèñòîâóþ÷èìåòîä íåâèçíà÷åíèõ êîåôiöi¹íòiâ.

an =
9

(9n− 1)(9n+ 8)
=

a

9n− 1
+

b

9n+ 8
.

Òóò a = 1, b = −1. Îòæå,

Sn =
1

8
− 1

17
+

1

17
− 1

26
+

1

26
− 1

35
+ · · ·+ 1

9n− 1
− 1

9n+ 8
=

1

8
− 1

9n+ 8
;

lim
n→∞

Sn =
1

8
;

S10 =
1

8
− 1

9 · 10 + 8
=

1

8
− 1

98
=

90

784
= 0, 1148;

∆10 = |1
8
− (

1

8
− 1

98
)| = 1

98
= 0, 0102;

δ10 =
∆10

S10
=

0, 0102

0, 1148
= 0, 08889.

S100 =
1

8
− 1

9 · 100 + 8
=

1

8
− 1

908
=

900

7264
= 0, 1239;

∆100 = |1
8
− (

1

8
− 1

908
)| = 1

908
= 0, 0011;

δ100 =
∆100

S100
=

0, 0011

0, 1239
= 0, 008889.

2. Âèêîðèñòîâóþ÷è íåîáõiäíó óìîâó çáiæíîñòi ðÿäó, äîâåñòè, ùî ðÿä
+∞∑
n=1

n2 sin
1

n2
¹ ðîçáiæíèì.



Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ äî ðîçäiëó I 45

Ðîçâ'ÿçàííÿ.

lim
n→∞

an = lim
n→∞

n2 sin
1

n2
= |∞ · 0| = lim

n→∞

sin 1
n2

1
n2

= |0
0
|.

Âèêîðèñòà¹ìî ïåðøó âèçíà÷íó ãðàíèöþ

lim
x→0

sinx

x
= 1.

ßêùî sinx
x → 1 ïðè x→ 0, òî i

sin 1
n2

1
n2
→ 1 ïðè n→∞.

Îòæå, lim
n→∞

an = 1. Íåîáõiäíà óìîâà çáiæíîñòi ðÿäó lim
n→∞

an = 0 íå âèêî-

íó¹òüñÿ, òîìó ðÿä ðîçáiæíèé.

3. Çíàéòè ñóìó ÷èñëîâîãî ðÿäó
+∞∑
n=3

36

n2 + n− 2
.

Ðîçâ'ÿçàííÿ. Äëÿ çíàõîäæåííÿ ÷àñòèííî¨ ñóìè ðÿäó äîöiëüíî êîæíèé

÷ëåí ðÿäó ïîäàòè ÿê ñóìó äâîõ äðîáiâ, ñêîðèñòàâøèñü ìåòîäîì íåâèçíà÷åíèõ

êîåôiöi¹íòiâ

an =
36

n2 + n− 2
=

36

(n− 1)(n+ 2)
=

a

n− 1
+

b

n+ 2
.

Çíàõîäèìî, ùî a = 12, b = −12.

Sn =
12

2
− 12

5
+

12

3
− 12

6
+

12

4
− 12

7
+

12

5
− 12

8
+

12

6
− 12

9
+ · · ·+

+
12

n− 4
− 12

n− 1
+

12

n− 3
− 12

n
+

12

n− 2
− 12

n+ 1
+

12

n− 1
− 12

n+ 2
=

=
12

2
+

12

3
+

12

4
− 12

n
− 12

n+ 1
− 12

n+ 2
.

lim
n→∞

Sn = lim
n→∞

(
6 + 4 + 3− 12

n
− 12

n+ 1
− 12

n+ 2

)
= 13.

Îòæå,
+∞∑
n=3

36

n2 + n− 2
= 13.

4. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=1

(cosn)2

n3 + n
çà äîïîìîãîþ îçíàêè ïîðiâíÿ-

ííÿ.

Ðîçâ'ÿçàííÿ. Ìà¹ìî ðÿä ç äîäàòíiìè ÷ëåíàìè.

an =
(cosn)2

n3 + n
<

1

n3
.
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Ðÿä
+∞∑
n=1

1

n3
−− çáiæíèé, à îòæå i ðÿä

+∞∑
n=1

(cosn)2

n3 + n
çáiæíèé çà ïåðøîþ îçíàêîþ

ïîðiâíÿííÿ.

5. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=1

1√
n

sin
1

3
√
n4
.

Ðîçâ'ÿçàííÿ. Ìà¹ìî ðÿä ç äîäàòíiìè ÷ëåíàìè.

Îñêiëüêè 0 < 1
3
√
n4
< 1, òî sin 1

3
√
n4
< 1

3
√
n4
, òîìó äëÿ ïîðiâíÿííÿ ìîæåìî

âçÿòè ðÿä
+∞∑
n=1

1√
n
· 1

3
√
n4

=
+∞∑
n=1

1

n
11
6
. Öåé ðÿä ¹ çáiæíèé ÿê óçàãàëüíåíèé ãàðìî-

íiéíèé ðÿä. Äëÿ âñiõ n ∈ N âèêîíó¹òüñÿ íåðiâíiñòü 1√
n
· sin 1

3
√
n4
< 1

n
11
6
, òîìó

íàø ðÿä çáiæíèé íà ïiäñòàâi ïåðøî¨ îçíàêè ïîðiâíÿííÿ.

6. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=1

2n · n!

nn
.

Ðîçâ'ÿçàííÿ.Ìà¹ìî ðÿä ç äîäàòíiìè ÷ëåíàìè. Îñêiëüêè â an ¹ ìíîæíèê

n!, òî äîöiëüíî âèêîðèñòàòè îçíàêó Äàëàìáåðà.

lim
n→∞

an+1

an
= lim

n→∞

2n+1 · (n+ 1)!

(n+ 1)n+1
:

2n · n!

nn
= lim

n→∞

2n+1 · n!(n+ 1)nn

(n+ 1)n(n+ 1)2nn!
=

= 2 lim
n→∞

nn

(n+ 1)n
= 2 lim

n→∞

(n+ 1− 1

n+ 1

)n
= 2 lim

n→∞

(
1− 1

n+ 1

)−(n+1)·n
−(n+1)

= 2·e−1 =
2

e
< 1.

Îòæå, ðÿä çáiæíèé çà îçíàêîþ Äàëàìáåðà.

7. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=1

n2
(3n+ 2

4n− 1

)n
.

Ðîçâ'ÿçàííÿ. Ìà¹ìî ðÿä ç äîäàòíiìè ÷ëåíàìè, çàãàëüíèé ÷ëåí ÿêîãî ìi-

ñòèòü ìíîæíèê, ùî ¹ n-íèì ñòåïåíåì. Òîìó äîöiëüíî âèêîðèñòàòè ðàäèêàëüíó

îçíàêó Êîøi.

lim
n→∞

n
√
an = lim

n→∞
n

√
n2 ·

(3n+ 2

4n− 1

)n
= lim

n→∞

(
n
√
n
)2
· n

√(3n+ 2

4n− 1

)n
=

= lim
n→∞

3n+ 2

4n− 1
=

3

4
< 1.

Îòæå, ðÿä çáiæíèé.

8. Äîñëiäèòè íà çáiæíiñòü ðÿä
+∞∑
n=2

n

(n2 − 1) lnn
.
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Ðîçâ'ÿçàííÿ. Ìà¹ìî ðÿä ç äîäàòíiìè ÷ëåíàìè ç an = n
(n2−1) lnn . Ïîðiâ-

íÿ¹ìî ç ðÿäîì
+∞∑
n=2

1

n lnn
, äëÿ äîñëiäæåííÿ íà çáiæíiñòü ÿêîãî çàñòîñó¹ìî

iíòåãðàëüíó îçíàêó Êîøi. Äîñëiäèìî íà çáiæíiñòü íåâëàñíèé iíòåãðàë∫ +∞

2

1

x lnx
dx =

∫ +∞

2

d(lnx)

lnx
dx = ln(lnx)|∞2 =∞.

Íåâëàñíèé iíòåãðàë ðîçáiæíèé, òî ðÿä
+∞∑
n=2

1

n lnn
− ðîçáiæíèé. Ñêîðèñòà-

¹ìîñÿ îçíàêîþ ïîðiâíÿííÿ:

lim
n→∞

an
an+1

= lim
n→∞

1

n lnn
· (n

2 − 1) lnn

n
= lim

n→∞

n2 − 1

n2
= 1.

Îòæå, îáèäâà ðÿäè îäíî÷àñíî ðîçáiæíi.

9. Äîñëiäèòè íà àáñîëþòíó i óìîâíó çáiæíiñòü ðÿä
+∞∑
n=1

(−1)n · arctg n
3
√
n

.

Ðîçâ'ÿçàííÿ. Äîñëiäèìî íà àáñîëþòíó çáiæíiñòü.

Äî ðÿäó
+∞∑
n=1

∣∣∣(−1)n · arctg n
3
√
n

∣∣∣ çàñòîñó¹ìî îçíàêó ïîðiâíÿííÿ. Îñêiëüêè

arctg n
3
√
n

>
π
4
3
√
n
, òî äîñëiäèìî íà çáiæíiñòü ðÿä

+∞∑
n=1

π
4
3
√
n
. Ðÿä

+∞∑
n=1

1
3
√
n
− ðîçáiæíèé

ÿê óçàãàëüíåíèé ãàðìîíi÷íèé ðÿä, à ìíîæåííÿ íà π
4 íà ïîâåäiíêó ðÿäó

íå âïëèâà¹. Òîìó ðÿä
+∞∑
n=1

π
4
3
√
n

ðîçáiæíèé, òîäi ðÿä
+∞∑
n=1

∣∣∣(−1)n · arctg n
3
√
n

∣∣∣−
ðîçáiæíèé, îòæå âèõiäíèé äîñëiäæóâàíèé ðÿä íå ¹ àáñîëþòíî çáiæíèì.

Äîñëiäèìî éîãî íà óìîâíó çáiæíiñòü. Âií ¹ çíàêîïî÷åðåæíèì ðÿäîì i

lim
n→∞

arctg n
3
√
n

= 0. Ïîêàæåìî, ùî ïðÿìóâàííÿ an = arctg n
3
√
n

= 0 äî íóëÿ ¹

ìîíîòîííèì, ïî÷èíàþ÷è õî÷à á ç ÿêîãîñü íîìåðà.

Ðîçãëÿíåìî ôóíêöiþ f(x) = arctg x
3
√
x

ïðè x ≥ 1.

f ′(x) =
1

1+x2x
1
3 − 1

3x
−2
3 arctg x

x
2
3

=
3x

1+x2 − arctg x

3x
4
3

.

Ôóíêöiÿ g(x) = 3x
1+x2 ïðè x ≥ 1 ìîíîòîííî ñïàäíà, à h(x) = arctg x ìîíîòîí-

íî çðîñòà¹, òîìó ðiçíèöÿ ìîíîòîííî ñïàäíà, ïðè÷îìó g(1) = 3
2 > h(1) = π

4 .

Îñêiëüêè f ′(1) > 0, à lim
x→+∞

f ′(x) < 0 òî iñíó¹ ¹ äèíà òî÷êà x0 òàêà, ùî

f ′(x0) = 0. Òîäi ïðè x > x0 f
′(x) < 0. Îòæå f(x) = arctg x

3
√
x

ìîíîòîííî ñïàäíà.



Ïðè n > [x0] âèêîíàíi óìîâè îçíàêè Ëåéáíiöà çáiæíîñòi çíàêîïî÷åðåæíîãî

ðÿäó. Òàêèì ÷èíîì äîñëiäæóâàíèé ðÿä ¹ óìîâíî çáiæíèì.

10. Äîñëiäèòè íà àáñîëþòíó i óìîâíó çáiæíiñòü ðÿä
+∞∑
n=1

(−1)n

n− lnn

Ðîçâ'ÿçàííÿ. Ðîçãëÿíåìî ðÿä
+∞∑
n=1

∣∣∣ (−1)n

n− lnn

∣∣∣ =
+∞∑
n=1

1

n− lnn
. Ïîðiâíÿ¹ìî

ç ãàðìîíi÷íèì ðÿäîì
+∞∑
n=1

1

n
. Îñêiëüêè 1

n−lnn ≥
1
n ïðè n ∈ N, òî iç ðîçái-

æíîñòi ãàðìîíiéíîãî ðÿäó âèïëèâà¹ ðîçáiæíiñòü ðÿäó, ñêëàäåíîãî ç ìîäóëiâ.

Îòæå, ïî÷àòêîâèé ðÿä íå ¹ àáñîëþòíî çáiæíèì. Ðÿä
+∞∑
n=1

(−1)n

n− lnn
− çíàêîïî-

÷åðåæíèé. Çàñòîñó¹ìî îçíàêó Ëåéáíiöà.

lim
n→∞

1

n− lnn
= lim

n→∞

1

n(1− lnn
n )

.

Çíàéäåìî lim
x→∞

lnx
x = lim

x→∞
1
x = 0. Îòæå, lim

n→∞
1

n−lnn = 0. Ïîêàæåìî, ùî ïðÿìó-

âàííÿ an äî íóëÿ ¹ ìîíîòîííèì. Äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî ôóíêöiÿ

y = x − lnx ¹ ìîíîòîííî çðîñòàþ÷à ïðè x ≥ 1. Äiéñíî, y′ = 1 − 1
x > 0 ïðè

x ≥ 1. Îòæå, äîñëiäæóâàíèé ðÿä ¹ óìîâíî çáiæíèé.

11. Îá÷èñëèòè ñóìó ðÿäó
+∞∑
n=1

(−1)n

(2n)!n!
iç çàäàíîþ òî÷íiñòþ α = 0, 001.

Ðîçâ'ÿçàííÿ. Ìà¹ìî çíàêîïî÷åðåæíèé ðÿä, ÿêèé çáiæíèé çà îçíàêîþ

Ëåéáíiöà. Äëÿ çíàõîäæåííÿ íàáëèæåíîãî çíà÷åííÿ ñóìè ðÿäó îöiíèìî çà-

ëèøîê ðÿäó, âèõîäÿ÷è ç óìîâè, ùî Rn ≤ an+1. Äëÿ çíàõîäæåííÿ êiëüêîñòi

äîäàíêiâ â ÷àñòèííié ñóìi ðîçâ'ÿæåìî íåðiâíiñòü

1

(2(n+ 1))!(n+ 1)!
≤ 0, 001.

Ïðè n = 1 ìà¹ìî 1
4!2! = 1

2·3·4·2 >
1

1000 , à ïðè n = 2 ìà¹ìî 1
6!·3! = 1

2·3·4·5·6·2·3 =

1
4320 <

1
1000 . Îòæå, â ÷àñòèííié ñóìi äîñòàòíüî âçÿòè äâà äîäàíêè.

S =
−1

2!1!
+

1

4!2!
=
−1

2
+

1

48
= −23

48
= −0, 4792.
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ÐÎÇÄIË II. Ôóíêöiîíàëüíi ïîñëiäîâíîñòi òà

ðÿäè

�2.1. Çáiæíiñòü i ðiâíîìiðíà çáiæíiñòü ôóíêöiîíàëüíèõ

ïîñëiäîâíîñòåé i ðÿäiâ

Íåõàé X � äîâiëüíà ìíîæèíà, à f1, f2, . . . , fn : X → R � äåÿêi ôóíêöi¨.

Ôóíêöiîíàëüíà ïîñëiäîâíiñòü {fn} çáiãà¹òüñÿ äî ôóíêöi¨ f ïîòî÷êîâî íà

ìíîæèíi X àáî f ¹ ïîòî÷êîâîþ ãðàíèöåþ ôóíêöiîíàëüíî¨ ïîñëiäîâíîñòi

{fn}, ÿêùî

(∀x ∈ X) :
{

lim
n→+∞

fn(x) = f(x)
}
,

òîáòî

(∀ε > 0)(∀x ∈ X)(∃N(ε, x) ∈ N)(∀n > N) :
{
|fn(x)− f(x)| < ε

}
.

Ïîçíà÷àþòü ïîòî÷êîâó çáiæíiñòü íà ìíîæèíi X íàñòóïíèì ÷èíîì: fn→
X
f.

Ôóíêöiîíàëüíà ïîñëiäîâíiñòü {fn} íàçèâà¹òüñÿ ðiâíîìiðíî çáiæíîþ íà

ìíîæèíi X äî ôóíêöi¨ f, ÿêùî

(∀ε > 0)(∃N(ε) ∈ N)(∀n > N)(∀x ∈ X) :
{
|fn(x)− f(x)| < ε

}
.

Ðiâíîìiðíó çáiæíiñòü ïîçíà÷àþòü òàê: fn⇒
X
f.

Òåîðåìà 1. Ôóíêöiîíàëüíà ïîñëiäîâíiñòü {fn} ¹ ðiâíîìiðíî çáiæíîþ íà

ìíîæèíi X äî ôóíêöi¨ f òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ ðiâíiñòü

lim
n→+∞

sup
x∈X
|fn(x)− f(x)| = 0.
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Òåîðåìà 2 (êðèòåðié Êîøi ðiâíîìiðíî¨ çáiæíîñòi ôóíêöiîíàëüíî¨

ïîñëiäîâíîñòi). Ôóíêöiîíàëüíà ïîñëiäîâíiñòü {fn} ¹ ðiâíîìiðíî çáiæíîþ

íà ìíîæèíi X òîäi i òiëüêè òîäi, êîëè

(∀ε > 0)(∃N(ε) ∈ N)(∀x ∈ X)(∀m,n > N) :
{
|fn(x)− fm(x)| < ε

}
.

Íåõàé X � äîâiëüíà ìíîæèíà, à f, U1, U2, . . . , Un, . . . : X → R � äåÿêi

ôóíêöi¨. Ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) ïîòî÷êîâî (ðiâíîìiðíî) çáiãà¹-

òüñÿ äî ôóíêöi¨ f íà ìíîæèíi X, ÿêùî ïîñëiäîâíiñòü éîãî ÷àñòèííèõ ñóì

{Sn}, äå Sn =
n∑
k=1

Uk(x), ïîòî÷êîâî (ðiâíîìiðíî) çáiãà¹òüñÿ äî ôóíêöi¨ f íà

öié ìíîæèíi.

ßêùî äëÿ x0 ∈ X ÷èñëîâèé ðÿä
+∞∑
n=1

Un(x0) çáiãà¹òüñÿ, òî ôóíêöiîíàëüíèé

ðÿä
+∞∑
n=1

Un(x) çáiãà¹òüñÿ â òî÷öi x0. ßêùî â êîæíié òî÷öi x0 ∈ X1 ⊂ X ÷èñëî-

âèé ðÿä
∞∑
n=1

Un(x0) çáiãà¹òüñÿ, òî ôóíêöiîíàëüíèé ðÿä íàçèâà¹òüñÿ çáiæíèì

â îáëàñòi X1. Ñóìîþ ðÿäó íàçèâà¹òüñÿ ôóíêöiÿ S(x) = lim
n→+∞

Sn(x).

Îñòàííþ ðiâíiñòü çà àíàëîãi¹þ äî ÷èñëîâèõ ðÿäiâ ìîæíà çàïèñàòè ó âè-

ãëÿäi:

(∀ε > 0)(∀x ∈ X1)(∃N(ε, x) ∈ N)(∀n > N) :
{
|Sn(x)− S(x)| = |rn(x)| < ε

}
,

äå rn(x) =
+∞∑

k=n+1

Uk(x) � n-èé çàëèøîê ôóíêöiîíàëüíîãî ðÿäó.

Òåîðåìà 3 (êðèòåðié Êîøi ïîòî÷êîâî¨ çáiæíîñòi ôóíêöiîíàëü-

íîãî ðÿäó). Äëÿ òîãî, ùîá ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) áóâ ïîòî÷êîâî

çáiæíèé íà ìíîæèíi X1, íåîáõiäíî i äîñòàòíüî, ùîá

(∀ε > 0)(∀x ∈ X1)(∃N(ε, x) ∈ N)(∀n > N)(∀p ∈ N) :
{∣∣∣ n+p∑

k=n+1

Uk(x)
∣∣∣ < ε

}
.

Äëÿ âèçíà÷åííÿ çáiæíîñòi àáî àáñîëþòíî¨ çáiæíîñòi ìîæíà ñêîðèñòàòèñÿ

àáî îçíàêîþ Äàëàìáåðà, àáî îçíàêîþ Êîøi. ßêùî lim
n→+∞

∣∣∣Un+1(x)

Un(x)

∣∣∣ = α(x)



� 2.1. Çáiæíiñòü i ðiâíîìiðíà çáiæíiñòü ôóíêöiîíàëüíèõ ïîñëiäîâíîñòåé i ðÿäiâ 51

àáî lim
n→+∞

n
√
|Un(x)| = β(x), òî ôóíêöiîíàëüíèé ðÿä

+∞∑
n=1

Un(x) çáiãà¹òüñÿ àá-

ñîëþòíî äëÿ âñiõ x, ùî çàäîâîëüíÿþòü íåðiâíiñòü α(x) < 1 àáî β(x) < 1 i

ðîçáiãà¹òüñÿ, êîëè α(x) > 1 àáî β(x) > 1.

Òåîðåìà 4 (êðèòåðié Êîøi ðiâíîìiðíî¨ çáiæíîñòi ôóíêöiîíàëü-

íîãî ðÿäó). Äëÿ òîãî, ùîá ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) áóâ ðiâíîìiðíî

çáiæíèé íà ìíîæèíi X1, íåîáõiäíî i äîñòàòíüî, ùîá

(∀ε > 0)(∃N(ε) ∈ N)(∀n > N)(∀p ∈ N)(∀x ∈ X1) :
{∣∣∣ n+p∑

k=n+1

Uk(x)
∣∣∣ < ε

}
.

Íà ïðàêòèöi äëÿ äîñëiäæåííÿ ôóíêöiîíàëüíîãî ðÿäó íà ðiâíîìiðíó çái-

æíiñòü ðiäêî êîðèñòóþòüñÿ îçíà÷åííÿì (âîíî ïåðåäáà÷à¹ çíàííÿ ñóìè ðÿäó)

àáî êðèòåði¹ì Êîøi.

Äëÿ äîñëiäæåííÿ ôóíêöiîíàëüíèõ ðÿäiâ íà ðiâíîìiðíó çáiæíiñòü âèêîðè-

ñòîâóþòü äîñòàòíi îçíàêè ðiâíîìiðíî¨ çáiæíîñòi.

Îçíàêà Âåé¹ðøòðàñà. ßêùî åëåìåíòè ðÿäó
+∞∑
n=1

Un(x) çàäîâîëüíÿþòü

óìîâó

(∀x ∈ X)(∀n ∈ N) :
{
|un(x)| ≤ cn

}
,

ïðè÷îìó
+∞∑
n=1

cn < +∞, òî öåé ôóíêöiîíàëüíèé ðÿä ¹ ðiâíîìiðíî çáiæíèì

íà ìíîæèíi X.

Îçíàêà Äiðiõëå. Íåõàé ôóíêöi¨ an(x) i bn(x), äå n ∈ N, âèçíà÷åíi íà

ìíîæèíi X, ïðè÷îìó âèêîíóþòüñÿ óìîâè:

1) ïîñëiäîâíiñòü ÷àñòèííèõ ñóì ðÿäó
+∞∑
n=1

an(x) � îáìåæåíà, òîáòî

(∃M > 0)(∀k ∈ N)(∀x ∈ X) :
{∣∣∣ k∑

n=1

an(x)
∣∣∣ < M

}
,

2) (∀x ∈ X)(∀n ∈ N) : {bn(x) ≥ bn+1(x)} i bn(x)⇒
X

0.

Òîäi ðÿä
+∞∑
n=1

an(x)bn(x) ¹ ðiâíîìiðíî çáiæíèì íà ìíîæèíi X.
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Îçíàêà Àáåëÿ. Íåõàé ôóíêöi¨ an(x) i bn(x), äå n ∈ N, âèçíà÷åíi íà

ìíîæèíi X, ïðè÷îìó âèêîíóþòüñÿ óìîâè:

1) ðÿä
+∞∑
n=1

an(x) ðiâíîìiðíî çáiãà¹òüñÿ íà ìíîæèíi X,

2) (∀x ∈ X)(∀n ∈ N) : {bn(x) ≥ bn+1(x)} i ïîñëiäîâíiñòü {bn(x)} îáìå-

æåíà íà X, òîáòî

(∃M > 0)(∀n ∈ N)(∀x ∈ X) :
{
|bn(x)| ≤M

}
.

Òîäi ðÿä
+∞∑
n=1

an(x)bn(x) ¹ ðiâíîìiðíî çáiæíèì íà ìíîæèíi X.

Âïðàâè

1. Äîñëiäèòè íà ðiâíîìiðíó çáiæíiñòü çàäàíi ôóíêöiîíàëüíi ïîñëiäîâíîñòi

íà âêàçàíié ìíîæèíi X :

1) fn(x) = xn, X = [0; 1], 2) fn(x) = e−nx, X = (0; 1),

3) fn(x) =
1

n2 + x2
, X = R, 4) fn(x) = xn − x2n, X = [0; 1],

5) fn(x) =
x2n2

1 + n2x2
, X = (0; 1], 6) fn(x) = sin2n x, X =

[
0;
π

4

]
,

7) fn(x) =
lnnx√
nx

, X = [0; +∞), 8) fn(x) =
(

1 +
1

nx

)nx
, X = (0; 1),

9) fn(x) =
2nx

1 + n2x2
, X = [0; 1], 10) fn(x) =

sinnx

n
, X = R.

2. Äîâåñòè, ùî çàäàíà ïîñëiäîâíiñòü ðiâíîìiðíî çáiãà¹òüñÿ íà âêàçàíié

ìíîæèíi:

1) fn(x) =
nx

1 + n2x2
, X = [1; +∞),

2) fn(x) = sin(ne−nx), X = [1; +∞),

3) fn(x) =
lnnx

nx2
, X = [1; +∞),

4) fn(x) = e−nx lnn, X = (0; +∞),

5) fn(x) = n sin
1

nx
, X = [1; +∞),
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6) fn(x) =
nx2

n+ 2x
, X = [1; 2],

7) fn(x) = ln
(

1 +
cosnx√
n+ x

)
, X = [1; +∞),

8) fn(x) =
arctg nx√
n+ x

, X = [0; +∞).

3. Âèçíà÷èòè ìíîæèíó çáiæíîñòi òà ìíîæèíó ðiâíîìiðíî¨ çáiæíîñòi ôóí-

êöiîíàëüíî¨ ïîñëiäîâíîñòi:

1) fn(x) = xn − xn+1, 2) fn(x) =
1

1 + xn
,

3) fn(x) =
n
√

sinx, 4) fn(x) =
n
√

1 + x2n,

5) fn(x) = xe−nx, 6) fn(x) =
(

1 +
x

n

)n
,

7) fn(x) = n
(√

x2 +
1

n
− x
)
, 8) fn(x) = xn − 3xn+2 + 2xn+4,

9) fn(x) = cos2n x, 10) fn(x) =
nx − n−x

nx + n−x
.

4. Çíàéòè îáëàñòü çáiæíîñòi òà ñóìó çàäàíèõ ôóíêöiîíàëüíèõ ðÿäiâ:

1)
+∞∑
n=1

e−nx, 2)
+∞∑
n=1

e−nx

n
,

3)
+∞∑
n=1

1

(3x− 1)2n
, 4)

+∞∑
n=1

(x− 1)n

3n
,

5)
+∞∑
n=1

sinn x

n
, 6)

+∞∑
n=1

(−1)n−1xn−1

n!
,

7)
+∞∑
n=1

(−1)n−1
cosnx

n(n+ 1)
, 8)

+∞∑
n=1

(−1)n−1
x2n−2

(2n− 1)!
,

9)
+∞∑
n=1

(−1)n+1 tgn x

n(n+ 1)
, 10)

+∞∑
n=1

nx

(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + nx)
.

5. Çíàéòè îáëàñòü çáiæíîñòi ôóíêöiîíàëüíèõ ðÿäiâ:

1)
+∞∑
n=1

n(3x− 4)n

3n
, 2)

+∞∑
n=1

1

n2 + x2
,



54 ÐÎÇÄIË II. Ôóíêöiîíàëüíi ïîñëiäîâíîñòi òà ðÿäè

3)
+∞∑
n=1

(2n− 1)!!

(2n)!

( 2x

1 + x2

)n
, 4)

+∞∑
n=1

lnn x,

5)
+∞∑
n=1

nn
(
e
x
n − 1

)n
, 6)

+∞∑
n=1

√
n2 + 1

n2(5x+ 9)2n−1
,

7)
+∞∑
n=1

sin
x

2n
, 8)

+∞∑
n=1

(−1)n

xnn lnn
,

9)
+∞∑
n=1

8nx, 10)
+∞∑
n=1

nn+1

(2n2 + n+ x2)
n+1
2

,

11)
+∞∑
n=1

(x(x+ n)

n

)n
, 12)

+∞∑
n=1

xn tg
x

3n
,

13)
+∞∑
n=1

1

(x+ n− 1)(x+ n)
, 14)

+∞∑
n=1

(n!)n

nn2xn
,

15)
+∞∑
n=1

sinn · sinn2

ln2 x+ n
, 16)

+∞∑
n=1

((2n− 1)!!

(2n)!!

)x
.

6. Çíàéòè îáëàñòü çáiæíîñòi i îáëàñòü àáñîëþòíî¨ çáiæíîñòi ôóíêöiîíàëü-

íèõ ðÿäiâ:

1)
+∞∑
n=1

xn

1− xn
, 2)

+∞∑
n=1

1

n

( x

x+ 2

)n
,

3)
+∞∑
n=1

(−1)n

x2 +
√
n
, 4)

+∞∑
n=1

2n sin
1

3nx
,

5)
+∞∑
n=1

xn

1 + x2n
, 6)

+∞∑
n=1

(−1)n−1√
2n− 1

(1− x
1 + x

)n
,

7)
+∞∑
n=1

1

lnn(x− 4)
, 8)

+∞∑
n=1

( x3

1 + x3

)n
,

9)
+∞∑
n=1

sin
nπx

3
, 10)

+∞∑
n=1

√
n+ 2

2n

(x2 − 5x+ 6

x2 + 5x+ 6

)n
.

7. Êîðèñòóþ÷èñü îçíàêîþ Âåé¹ðøòðàñà, äîâåñòè ðiâíîìiðíó çáiæíiñòü

ôóíêöiîíàëüíèõ ðÿäiâ íà âêàçàíèõ ïðîìiæêàõ:

1)
+∞∑
n=1

x2

1 + n
5
2x2

, x ∈ R, 2)
+∞∑
n=1

xn

n2
, x ∈ [−1; 1],
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3)
+∞∑
n=1

(x− 1)n

(3n+ 1)3n
, x ∈ [−1; 3], 4)

+∞∑
n=1

2−n cosnx, x ∈ R,

5)
+∞∑
n=1

xn

en2x2
, x ∈ R, 6)

+∞∑
n=1

arctg nx

x4 + n3
√
n
, x ∈ R,

7)
+∞∑
n=1

(n+ 2)3(2x)2n

x2 + 3n+ 4
, x ∈

[
− 1

4
;
1

4

]
, 8)

+∞∑
n=1

sinnx

1 + n8x3
, x ∈ [1; +∞),

9)
+∞∑
n=1

(x+ 2) cos2 nx√
n3 + x4

, x ∈ [−3;−1], 10)
+∞∑
n=1

cosnx sin x
n

x3 + ln3(n+ 1)
, x ∈ R.

8. Äîñëiäèòè íà çáiæíiñòü i ðiâíîìiðíó çáiæíiñòü ôóíêöiîíàëüíi ðÿäè íà

çàäàíèõ ìíîæèíàõ:

1)
+∞∑
n=1

( x2

n2x5 + 1

)2
, X = [0; +∞),

2)
+∞∑
n=1

n2x2e−n
2x2, X ≡ R,

3)
+∞∑
n=1

e−n
2x2 sinnx, X ≡ R,

4)
+∞∑
n=1

x2 sinn
√
x

1 + n3x4
, X = [0; +∞),

5)
+∞∑
n=1

(x+ 3)n

n3
, X = [−4;−2],

6)
+∞∑
n=1

n2

7n

(
xn +

1

xn

)
, X =

[1

2
; 2
]
,

7)
+∞∑
n=1

n2x

(n2 + 1)(1 + n4x2) arctg(1 + x)
, X = (0; +∞),

8)
+∞∑
n=1

1

n2
cos

x

n2
, X ≡ R,

9)
+∞∑
n=1

1√
n

ln
n+ x

n
, X = (0; 1),

10)
+∞∑
n=1

x

n2 + cos n
x+1

, X = (1; +∞),

11)
+∞∑
n=1

xn

n(n+ 1)
arctg

x

2n
, X = [−2; 2],
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12)
+∞∑
n=1

√
x cosnx

n(2nx2 + 1)
, X = (0; +∞),

13)
+∞∑
n=1

n

n2x2 + 1
tg

√
x

n
, X =

[
0;

1

2

]
,

14)
+∞∑
n=1

x sinx(x+ n)

n2x2 + n+ 1
, X = [0; +∞),

15)
+∞∑
n=1

x

n

(
1 +

1

n
− x
)n
, X = [0; 1],

16)
+∞∑
n=1

2
arctg

x

x2 + n2
, X = [0; +∞),

17)
+∞∑
n=1

arctg
1

n2x
, X = (0; 1],

18)
+∞∑
n=1

e−n tg x, X =
(

0;
π

2

)
,

19)
+∞∑
n=1

(−1)n

3
√
n4 +

√
x

(
1 +

x

n

)n
, X = [0; 1],

20)
+∞∑
n=1

ln
(

1 +
nx2

n3x2 + 1

)
, X ≡ R.

9. Ïîêàçàòè, ùî ðÿä
+∞∑
n=0

1

(x+ n)(x+ n+ 1)
çáiãà¹òüñÿ ðiâíîìiðíî äî ôóí-

êöi¨ f(x) =
1

x
íà iíòåðâàëi (0; +∞). Äëÿ ÿêèõ n çàëèøîê ðÿäó |rn(x)| < 0, 1

äëÿ äîâiëüíîãî x ∈ (0; 1)?

10.Äîâåñòè, ùî êîëè ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) ðiâíîìiðíî çáiãà¹òüñÿ

íà ìíîæèíi X, à ôóíêöiÿ f(x) îáìåæåíà íà öié ìíîæèíi, òî ðÿä
+∞∑
n=1

f(x)Un(x)

ðiâíîìiðíî çáiãà¹òüñÿ íà X.

11. Äîâåñòè, ùî êîëè ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) àáñîëþòíî çáiãà¹òüñÿ

â òî÷êàõ a i b i äëÿ äîâiëüíîãî n ∈ N ôóíêöi¨ Un(x) ìîíîòîííi íà âiäðiçêó

[a; b], òî öåé ðÿä çáiãà¹òüñÿ àáñîëþòíî i ðiâíîìiðíî íà [a; b].

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ
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1.5. Çíàéäåìî ñïî÷àòêó ïîòî÷êîâó ãðàíèöþ öi¹¨ ïîñëiäîâíîñòi. Íåõàé

x ∈ (0; 1), òîäi lim
n→+∞

n2x2

1 + n2x2
= lim

n→+∞

x2

1
n2 + x2

= 1.

Ïðè x = 1 ìà¹ìî, ùî lim
n→+∞

n2

1 + n2
= lim

n→+∞

1
1
n2 + 1

= 1.

Îòæå, ïîñëiäîâíiñòü
{ n2x2

1 + n2x2

}
ïîòî÷êîâî çáiãà¹òüñÿ äî 1 íà ìíîæèíi

X = (0; 1]. Îá÷èñëèìî sup
x∈(0;1]

|fn(x)− f(x)|, äå fn(x) =
n2x2

1 + n2x2
, f(x) = 1.

Çíàéäåìî íàéáiëüøå çíà÷åííÿ ôóíêöi¨ F (x) = fn(x) − f(x) íà âiäðiçêó

[0; 1]. Ìà¹ìî

F ′(x) =
( n2x2

1 + n2x2
− 1
)′

=
2xn2(1 + n2x2)− 2xn2 · n2x2

(1 + n2x2)2
=

2xn2

(1 + n2x2)2
.

Äëÿ x ∈ (0; 1] F ′(x) > 0, òîáòî ôóíêöiÿ F (x) = fn(x) − f(x) çðîñòà¹

íà (0; 1]. Ïðè x = 0 F (0) = 0, îäíàê òî÷êà 0 íå âõîäèòü â ïðîìiæîê (0; 1].

Îòæå, íàéáiëüøå çíà÷åííÿ ðiçíèöÿ fn(x)− f(x) íàáóâà¹ â òî÷öi x = 1.

Âðàõîâóþ÷è öå äîñëiäæåííÿ, îòðèìó¹ìî

sup
x∈(0;1]

|fn(x)− f(x)| = 1− n2

1 + n2
.

Â ðåçóëüòàòi ìà¹ìî, ùî

lim
n→+∞

sup
x∈(0;1]

∣∣∣ n2x2

1 + n2x2
− 1
∣∣∣ = lim

n+→∞

(
1− n2

1 + n2

)
= 0.

Îòæå, çà òåîðåìîþ 1 ïîñëiäîâíiñòü fn(x) =
n2x2

1 + n2x2
ðiâíîìiðíî çáiãà¹òüñÿ

äî f(x) = 1 íà ìíîæèíi X = (0; 1]. I

4.10. Çíàéäåìî îáëàñòü çáiæíîñòi ôóíêöiîíàëüíîãî ðÿäó

∞∑
n=1

nx

(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + nx)
,

âèêîðèñòîâóþ÷è îçíàêó Äàëàìáåðà:

lim
n→+∞

∣∣∣Un+1(x)

Un(x)

∣∣∣ = lim
n→+∞

∣∣∣ (n+ 1)x

(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + (n+ 1)x)
×

×(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + nx)

nx

∣∣∣ = lim
n→∞

∣∣∣n+ 1

n
· 1

1 + (n+ 1)x

∣∣∣ = 0 < 1.
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Îòæå, ðÿä çáiãà¹òüñÿ íà âñié ìíîæèíi äiéñíèõ ÷èñåë.

Çîáðàæàþ÷è n-èé åëåìåíò ôóíêöiîíàëüíîãî ðÿäó Un(x) ó âèãëÿäi

Un(x) =
1

(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + (n− 1)x)
−

− 1

(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + nx)
,

çíàõîäèìî ÷àñòèííó ñóìó ðÿäó

Sn(x) = 1− 1

(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + nx)
.

Çâiäñè ñëiäó¹, ùî

S(x) = lim
n→+∞

Sn(x) = lim
n→+∞

(
1− 1

(1 + x)(1 + 2x)(1 + 3x) · . . . · (1 + nx)

)
=

=

1, ÿêùî x 6= 0,

0, ÿêùî x = 0.

Îòæå, çàäàíèé ôóíêöiîíàëüíèé ðÿä àáñîëþòíî çáiæíèé íà âñié ìíîæèíi

äiéñíèõ ÷èñåë. Ñóìà ðÿäó ðiâíà 1, ïðè x 6= 0 i 0, ïðè x = 0. I

6.8. Äëÿ äîñëiäæåííÿ ôóíêöiîíàëüíîãî ðÿäó íà àáñîëþòíó çáiæíiñòü âè-

êîðèñòà¹ìî îçíàêó Êîøi. Òîäi îòðèìà¹ìî:

lim
n→+∞

n
√
|Un(x)| = lim

n→+∞
n

√∣∣∣( x3

1 + x3

)n∣∣∣ =
∣∣∣ x3

1 + x3

∣∣∣ < 1.

Îòæå, çàäàíèé ðÿä çáiãà¹òüñÿ àáñîëþòíî äëÿ âñiõ çíà÷åíü x, ùî çàäîâîëü-

íÿþòü íåðiâíiñòü −1 <
x3

1 + x3
< 1.

Ðîçâ'ÿæåìî îòðèìàíó íåðiâíiñòü, ùîá çíàéòè ïðîìiæîê àáñîëþòíî¨ çái-

æíîñòi:
x3

1+x3 > −1,

x3

1+x3 < 1,
⇔


2x3+1
1+x3 > 0,

1
1+x3 > 0,

⇔

x > −
1
3
√
2
,

x > −1.

Îòæå, ïðè x ∈
(
− 1

3
√

2
; +∞

)
ôóíêöiîíàëüíèé ðÿä

+∞∑
n=1

( x3

1 + x3

)n
çáiãà¹-

òüñÿ àáñîëþòíî.



� 2.1. Çáiæíiñòü i ðiâíîìiðíà çáiæíiñòü ôóíêöiîíàëüíèõ ïîñëiäîâíîñòåé i ðÿäiâ 59

Äîñëiäèìî ðÿä â òî÷öi x = − 1
3
√

2
. Òîäi îòðèìà¹ìî ÷èñëîâèé ðÿä

+∞∑
n=1

(−1)n,

ÿêèé ¹ ðîçáiæíèì, áî lim
n→+∞

(−1)n íå iñíó¹. I

7.8. Ïðè x ∈ [1; +∞) îòðèìà¹ìî, ùî∣∣∣ sinnx

1 + n8x3

∣∣∣ < 1

1 + n8x3
<

1

1 + n8
<

1

n8
.

Îñêiëüêè óçàãàëüíåíèé ãàðìîíi÷íèé ðÿä
+∞∑
n=1

1

n8
çáiæíèé, òî çà îçíàêîþ

Âåé¹ðøòðàñà ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

sinnx

1 + n8x3
ðiâíîìiðíî çáiãà¹òüñÿ ïðè

x ∈ [1; +∞). I

8.4. Äëÿ x ∈ [0; +∞) ñïðàâåäëèâà íåðiâíiñòü 1 + n3x4 ≥ 2n
3
2x2. Òîäi

îòðèìà¹ìî: ∣∣∣x2 sinnx

1 + n3x4

∣∣∣ < ∣∣∣x2 sinnx

2n
3
2x2

∣∣∣ < | sinnx|
2n

3
2

<
1

n
3
2

.

Îñêiëüêè ðÿä
+∞∑
n=1

1

n
3
2

� çáiæíèé, òî çà îçíàêîþ Âåé¹ðøòðàñà ôóíêöiîíàëü-

íèé ðÿä
+∞∑
n=1

x2 sinnx

1 + n3x4
ðiâíîìiðíî çáiãà¹òüñÿ ïðè x ∈ [0; +∞). I

8.19. Ïîçíà÷èìî ÷åðåç bn(x) =
(

1 +
x

n

)n
, an(x) =

(−1)n

3
√
n4 +

√
x
.

Ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

an(x) ðiâíîìiðíî çáiãà¹òüñÿ ïðè x ∈ [0; 1], áî

∣∣∣ (−1)n

3
√
n4 +

√
x

∣∣∣ < 1
3
√
n4
,

äå ðÿä
+∞∑
n=1

1
3
√
n4

� çáiæíèé.

Ïîñëiäîâíiñòü {bn(x)} îáìåæåíà íà [0; 1], áî(
1 +

x

n

)n
≤
(

1 +
1

n

)n
< e

i ìîíîòîííà äëÿ x ∈ [0; 1], áî ôóíêöiÿ ϕ(t) =
(

1 +
x

t

)n
ñïàäà¹ ïðè t ≥ 1 äëÿ

äîâiëüíîãî x ∈ [0; 1].
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Îòæå, çà îçíàêîþ Àáåëÿ ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

(−1)n

3
√
n4 +

√
x

(
1 +

x

n

)n
ðiâíîìiðíî çáiãà¹òüñÿ ïðè x ∈ [0; 1]. I

�2.2. Âëàñòèâîñòi ðiâíîìiðíî çáiæíèõ ôóíêöiîíàëüíèõ

ïîñëiäîâíîñòåé i ðÿäiâ

Ðîçãëÿíåìî âëàñòèâîñòi, ÿêèìè âîëîäiþòü ðiâíîìiðíî çáiæíi ôóíêöiîíàëü-

íi ïîñëiäîâíîñòi i ôóíêöiîíàëüíi ðÿäè.

Òåîðåìà 1 (ïðî ïî÷ëåííèé ïåðåõiä äî ãðàíèöi ó ïîñëiäîâíîñòi).

ßêùî ôóíêöiîíàëüíà ïîñëiäîâíiñòü {fn} ðiâíîìiðíî çáiãà¹òüñÿ íà ïðîìiæ-

êó X i äëÿ äîâiëüíîãî n ∈ N iñíó¹ ãðàíèöÿ lim
x→x0

fn(x) = cn, äå x0 � ãðàíè÷íà

òî÷êà ìíîæèíè X, òî ïîñëiäîâíiñòü {cn} çáiæíà i âèêîíó¹òüñÿ ðiâíiñòü

lim
n→+∞

cn(x) = lim
n→+∞

lim
x→x0

fn(x) = lim
x→x0

lim
n→+∞

fn(x),

òîáòî ñèìâîë lim
n→+∞

ãðàíèöi ïîñëiäîâíîñòi i ñèìâîë lim
x→x0

ãðàíèöi ôóíêöi¨

êîìóòóþòü ìiæ ñîáîþ.

Òåîðåìà 2 (ïðî íåïåðåðâíiñòü ãðàíè÷íî¨ ôóíêöi¨). ßêùî ôóíêöiî-

íàëüíà ïîñëiäîâíiñòü {fn} íåïåðåðâíèõ íà ïðîìiæêó X ôóíêöié ðiâíîìiðíî

çáiãà¹òüñÿ íà íüîìó, òî ¨¨ ãðàíè÷íà ôóíêöiÿ ¹ íåïåðåðâíîþ íà öüîìó ïðî-

ìiæêó.

Òåîðåìà 3 (ïðî ïî÷ëåííèé ïåðåõiä äî ãðàíèöi ó ôóíêöiîíàëüíî-

ìó ðÿäi). ßêùî ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) ðiâíîìiðíî çáiæíèé íà X äî

ôóíêöi¨ S(x), à éîãî åëåìåíòè Un(x) íåïåðåðâíi íà X ôóíêöi¨, òî éîãî ñóìà

S(x) ¹ íåïåðåðâíîþ ôóíêöi¹þ íà X, òîáòî âèêîíó¹òüñÿ ðiâíiñòü

lim
x→x0

( +∞∑
n=1

Un(x)
)

= lim
x→x0

S(x) = S(x0) =
+∞∑
n=1

Un(x0) =
+∞∑
n=1

(
lim
x→x0

Un(x)
)
.

Òåîðåìà 4 (ïðî ïî÷ëåííå iíòåãðóâàííÿ ôóíêöiîíàëüíî¨ ïîñëi-

äîâíîñòi). ßêùî ôóíêöiîíàëüíà ïîñëiäîâíiñòü {fn} íåïåðåðâíèõ íà âiäðiçêó
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[a; b] ôóíêöié ðiâíîìiðíî çáiãà¹òüñÿ äî ôóíêöi¨ f íà íüîìó, òî âèêîíó¹òüñÿ

ðiâíiñòü

lim
n→+∞

b∫
a

fn(x)dx =

b∫
a

lim
n→+∞

fn(x)dx =

b∫
a

f(x)dx.

Òåîðåìà 5 (ïðî ïî÷ëåííå iíòåãðóâàííÿ åëåìåíòiâ ôóíêöiîíàëü-

íîãî ðÿäó). ßêùî ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) çáiãà¹òüñÿ ðiâíîìiðíî íà

[a; b] äî ôóíêöi¨ S(x), à éîãî ÷ëåíè Un(x) íåïåðåðâíi íà öüîìó âiäðiçêó ôóí-

êöi¨, òî
b∫

a

( +∞∑
n=1

Un(x)
)
dx =

b∫
a

S(x)dx =
+∞∑
n=1

( b∫
a

Un(x)dx
)
.

Òåîðåìà 6 (ïðî ïî÷ëåííå äèôåðåíöiþâàííÿ ôóíêöiîíàëüíî¨ ïî-

ñëiäîâíîñòi). ßêùî ôóíêöiîíàëüíà ïîñëiäîâíiñòü {fn} íåïåðåðâíî äèôåðåí-

öiéîâíèõ ôóíêöié íà âiäðiçêó [a; b] çáiãà¹òüñÿ õî÷à á â îäíié òî÷öi öüîãî

âiäðiçêà, à ïîñëiäîâíiñòü {f ′n} ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b], òî i ïîñëiäîâ-

íiñòü {fn} ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i âèêîíó¹òüñÿ ðiâíiñòü

lim
n→+∞

dfn(x)

dx
=

d

dx

(
lim

n→+∞
fn(x)

)
.

Òåîðåìà 7 (ïðî ïî÷ëåííå äèôåðåíöiþâàííÿ åëåìåíòiâ ôóíêöiî-

íàëüíîãî ðÿäó). ßêùî ôóíêöiîíàëüíèé ðÿä
+∞∑
n=1

Un(x) çáiãà¹òüñÿ íà âiäðiç-

êó [a; b] äî S(x), ôóíêöi¨ Un(x) � íåïåðåðâíî äèôåðåíöiéîâíi íà [a; b], i ðÿä
+∞∑
n=1

d

dx
(Un(x)) ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b], òî ñóìà ðÿäó S(x) ¹ íåïåðåðâ-

íî äèôåðåíöiéîâíîþ ôóíêöi¹þ, ïðè÷îìó âèêîíó¹òüñÿ ðiâíiñòü

d

dx

( +∞∑
n=1

Un(x)
)

= S ′(x) =
+∞∑
n=1

d

dx
(Un(x)).

Âïðàâè

1. Çíàéòè ãðàíèöi:

1) lim
x→+0

+∞∑
n=1

1

2nnx
, 2) lim

x→+∞

+∞∑
n=1

1

n3

( x

x+ 2

)n
,
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3) lim
x→1−0

+∞∑
n=1

(−1)n

n
· xn

xn + 1
, 4) lim

x→+0

+∞∑
n=1

sinnx

x2 + xn!
,

5) lim
x→1−0

+∞∑
n=1

(xn − xn−1), 6) lim
x→+∞

+∞∑
n=1

x2

1 + n2x2
.

2. Âêàçàòè îáëàñòü iñíóâàííÿ çàäàíèõ ôóíêöié i äîñëiäèòè ¨õ íà íåïåðåðâ-

íiñòü:

1) f(x) =
+∞∑
n=1

x2e−nx, 2) f(x) =
+∞∑
n=1

x2(1− x2)n−1,

3) f(x) =
+∞∑
n=1

(2x)n

n2
, 4) f(x) =

+∞∑
n=1

x

(1 + x2)n
,

5) f(x) =
+∞∑
n=1

(
x+

1

n

)n
, 6) f(x) =

+∞∑
n=1

cosnx

n2
,

7) f(x) =
+∞∑
n=1

x+ (−1)nn

x2 + n2
, 8) f(x) = (1− x)

+∞∑
n=1

(nxn − (n− 1)xn−1),

9) f(x) =
+∞∑
n=1

x3e−nx, 10) f(x) =
+∞∑
n=1

(nxe−nx − (n− 1)xe−(n−1)x).

3. Çíàéòè ñóìè íàñòóïíèõ ðÿäiâ:

1)
+∞∑
n=1

xn

n
, 2)

+∞∑
n=1

xn

n(n+ 1)
,

3)
+∞∑
n=1

xn

n(n+ 2)
, 4)

+∞∑
n=1

(−1)n−1x2n−1

2n− 1
,

5)
+∞∑
n=1

x2n+1

(2n− 1)(2n+ 1)
, 6)

+∞∑
n=0

(n+ 1)xn,

7)
+∞∑
n=1

2nx(x2 − 2)n−1, 8)
+∞∑
n=1

x4n+3

(4n− 1)(4n+ 3)
,

9)
+∞∑
n=1

( lnx

x

)n+1

, 10)
+∞∑
n=1

n

(1 + x2)n+1
,

11)
+∞∑
n=1

n(n+ 2)

n+ 1
xn, 12)

+∞∑
n=1

n(n+ 2)xn−1,

13)
+∞∑
n=1

n(n+ 1)xn−1, 14)
+∞∑
n=0

(2n2 − 2n+ 1)xn,
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15)
+∞∑
n=0

2n2 − n+ 3

(x2 − x+ 1)n
, 16)

+∞∑
n=1

(−1)n+1 cosx

n(n+ 1)
.

4. Çíàéòè îáëàñòü âèçíà÷åííÿ ôóíêöi¨ i äîñëiäèòè ¨¨ íà íåïåðåðâíiñòü i

äèôåðåíöiéîâíiñòü:

1) f(x) =
+∞∑
n=1

1

1 + xn
, 2) f(x) =

+∞∑
n=1

ln(1 + x2
n−1

),

3) f(x) =
+∞∑
n=1

sin
x

3n
, 4) f(x) =

+∞∑
n=1

xn;

5) f(x) =
+∞∑
n=1

ln cos
x

2n
, 6) f(x) =

+∞∑
n=1

sin 2nπx

2n
,

7) f(x) =
+∞∑
n=1

e−nx, 8) f(x) =
+∞∑
n=1

1

2n
· tg x

2n
,

9) f(x) =
+∞∑
n=1

sin(nx2)

n3 + 1
, 10) f(x) =

+∞∑
n=1

(−1)n−1
1√
n

arctg
x√
n
.

5. Ïîêàçàòè, ùî ïîñëiäîâíiñòü fn(x) =
1

n
arctg xn ðiâíîìiðíî çáiãà¹òüñÿ íà

ìíîæèíi R, õî÷à
d

dx
( lim
n→+∞

fn(x)) 6= lim
n→+∞

d

dx
(fn(x)).

6. Äîâåñòè, ùî ïîñëiäîâíiñòü {nxe−nx2} çáiãà¹òüñÿ íà âiäðiçêó [0; 1], õî÷à

lim
n→+∞

1∫
0

fn(x)dx 6=
1∫

0

lim
n→+∞

fn(x)dx.

7. Ïîêàçàòè, ùî ïîñëiäîâíiñòü fn(x) = x2 +
1

n
sinn

(
x +

π

2

)
çáiãà¹òüñÿ

ðiâíîìiðíî íà R, àëå
d

dx
( lim
n→+∞

fn(x)) 6= lim
n→+∞

d

dx
(fn(x)).

8. Ïîêàçàòè, ùî ïîñëiäîâíiñòü fn(x) = nx(1−xn) çáiãà¹òüñÿ íåðiâíîìiðíî

íà âiäðiçêó [0; 1], àëå

lim
n→∞

1∫
0

fn(x)dx =

1∫
0

lim
n→∞

fn(x)dx.
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9. ×è çàêîííèé ïåðåõiä äî ãðàíèöi ïiä çíàêîì iíòåãðàëà ó âèðàçi

lim
n→+∞

1∫
0

nx

1 + n2x4
dx?

10. Äîâåñòè, ùî äçåòà-ôóíêöiÿ Ðiìàíà ζ(x) =
+∞∑
n=1

1

nx
íåïåðåðâíà â îáëàñòi

x > 1 i ìà¹ â öié îáëàñòi ïîõiäíi âñiõ ïîðÿäêiâ.

11. Äîâåñòè, ùî òåòà-ôóíêöiÿ θ(x) =
+∞∑

n=−∞
e−πn

2x âèçíà÷åíà i íåñêií÷åííî

äèôåðåíöiéîâíà ïðè x > 0.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.5. Çíàéäåìî ÷àñòèííó ñóìó ðÿäó
+∞∑
n=1

(xn − xn−1), òîäi îòðèìà¹ìî

Sn(x) =
n∑
k=1

(xk − xk−1) = x− 1 + x2 − x+ x3 − x2 + . . .+ xn − xn−1 = xn − 1.

Ïåðåâiðèìî, ÷è ïîñëiäîâíiñòü {Sn} ¹ ðiâíîìiðíî çáiæíîþ íà ìíîæèíi, ùî

ìiñòèòü òî÷êó x0 = 1, íàïðèêëàä, íà âiäðiçêó [0; 1].

Çíàéäåìî ñïî÷àòêó ïîòî÷êîâó ãðàíèöþ ïðè n→ +∞. Òîäi

lim
n→+∞

(xn − 1) =

−1, ÿêùî x ∈ [0; 1),

0, ÿêùî x = 1.

Îäíàê sup
x∈[0;1]

|xn − 1 + 1| = sup
x∈[0;1)

|xn| = 1 6= 0. Îòæå, ïîñëiäîâíiñòü {Sn}

íåðiâíîìiðíî çáiãà¹òüñÿ íà [0; 1], òîáòî ôóíêöiîíàëüíèé ðÿä ¹ íåðiâíîìiðíî

çáiæíèì íà [0; 1].

Â òàêîìó âèïàäêó ìè íå ìà¹ìî ïðàâà ïåðåõîäèòè äî ãðàíèöi ïiä çíàêîì

ñóìè çàäàíîãî ôóíêöiîíàëüíîãî ðÿäó, áî óìîâè òåîðåìè 3 íå âèêîíóþòüñÿ.

Çíàéäåìî ãðàíèöþ áåçïîñåðåäíüî:

lim
x→1−0

+∞∑
n=1

(xn − xn−1) = lim
x→1−0

lim
n→+∞

Sn = lim
x→1−0

lim
n→+∞

(xn − 1) = −1. I

2.10. Äîñëiäèìî ñïî÷àòêó ôóíêöiîíàëüíèé ðÿä çà îçíàêîþ Äàëàìáåðà íà

àáñîëþòíó çáiæíiñòü:



� 2.2. Âëàñòèâîñòi ðiâíîìiðíî çáiæíèõ ôóíêöiîíàëüíèõ ïîñëiäîâíîñòåé i ðÿäiâ 65

lim
n→+∞

∣∣∣Un+1(x)

Un(x)

∣∣∣ = lim
n→+∞

∣∣∣(n+ 1)xe−(n+1)x − nxe−nx

nxe−nx − (n− 1)e−(n−1)x

∣∣∣ =

= lim
n→+∞

∣∣∣e−nx · x((n+ 1)e−x − n)

e−nx · x(n− (n− 1)ex)

∣∣∣ = lim
n→+∞

∣∣∣n(
(

1 + 1
n

)
e−x − 1)

n(1−
(

1− 1
n

)
ex)

∣∣∣ =

=
∣∣∣e−x − 1

1− ex
∣∣∣ =

1

ex
< 1, ïðè x ∈ (0; +∞).

Çàóâàæèìî, ùî ïðè x = 0 ñóìà ôóíêöiîíàëüíîãî ðÿäó äîðiâíþ¹ íóëþ.

Îòæå, îáëàñòþ iñíóâàííÿ ôóíêöi¨ f(x) =
+∞∑
n=1

(
nxe−nx − (n − 1)e−(n−1)x

)
¹

ìíîæèíà X = [0; +∞).

Çíàéäåìî ÷àñòèííó ñóìó ôóíêöiîíàëüíîãî ðÿäó:

Sn(x) = xe−x + 2xe−2x − xe−x + 3xe−3x − 2xe−2x + . . .+

+nxe−nx − (n− 1)xe−(n−1) = nxe−nx.

Òîäi f(x) = lim
n→+∞

nxe−nx = 0, ÿêùî x ∈ [0; +∞).

Îòæå, ôóíêöiÿ f(x) ¹ íåïåðåðâíîþ ïðè x ∈ [0; +∞). I

3.16. Îñêiëüêè

lim
n→+∞

∣∣∣Un+1(x)

Un(x)

∣∣∣ = lim
n→+∞

∣∣∣(−1)n+2 cosn+2 x

(n+ 1)(n+ 2)
· n(n+ 1)

(−1)n+1 cosn+1 x

∣∣∣ = | cosx|,

òî çà îçíàêîþ Äàëàìáåðà ðÿä çáiãà¹òüñÿ íà ìíîæèíi R \ {πm, m ∈ Z}.

Äîñëiäèìî éîãî â òî÷êàõ x = πn, n ∈ Z. ßêùî x = 2πk, k ∈ Z, òî

÷èñëîâèé ðÿä
+∞∑
n=1

(−1)n+1

n(n+ 1)
çáiãà¹òüñÿ ÿê çíàêîïî÷åðåæíèé çà îçíàêîþ Ëåé-

áíiöà. ßêùî x = π+ 2πk, k ∈ Z, òî ÷èñëîâèé ðÿä
+∞∑
n=1

1

n(n+ 1)
çáiãà¹òüñÿ çà

îçíàêîþ ïîðiâíÿííÿ.

Îòæå, ðÿä
+∞∑
n=1

(−1)n+1 cosn+1 x

n(n+ 1)
çáiãà¹òüñÿ íà âñié ìíîæèíi äiéñíèõ ÷èñåë.

Ðîçãëÿíåìî òåïåð ðÿä
+∞∑
n=1

(−1)n(n+ 1) cosn x sinx

n(n+ 1)
=

+∞∑
n=1

(−1)n cosn x sinx

n
.

Öåé ðÿä çáiãà¹òüñÿ äî ôóíêöi¨ − sinx ln(1 + cos x) íà ìíîæèíi R \ {π +

2πk, k ∈ Z}. Êðiì òîãî, ðÿä ðiâíîìiðíî çáiãà¹òüñÿ äëÿ âñiõ x ç öi¹¨ ìíîæèíè.
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Ïðîiíòåãðóâàâøè öåé ðÿä ïî÷ëåííî ó ìåæàõ âiä
π

2
äî x, äå x ∈ R \ {π +

2πk, k ∈ Z}, îòðèìà¹ìî

+∞∑
n=1

x∫
π
2

(−1)n cosn t sin t

n
dt =

+∞∑
n=1

(−1)n+1 cosn+1 x

n(n+ 1)
=

= −
x∫

π
2

ln(1 + cos t) sin tdt =

x∫
π
2

ln(1 + cos t)d(1 + cos t) =

=

∣∣∣∣∣∣
ln(1 + cos t) = U, d(1 + cos t) = dV

dU =
− sin t dt

1 + cos t
, V = 1 + cos t

∣∣∣∣∣∣=(1+cos t) ln(1+cos t)
∣∣∣x
π
2

+

x∫
π
2

sin t dt=

= (1 + cosx) ln(1 + cosx)− cos t
∣∣∣x
π
2

= (1 + cosx) ln(1 + cosx)− cosx,

äå x 6= π + 2πk, k ∈ Z.

Çàóâàæèìî, ùî ÿêùî x = π + 2πk, òî îòðèìà¹ìî ÷èñëîâèé ðÿä
+∞∑
n=1

1

n(n+ 1)
àáî

+∞∑
n=1

(1

n
− 1

n+ 1

)
. Òîäi

Sn = 1− 1

2
+

1

2
− 1

3
+ . . .+

1

n
− 1

n+ 1
= 1− 1

n+ 1
,

S = lim
n→+∞

Sn = lim
n→+∞

(
1− 1

n+ 1

)
= 1. I

7. Ïîêàæåìî, ùî ôóíêöiîíàëüíà ïîñëiäîâíiñòü fn(x)=x2+
1

n
sinn

(
x+

π

2

)
çáiãà¹òüñÿ ðiâíîìiðíî íà âñié ìíîæèíi äiéñíèõ ÷èñåë.

Çíàéäåìî ïîòî÷êîâó ãðàíèöþ ïîñëiäîâíîñòi:

lim
n→+∞

fn(x) = lim
n→+∞

(
x2 +

1

n
sinn

(
x+

π

2

))
= x2.

Çíàéäåìî sup
x∈R
|fn(x)− f(x)|. Â íàøîìó âèïàäêó ìà¹ìî

sup
x∈R

∣∣∣1
n

sinn
(
x+

π

2

)∣∣∣ =
1

n
.

Òîäi lim
n→+∞

sup
x∈R

∣∣∣1
n

sinn
(
x+

π

2

)∣∣∣= lim
n→+∞

1

n
=0.

Îòæå, x2+
1

n
sinn

(
x+

π

2

)
⇒
R
x2.



Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó II 67

Îá÷èñëèìî òåïåð lim
n→+∞

f ′n(x) òà ( lim
n→+∞

fn(x))′ :

lim
n→+∞

f ′n(x) = lim
n→+∞

(
2x+ cosn

(
x+

π

2

))
� íå iñíó¹,

( lim
n→+∞

fn(x))′ = (x2)′ = 2x.

Äiéñíî, lim
n→+∞

f ′n(x) 6= ( lim
n→+∞

fn(x))′.

Çàóâàæèìî, ùî ðiâíiñòü íå âèêîíó¹òüñÿ, áî ïîñëiäîâíiñòü {f ′n(x)} íå ¹

ðiâíîìiðíî çáiæíîþ íà R.

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó II

1. Çíàéòè îáëàñòü çáiæíîñòi ôóíêöiîíàëüíîãî ðÿäó:

1)
+∞∑
n=1

n+ 1

3n
· (x2 − 4x+ 6)n, 2)

+∞∑
n=1

(5

3

)n
· 1√

n
· x2n cos(x− πn),

3)
+∞∑
n=1

n

n+ 1
· 1

(3x2 + 4x+ 2)n
, 4)

+∞∑
n=1

23n

3
√
n
· x4n sin(3x+ πn),

5)
+∞∑
n=1

1

n+ 3
·
(1 + x

1− x

)n
, 6)

+∞∑
n=1

6n

n
· x2n sin(5x− πn),

7)
+∞∑
n=1

n · 2n

n+ 1
· 1

(3x2 + 8x− 6)n
, 8)

+∞∑
n=1

5n

4
√

3n
· x2n cos(x+ πn),

9)
+∞∑
n=1

(x2 − 5x+ 11)n

5n(n2 + 5)
, 10)

+∞∑
n=1

9n

2n
· x2n sin(3x− πn),

11)
+∞∑
n=1

n2

2n(n2 + 1)
· (25x2 + 1)n, 12)

+∞∑
n=1

2nx3n sin
x

n
,

13)
+∞∑
n=1

2n3

n3 + 2
· 1

(3x2 + 10x+ 9)n
, 14)

+∞∑
n=1

32nxn sin
x

2n
,

15)
+∞∑
n=1

9n

n
· x2n sin(x+ πn), 16)

+∞∑
n=1

23nxn sin
2x

n
,

17)
+∞∑
n=1

4n

n
· x4n sin(2x− πn), 18)

+∞∑
n=1

3nx3n sin
3x√
n
,

19)
+∞∑
n=1

(−1)n

2n− 1
·
(1− x

1 + x

)n
, 20)

+∞∑
n=1

3nxn tg
3x

n
,

21)
+∞∑
n=1

3n

n
· x4n cos(x+ πn), 22)

+∞∑
n=1

8nx3n tg
x

4
√
n
,



68 ÐÎÇÄIË II. Ôóíêöiîíàëüíi ïîñëiäîâíîñòi òà ðÿäè

23)
+∞∑
n=1

x3n tg
2x

3n
, 24)

+∞∑
n=1

2nxn arctg
2x

n+ 1
,

25)
+∞∑
n=1

2nx3n arcsin
x

3n
, 26)

+∞∑
n=1

2nx3n arctg
x

2(n+ 3)
,

27)
+∞∑
n=1

16nx3n arcsin
x
3
√
n
, 28)

+∞∑
n=1

8n

n2
· sin3n x,

29)
+∞∑
n=1

32nx5n arcsin
x√
n
, 30)

+∞∑
n=1

2n

n4
· sinn 3x.

2. Çíàéòè îáëàñòü çáiæíîñòi ôóíêöiîíàëüíîãî ðÿäó:

1)
+∞∑
n=1

xn

xn + 1
, 2)

+∞∑
n=1

1

1 + e−nx
,

3)
+∞∑
n=1

(−1)n+1

nln(1+x)
, 4)

+∞∑
n=1

e−n
2 sin x2+1

n ,

5)
+∞∑
n=1

n

(
√
n+ 3
√
n+ 1)x+2

, 6)
+∞∑
n=1

1 + xn

1− xn
,

7)
+∞∑
n=1

(
1 +

4

n

)n
en(x

2−4)+x
√
n, 8)

+∞∑
n=1

n+ 5

n3x−x2
,

9)
+∞∑
n=1

3
√
n

x2 + n2
, 10)

+∞∑
n=1

n arcsin 3−nx,

11)
+∞∑
n=1

en
2 sin x2+1

n , 12)
+∞∑
n=1

xn

1 + x2n
,

13)
+∞∑
n=1

(
2 +

1

n

)n
4
n2

x , 14)
+∞∑
n=1

n2 arctg 2nx,

15)
+∞∑
n=1

1

enx + 1
, 16)

+∞∑
n=1

n

nx2+1 + 4
,

17)
+∞∑
n=1

nen(x
2−4x+3)+x

√
n, 18)

+∞∑
n=1

(−1)n+1

nln(1+x2)
,

19)
+∞∑
n=1

n2

(
√
n3 + n)x+1

, 20)
+∞∑
n=1

(
3 +

1

n

)n
4−

n2

x ,

21)
+∞∑
n=1

n arcsin 3nx, 22)
+∞∑
n=1

n5

nx2+2 + 3
,
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23)
+∞∑
n=1

x

n(n+ ex)
, 24)

+∞∑
n=1

(−1)n+1

nln |x|
,

25)
+∞∑
n=1

n2 arctg 2−nx, 26)
+∞∑
n=1

n

(n+ ex)(n2 + 1)
,

27)
+∞∑
n=1

n+ 1

n2+3x−x2 , 28)
+∞∑
n=1

e−(x
√
n−1)2,

29)
+∞∑
n=1

(
1 +

2

n

)n
e−

n
1+x2

+x
√
n, 30)

+∞∑
n=1

n3

(n2 +
√
n+ 1)x+1

.

3. Çíàéòè îáëàñòü çáiæíîñòi ôóíêöiîíàëüíîãî ðÿäó:

1)
+∞∑
n=1

5n

n(x2 − 6x+ 13)n
, 2)

+∞∑
n=1

4n

n2
· sin2n x,

3)
+∞∑
n=1

6n

n3
· sinn x, 4)

+∞∑
n=1

lnn x

2nn2
,

5)
+∞∑
n=1

(
1 +

1

n

)n
3

n
x−1 , 6)

+∞∑
n=1

3n

n(x2 − 2x+ 3)n
,

7)
+∞∑
n=1

n+ 3

2n
· (x2 − 5x+ 11)n, 8)

+∞∑
n=1

1

n3
· tgn 2x,

9)
+∞∑
n=1

8nn2 sin3n x, 10)
+∞∑
n=1

ne−n sinx,

11)
+∞∑
n=1

1

n(n+ 1)
· 2

n
4−x , 12)

+∞∑
n=1

(x2 + 1)n

2n(n+ 1)
,

13)
+∞∑
n=1

1

n2
· tgn x, 14)

+∞∑
n=1

4n

n(x2 − 5x+ 10)n
,

15)
+∞∑
n=1

2n√
n
· sin2n 2x, 16)

+∞∑
n=1

1

n
√

3n
· tgn x,

17)
+∞∑
n=1

lnn(x+ e)

n+ e
, 18)

+∞∑
n=1

lnn(x− e)
n− e

,

19)
+∞∑
n=1

(x2 − 6x+ 12)n

4n(n2 + 1)
, 20)

+∞∑
n=1

(x2 − 2x+ 2)n

2n(n2 + 2)
,

21)
+∞∑
n=1

3n

n
· tg2n x, 22)

+∞∑
n=1

√
3n√
n
· tgn 2x,
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23)
+∞∑
n=1

ne−
n

cos x , 24)
+∞∑
n=1

2n

n4
· sinn 3x,

25)
+∞∑
n=1

3n

n2(x2 + 2)n
, 26)

+∞∑
n=1

1

n
· 4

n
x−2 ,

27)
+∞∑
n=1

n · 5
n

3−x , 28)
+∞∑
n=1

1

n
· en sinx,

29)
+∞∑
n=1

2n

n2(x2 − 4x+ 5)n
, 30)

+∞∑
n=1

4n

n3(x2 − 4x+ 7)n
.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ äî ðîçäiëó II

1. Çíàéòè îáëàñòü çáiæíîñòi ôóíêöiîíàëüíîãî ðÿäó
+∞∑
n=1

2nx3n arctg
x

2(n+ 3)
.

Ðîçâ'ÿçàííÿ. Ïðè x = 0 ðÿä çáiæíèé. Äîñëiäèìî íà àáñîëþòíó

çáiæíiñòü, âèêîðèñòîâóþ÷è îçíàêó Äàëàìáåðà.

lim
n→∞

Un+1

Un
= lim

n→∞

∣∣∣2n+1x3(n+1) arctg x
2(n+4)

2nx3n arctg x
2(n+3)

∣∣∣ = lim
n→∞

2|x3|
∣∣∣arctg x

2(n+4)

arctg x
2(n+3)

∣∣∣ =

= 2|x3| lim
n→∞

∣∣∣arctg x
2(n+4)

arctg x
2(n+3)

∣∣∣.
Ôóíêöiÿ f(x) =

arctg x
2(n+4)

arctg x
2(n+3)

ïðèéìà¹ äîäàòíi çíà÷åííÿ äëÿ âñiõ x ∈ R\{0}.

Çíàéäåìî lim
n→∞

arctg x
2(n+4)

arctg x
2(n+3)

=
∣∣∣00∣∣∣ = lim

n→∞

x
2(n+4)
x

2(n+3)
= 1.

Îòæå, ðÿä çáiæíèé ïðè âñiõ x, ùî çàäîâîëüíÿþòü íåðiâíiñòü 2|x|3 < 1 àáî

|x| < 1
3
√
2
. Ïåðåâiðèìî ïîâåäiíêó ðÿäó íà êiíöÿõ iíòåðâàëó çáiæíîñòi.

Ïðè x = 1
3
√
2
ìà¹ìî ðÿä

+∞∑
n=1

2n
( 1

3
√

2

)3n
arctg

1
3
√
2

2(n+ 3)
=

+∞∑
n=1

arctg
1

2(n+ 3) 3
√

2
.

Äîñëiäèìî öåé ðÿä íà çáiæíiñòü, ÿê äîäàòíié ðÿä. Ñêîðèñòà¹ìîñÿ ãðàíè-

÷íîþ îçíàêîþ ïîðiâíÿííÿ.

lim
n→∞

arctg 1
2(n+3) 3

√
2

1
2(n+3) 3

√
2

= 1.

Ðÿä
+∞∑
n=1

1

2 3
√

2(n+ 3)
− ðîçáiæíèé (ìîæíà ïîðiâíÿòè ç ãàðìîíi÷íèì ðÿäîì).

Îòæå, ïðè x = 1
3
√
2
ðÿä ðîçáiæíèé.

Ïðè x = −1
3
√
2
ìà¹ìî ðÿä

+∞∑
n=1

2n
(−1

3
√

2

)3n
arctg

−1
3
√
2

2(n+ 3)
=

+∞∑
n=1

(−1)3n+1 arctg
1

2(n+ 3) 3
√

2
.

Äàíèé ðÿä ¹ çíàêîïî÷åðåæíèì. lim
n→∞

arctg 1
2(n+3) 3

√
2

= 0. Ïðè x > 0

ôóíêöiÿ y = arctg 1
2(n+3) 3

√
2
ìîíîòîííî ñïàäíà. Îòæå, óìîâè îçíàêè Ëåéáíiöà

âèêîíàíi, òîìó äîñëiäæóâàíèé çíàêîçìiííèé ðÿä ¹ çáiæíèì. Òîìó ðÿä
+∞∑
n=1

2nx3n arctg
x

2(n+ 3)
çáiæíèé ïðè x ∈ [−13

√
2
; 1

3
√
2
).
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2. Çíàéòè îáëàñòü çáiæíîñòi ôóíêöiîíàëüíîãî ðÿäó
+∞∑
n=1

n

(n+ ex)(n2 + 1)
.

Ðîçâ'ÿçàííÿ.Ìà¹ìî ðÿä ç äîäàòíiìè ÷ëåíàìè, òîìó ñêîðèñòà¹ìîñÿ îçíà-

êàìè çáiæíîñòi äîäàòíiõ ðÿäiâ. Ðîçãëÿíåìî ðÿä
+∞∑
n=1

1
n2 .

Îñêiëüêè äëÿ âñiõ x ∈ R âèêîíó¹òüñÿ íåðiâíiñòü n
(n+ex)(n2+1) <

1
n2 , òî iç

çáiæíîñòi ðÿäó
+∞∑
n=1

1
n2 âèïëèâà¹ çáiæíiñòü ðÿäó

+∞∑
n=1

n
(n+ex)(n2+1) äëÿ âñiõ x ∈ R.

3. Çíàéòè îáëàñòü çáiæíîñòi ôóíêöiîíàëüíîãî ðÿäó
+∞∑
n=1

1

n
· 4

n
x−2 .

Ðîçâ'ÿçàííÿ. Ïðè âñiõ ôiêñîâàíèõ x ∈ R\{2} ìà¹ìî ðÿäè ç äîäàòíiìè

÷ëåíàìè. Äëÿ äîñëiäæåííÿ íà çáiæíiñòü ñêîðèñòà¹ìîñÿ ðàäèêàëüíîþ îçíàêîþ

Êîøi, áî ìà¹ìî ìíîæíèê
(

4
1

x−2

)n
.

lim
n→∞

n

√
1

n
· 4 n

x−2 = lim
n→∞

n

√(
4

1
x−2

)n
· lim
n→∞

n

√
1

n
= 4

1
x−2 .

Äëÿ çáiæíîñòi ðÿäó ïîâèííà âèêîíóâàòèñÿ íåðiâíiñòü 4
1

x−2 < 1, ðîçâ'ÿçàâøè

ÿêó îäåðæó¹ìî, ùî x < 2. Îòæå íàø ðÿä çáiæíèé ïðè x ∈ (−∞; 2).
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�3.1. Ñòåïåíåâi ðÿäè. Âëàñòèâîñòi

Ôóíêöiîíàëüíèé ðÿä
+∞∑
n=0

an(x − x0)n , äå {an}∞n=0 � ïîñëiäîâíiñòü äiéñíèõ

÷èñåë, íàçèâà¹òüñÿ ñòåïåíåâèì ðÿäîì . ×èñëà an, n = 0, 1, . . . , íàçèâàþ-

òüñÿ êîåôiöi¹íòàìè ñòåïåíåâîãî ðÿäó.

Ñòåïåíåâèé ðÿä
+∞∑
n=0

an(x− x0)n çàâæäè çáiãà¹òüñÿ â òî÷öi x = x0 .

Òåîðåìà Êîøi-Àäàìàðà. Ñòåïåíåâèé ðÿä
+∞∑
n=0

an(x − x0)n àáñîëþòíî

çáiãà¹òüñÿ â òî÷öi x0 i äëÿ âñiõ çíà÷åíü x, ùî çàäîâîëüíÿþòü íåðiâíiñòü

|x − x0| <
1

lim
n→+∞

n
√
|an|

. Çàäàíèé ðÿä ¹ ðîçáiæíèì äëÿ âñiõ çíà÷åíü x, ùî

çàäîâîëüíÿþòü íåðiâíiñòü |x− x0| >
1

lim
n→+∞

n
√
|an|

.

×èñëî R =
1

lim
n→+∞

n
√
|an|

íàçèâà¹òüñÿ ðàäióñîì çáiæíîñòi ñòåïåíåâî-

ãî ðÿäó, ïðîìiæîê (x0 − R;x0 + R) íàçèâà¹òüñÿ iíòåðâàëîì çáiæíîñòi

ñòåïåíåâîãî ðÿäó.

Ðàäióñ çáiæíîñòi ñòåïåíåâîãî ðÿäó ìîæíà øóêàòè òàêîæ çà ôîðìóëîþ

R = lim
n→+∞

∣∣∣∣ anan+1

∣∣∣∣ .
Îáëàñòþ çáiæíîñòi ñòåïåíåâîãî ðÿäó íàçèâàþòü îäèí iç iíòåðâàëiâ

(x0 −R;x0 +R), (x0 −R;x0 +R], [x0 −R;x0 +R), [x0 −R;x0 +R].
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Òåîðåìà 1. Íåõàé ñòåïåíåâèé ðÿä
+∞∑
n=0

an(x−x0)n ìà¹ ðàäióñ çáiæíîñòi

R > 0, i ôóíêöiÿ f(x) =
+∞∑
n=0

an(x − x0)n, |x − x0| < R. Òîäi äëÿ áóäü-ÿêîãî

äîäàòíîãî ÷èñëà r < R ðÿä ðiâíîìiðíî çáiãà¹òüñÿ ïðè |x−x0| < r, à ôóíêöiÿ

f(x) ¹ íåïåðåðâíîþ íà (x0 −R;x0 +R).

Òåîðåìà Àáåëÿ. ßêùî R � ðàäióñ çáiæíîñòi ñòåïåíåâîãî ðÿäó
+∞∑
n=0

anx
n,

R < +∞, i öåé ðÿä çáiãà¹òüñÿ ïðè x = R, òî âií çáiãà¹òüñÿ ðiâíîìiðíî íà

âiäðiçêó [0;R], à éîãî ñóìà ¹ íåïåðåðâíîþ íà öüîìó âiäðiçêó, çîêðåìà

lim
x→R−0

+∞∑
n=0

anx
n =

+∞∑
n=0

anR
n.

Òåîðåìà 2. ßêùî ñòåïåíåâèé ðÿä
+∞∑
n=0

an(x−x0)n , an, x0 ∈ R, ìà¹ ðàäióñ

çáiæíîñòi R > 0, òî:

1) â iíòåðâàëi çáiæíîñòi (x0 − R;x0 + R) ôóíêöiÿ f(x) ìà¹ ïîõiäíi

áóäü-ÿêîãî ïîðÿäêó, ùî îòðèìóþòüñÿ çà äîïîìîãîþ ïî÷ëåííîãî äèôåðåíöi-

þâàííÿ ñòåïåíåâîãî ðÿäó;

2) â ñåðåäèíi iíòåðâàëó çáiæíîñòi ñòåïåíåâèé ðÿä ìîæíà ïî÷ëåííî ií-

òåãðóâàòè, òîáòî

x∫
x0

f(t)dt =
+∞∑
n=0

an
(x− x0)n+1

n+ 1
, x ∈ (x0 −R;x0 +R);

3) ñòåïåíåâi ðÿäè, ùî îòðèìóþòüñÿ iç ñòåïåíåâîãî ðÿäó
+∞∑
n=0

an(x− x0)n

ïðè ïî÷ëåííîìó äèôåðåíöiþâàííi òà iíòåãðóâàííi, ìàþòü òàêèé ñàìèé ðà-

äióñ çáiæíîñòi, ùî i ïî÷àòêîâèé ðÿä.

Âïðàâè

1. Çíàéòè ðàäióñ, iíòåðâàë òà îáëàñòü çáiæíîñòi ñòåïåíåâîãî ðÿäó:

1)
+∞∑
n=1

3nxn

n2
, 2)

+∞∑
n=1

xn

n(n+ 1)
,
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3)
+∞∑
n=1

(3x+ 2)n

3n− 2
, 4)

+∞∑
n=0

5n(x+ 2)n,

5)
+∞∑
n=0

(n+ 1)2

4n
x3n, 6)

+∞∑
n=1

(2n)!

cn2
x2n, c > 0,

7)
+∞∑
n=1

3
√
n

√
n2 + 1

xn, 8)
+∞∑
n=1

(n!)2

(2n)!
xn,

9)
+∞∑
n=1

3n(x+ 1)n

n ln2 (n+ 1)
, 10)

+∞∑
n=1

(−1)n

n!

(n
e

)n
xn,

11)
+∞∑
n=0

3n + (−2)n

n+ 1
(x+ 2)n, 12)

+∞∑
n=1

nn(x+ 1)2n,

13)
+∞∑
n=1

(
n2 + 3

n2 + 5

)n3
(x− 2)n, 14)

+∞∑
n=1

(
ln cos

1

3n

)
xn,

15)
+∞∑
n=1

2lnn(x− 1)n, 16)
+∞∑
n=1

n!(x+ 7)n

nn
,

17)
+∞∑
n=1

(
1 + arctg

n+ 1

n2

)n2
(x+ 2)n, 18)

+∞∑
n=1

(x− 2)n

2n ln(n+ 1)
,

19)
+∞∑
n=0

√
ln3 (n+ 1)

n+ 1
(x− 1)n, 20)

+∞∑
n=1

n!e−n
2xn,

21)
+∞∑
n=1

2n
2

xn
2

, 22)
+∞∑
n=1

nnxn
2

,

23)
+∞∑
n=1

(−1)n
(x+ 4)n

n · 3n
, 24)

+∞∑
n=1

n!xn

(2n− 1)!!
,

25)
+∞∑
n=1

(3− 2x)n

n− ln2 n
, 26)

+∞∑
n=5

(x− 1)n√
n

ln
n+ 4

n− 4
,

27)
+∞∑
n=1

2nn!

nn
xn, 28)

+∞∑
n=1

(−1)n(2n− 1)(n+ 6)2n+1

(2n)!
x2n+1,

29)
+∞∑
n=1

(x+ 5)n

3
√
n+ 1−

√
n2 + 1

, 30)
+∞∑
n=1

√
(2n− 1)!!

(2n)!!

(
x− 2

3

)n
.

2. Çíàéòè ñóìè çàäàíèõ ñòåïåíåâèõ ðÿäiâ:

1)
+∞∑
n=1

nxn−1, 2)
+∞∑
n=0

(n+ 1)(x2 − 1)n,
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3)
+∞∑
n=1

n(n+ 1)xn, 4)
+∞∑
n=1

(−1)n−1x2n−1

4n(2n− 1)
,

5)
+∞∑
n=1

x3n

2n · 3n
, 6)

+∞∑
n=0

x4n+1

4n+ 1
,

7)
+∞∑
n=0

(n2 + n+ 1)xn+3, 8)
+∞∑
n=0

x2n

(2n)!
,

9)
+∞∑
n=1

n2xn, 10)
+∞∑
n=1

(−1)n
x2n

(2n− 1)9n
,

11)
+∞∑
n=2

(−1)n + n

n(n− 1)
xn, 12)

+∞∑
n=1

n(2n+ 1)xn+2,

13)
+∞∑
n=1

xn

n!(n+ 2)
, 14)

+∞∑
n=2

(−1)n−1
(

1

n− 1
− 1

n+ 2

)
xn+2,

15)
+∞∑
n=1

(n2 + 7n+ 4)xn, 16)
+∞∑
n=1

(−1)nx2n+1

2n+ 1
,

17)
+∞∑
n=1

(−1)nx2n

(2n− 1)n
, 18)

+∞∑
n=0

(n2 − 2n− 2)xn+2,

19)
+∞∑
n=1

(−1)n+1 tgn x

n(n+ 1)
, 20)

+∞∑
n=1

2n2 − n+ 3

(x2 − x+ 1)n
.

3. Îá÷èñëèòè ñóìè ÷èñëîâèõ ðÿäiâ:

1)
+∞∑
n=1

1

n · 2n
, 2)

+∞∑
n=0

2n(n+ 1)

n!
,

3)
+∞∑
n=0

(−1)n

3n+ 1
, 4)

+∞∑
n=2

(−1)n

n2 + n− 2
,

5)
+∞∑
n=0

(−1)n

2n+ 1
, 6)

+∞∑
n=1

1

n(2n+ 1)
,

7)
+∞∑
n=0

n2 + 6n+ 5

3n+1
, 8)

+∞∑
n=0

(−1)n

(n+ 1)(2n+ 1)
,

9)
+∞∑
n=1

1

n2(n+ 1)2
, 10)

+∞∑
n=3

1

(n4 − 5n2 + 4)5n
.

4. Ñêëàñòè ëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ, ÿêi çàäîâîëüíÿþòü ñóìè äà-

íèõ ñòåïåíåâèõ ðÿäiâ. Ñêîðèñòàâøèñü îòðèìàíèìè ðiâíÿííÿìè, çíàéòè ñóìè

öèõ ðÿäiâ:
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1)
+∞∑
n=0

(−1)n
xn+1

n!
, 2)

+∞∑
n=0

1

(3n)!
x3n,

3)
+∞∑
n=0

√
2n sin πn

4

n!
xn, 4)

+∞∑
n=0

(−1)n
x2n

23nn!
.

5. Äîâåñòè íàñòóïíi ðiâíîñòi:

1)
+∞∑
n=0

(−1)n

4n+ 1
=

1

4
√

2
(π + 2 ln (1 +

√
2)),

2)
+∞∑
n=0

(−1)n−1

3n+ 2
=

1

3

(
π√
3
− ln 2

)
,

3) 1 +
+∞∑
n=1

(−1)n
(2n− 1)!!

(2n)!!
=

1√
2
.

6. Äîâåñòè, ùî ôóíêöiÿ I0(x) = 1 +
+∞∑
n=1

(−1)n
x2n

((2n)!!)2
çàäîâîëüíÿ¹ óìîâó

x∫
0

I0(x− t)I0(t)dt = sinx.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.17. Çíàéäåìî ðàäióñ çáiæíîñòi ñòåïåíåâîãî ðÿäó:

R =
1

lim
n→+∞

n

√
(1 + arctg n+1

n2 )n2
=

1

lim
n→+∞

(1 + arctg n+1
n2 )n

=

=
1

lim
n→+∞

(
1 + n+1

n2

)n =
1

lim
n→+∞

(
1 + n+1

n2

) n2

n+1 ·
n2+n
n2

=
1

e
.

Îòæå,
(
− 2− 1

e
;−2 +

1

e

)
� iíòåðâàë çáiæíîñòi çàäàíîãî ñòåïåíåâîãî ðÿäó.

Äîñëiäèìî ðÿä íà êiíöÿõ iíòåðâàëó. Íåõàé x = −2 − 1

e
, òîäi îòðèìà¹ìî

÷èñëîâèé ðÿä
+∞∑
n=1

(
1 + arctg

n+ 1

n2

)n2
(−1)n

en
.

Ïåðåâiðèìî âèêîíàííÿ íåîáõiäíî¨ óìîâè çáiæíîñòi:

lim
n→+∞

|an| = lim
n→+∞

(
1 + arctg

n+ 1

n2

)n2
1

en
=
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= lim
n→+∞

(
1 +

n+ 1

n2

) n2

n+1 ·
n+1
1 1

en
= lim

n→+∞
en+1−n = e 6= 0.

Îòæå, ðÿä ðîçáiæíèé â òî÷öi x = −2− 1

e
.

Àíàëîãi÷íî, â òî÷öi x = −2 +
1

e
÷èñëîâèé ðÿä

+∞∑
n=1

(
1 + arctg

n+ 1

n2

)n2
1

en

¹ ðîçáiæíèì, áî

lim
n→+∞

an = lim
n→+∞

(
1 + arctg

n+ 1

n2

)n2
1

en
= e 6= 0.

Îòæå, îáëàñòþ çáiæíîñòi çàäàíîãî ñòåïåíåâîãî ðÿäó ¹ ìíîæèíà çíà÷åíü

x ∈
(
− 2− 1

e
;−2 +

1

e

)
. I

2.2. Â ñòåïåíåâîìó ðÿäi
+∞∑
n=0

(n+1)(x2−1)n çðîáèìî çàìiíó x2−1 = t. Òîäi

îòðèìà¹ìî ñòåïåíåâèé ðÿä
+∞∑
n=0

(n + 1)tn . Çíàéäåìî îáëàñòü çáiæíîñòi öüîãî

ðÿäó. Îñêiëüêè R = lim
n→+∞

∣∣∣∣ anan+1

∣∣∣∣ = lim
n→+∞

n+ 1

n+ 2
= 1, òî (−1; 1) � iíòåðâàë

çáiæíîñòi.

ßêùî t = −1, òî ðÿä
+∞∑
n=0

(n + 1)(−1)n � ðîçáiæíèé, ÿêùî t = 1, òî ðÿä

+∞∑
n=0

(n+ 1) � ðîçáiæíèé.

Îòæå, t ∈ (−1; 1) � îáëàñòü çáiæíîñòi. Âðàõîâóþ÷è, ùî t ∈ (−1; 1), ïðî-

iíòåãðó¹ìî îáèäâi ÷àñòèíè ðiâíîñòi

s(t) =
+∞∑
n=0

(n+ 1)tn,

òîäi îòðèìó¹ìî
t∫

0

s(y)dy =
+∞∑
n=0

tn+1 =
t

1− t
.

Çâiäñè s(t) =

(
t

1− t

)′
=

1

(1− t)2
. Îñêiëüêè t = x2 − 1, òî

+∞∑
n=0

(n+ 1)(x2 − 1)n =
1

(2− x2)2
.



� 3.1. Ñòåïåíåâi ðÿäè. Âëàñòèâîñòi 79

Öÿ ðiâíiñòü ìà¹ ìiñöå äëÿ âñiõ çíà÷åíü x, ùî çàäîâîëüíÿþòü íåðiâíiñòü

|x2 − 1| < 1. Çâiäñè x ∈ (−
√

2; 0) ∪ (0;
√

2).

Îòæå,
+∞∑
n=0

(n+ 1)(x2 − 1)n =
1

(2− x2)2
ïðè x ∈ (−

√
2; 0) ∪ (0;

√
2). I

3.8. Ïîäàìî ðÿä
+∞∑
n=0

(−1)n

(n+ 1)(2n+ 1)
ÿê ñóìó äâîõ ðÿäiâ

+∞∑
n=0

(−1)n+1

n+ 1
òà

2
+∞∑
n=0

(−1)n

2n+ 1
, ðîçêëàâøè äðiá

1

(n+ 1)(2n+ 1)
=
−1

n+ 1
+

2

2n+ 1
.

Òåïåð ðîçãëÿíåìî äîïîìiæíi ðÿäè
+∞∑
n=0

(−1)n+1xn+1

n+ 1
i

+∞∑
n=0

(−1)nx2n+1

2n+ 1
.

Çàóâàæèìî, ùî

lim
x→1−0

(
+∞∑
n=0

(−1)n+1xn+1

n+ 1
+

+∞∑
n=0

(−1)nx2n+1

2n+ 1

)
=

+∞∑
n=0

(−1)n

(n+ 1)(2n+ 1)
.

Çíàéäåìî òåïåð ñóìè ñòåïåíåâèõ ðÿäiâ
+∞∑
n=0

(−1)n+1xn+1

n+ 1
i 2

+∞∑
n=0

(−1)nx2n+1

2n+ 1
.

Îá÷èñëèìî ñïî÷àòêó ïîõiäíi öèõ ðÿäiâ:

(S1(x))′ =
+∞∑
n=0

(−1)n+1xn =
−1

1 + x
,

(S2(x))′ = 2
+∞∑
n=0

(−1)nx2n =
2

1 + x2
.

Çâiäñè

S1(x) = −
x∫

0

dt

1 + t
= − ln |1 + x|,

S2(x) = 2

x∫
0

dt

1 + t2
= 2 arctg x.

Îòæå,
+∞∑
n=0

(−1)n+1xn+1

n+ 1
+

+∞∑
n=0

(−1)nx2n+1

2n+ 1
= 2 arctg x− ln |1 + x|. Òîäi

+∞∑
n=0

(−1)n

(n+ 1)(2n+ 1)
= lim

x→1−0
(2 arctg x− ln |1 + x|) =

π

2
− ln 2. I
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4.2. Çàäàíèé ñòåïåíåâèé ðÿä ¹ çáiæíèì íà âñié ìíîæèíi äiéñíèõ ÷èñåë, áî

R = lim
n→+∞

n
√

(3n)! = +∞. Ïîçíà÷èìî ÷åðåç S(x) = 1 +
x3

3!
+
x6

6!
+
x9

9!
+ . . . .

Òîäi ïðîäèôåðåíöiþ¹ìî S(x) ïî÷ëåííî:

S ′(x) =
x2

2!
+
x5

5!
+
x8

8!
+ . . . ,

S ′′(x) =
x

1!
+
x4

4!
+
x7

7!
+ . . . ,

S ′′′(x) = 1 +
x3

3!
+
x6

6!
+ . . . .

Çàóâàæèìî, ùî S(x) = S ′′′(x). Öå ñïiââiäíîøåííÿ ìîæíà ðîçãëÿäàòè, ÿê

äèôåðåíöiàëüíå ðiâíÿííÿ âiäíîñíî ñóìè S(x). Äëÿ öüîãî ðiâíÿííÿ ïî÷àòêîâi

óìîâè ìàþòü âèãëÿä S(0) = 1, S ′(0) = 0, S ′′(0) = 0.

Ðiâíÿííÿ S ′′′(x)− S(x) = 0 ¹ ëiíiéíèì îäíîðiäíèì ðiâíÿííÿì çi ñòàëèìè

êîåôiöi¹íòàìè. Ñêëàäåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ λ3 − 1 = 0, òîäi λ1 = 1,

λ2 = −1

2
+

√
3

2
i, λ3 = −1

2
−
√

3

2
i. Îòæå, çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ çàïè-

øåòüñÿ ó âèãëÿäi S(x) = c1e
x + c2e

− 1
2x sin

√
3

2
x+ c3e

− 1
2x cos

√
3

2
x.

Âðàõîâóþ÷è ïî÷àòêîâi óìîâè, ìà¹ìî:
c1 + c3 = 1,

c1 +

√
3

2
c2 −

1

2
c3 = 0,

c1 −
√

3

2
c2 −

1

2
c3 = 0.

Çâiäñè c1 =
1

3
, c2 = 0, c3 =

2

3
. Îòæå, S(x) =

1

3
ex+

2

3
e−

1
2x cos

√
3

2
x � ðîçâ'ÿçîê

ðiâíÿííÿ S ′′′(x) − S(x) = 0, ùî çàäîâîëüíÿ¹ óìîâè S(0) = 1, S ′(0) = 0,

S ′′(0) = 0, i ¹ ñóìîþ ñòåïåíåâîãî ðÿäó
+∞∑
n=0

x3n

(3n)!
. I
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Íåõàé ôóíêöiÿ f(x) âèçíà÷åíà â äåÿêîìó îêîëi òî÷êè x0 i ìà¹ â öié òî÷öi

ïîõiäíi âñiõ ïîðÿäêiâ. Òîäi ñòåïåíåâèé ðÿä
+∞∑
n=0

f (n)(x0)

n!
(x− x0)n
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íàçèâà¹òüñÿ ðÿäîì Òåéëîðà ôóíêöi¨ f(x) çà ñòåïåíÿìè x− x0.

Äëÿ äîâiëüíîãî ñòåïåíåâîãî ðÿäó
+∞∑
n=0

an(x − x0)n éîãî ñóìà f(x) ¹ ôóí-

êöi¹þ, âèçíà÷åíîþ íà iíòåðâàëi çáiæíîñòi i, ìîæëèâî, â îäíîìó àáî äâîõ éîãî

êiíöÿõ, ÿêùî iíòåðâàë ñêií÷åííèé. Ïîäàííÿ f(x) ó ñêií÷åííîìó âèäi ÷åðåç

åëåìåíòàðíi àáî íååëåìåíòàðíi ôóíêöi¨ ¹ ðåçóëüòàòîì çàäà÷i ïiäñóìóâàííÿ

ðÿäó .

Îáåðíåíîþ äî âèùåíàâåäåíî¨ ¹ çàäà÷à âiäøóêàííÿ çà çàäàíîþ ôóíêöi¹þ

f(x) ñòåïåíåâîãî ðÿäó, äëÿ ÿêîãî f(x) ¹ éîãî ñóìîþ. Òàêà çàäà÷à íàçèâà¹òüñÿ

çàäà÷åþ ðîçâèíåííÿ ôóíêöi¨ â ñòåïåíåâèé ðÿä , à ïðî ñàìó ôóíêöiþ

f(x), äëÿ ÿêî¨ iñíó¹ ñòåïåíåâèé ðÿä, çáiæíèé íà ìíîæèíi X, êàæóòü, ùî âîíà

ðîçâèâà¹òüñÿ â ñòåïåíåâèé ðÿä íà öié ìíîæèíi.

Òåîðåìà 1. ßêùî ôóíêöiþ f(x) ìîæíà çîáðàçèòè â îêîëi òî÷êè x0

ñóìîþ ñòåïåíåâîãî ðÿäó, òî öåé ðÿä ¹äèíèé i ¹ ðÿäîì Òåéëîðà äëÿ ôóíêöi¨

f(x) â òî÷öi x0.

Ôóíêöiþ, ùî çàäîâîëüíÿ¹ óìîâè òåîðåìè, íàçèâàþòü àíàëiòè÷íîþ â

òî÷öi x0. Àíàëiòè÷íà â òî÷öi x0 ôóíêöiÿ ìà¹ â äåÿêîìó îêîëi x0 ïîõiäíi âñiõ

ïîðÿäêiâ. Îáåðíåíå òâåðäæåííÿ íåïðàâèëüíå, áî ðÿä Òåéëîðà ôóíêöi¨ f(x)

íå çàâæäè çáiãà¹òüñÿ äî öi¹¨ æ ôóíêöi¨.

Ç'ÿñó¹ìî òåïåð óìîâè, ÿêèìè ïîâèííà çàäîâîëüíÿòè ôóíêöiÿ f(x) äëÿ

òîãî, ùîá ¨¨ ìîæíà áóëî çîáðàçèòè ðÿäîì Òåéëîðà, òîáòî, ùîá âèêîíóâàëàñü

ðiâíiñòü

f(x) =
+∞∑
n=0

f (n)(x0)

n!
(x− x0)n.

Äëÿ ôóíêöi¨ f(x) ìîæíà çàïèñàòè ôîðìóëó Òåéëîðà ó âèãëÿäi

f(x) = Pn(x, x0) +Rn+1(x, x0),

äå Pn(x, x0) =
n∑
k=0

f (k)(x0)

k!
(x − x0)

k � ìíîãî÷ëåí Òåéëîðà, à Rn+1(x, x0) �

çàëèøêîâèé åëåìåíò ôîðìóëè Òåéëîðà, ÿêèé ìîæíà çàïèñàòè àáî ó ôîðìi

Ïåàíî

Rn+1(x, x0) = o ((x− x0)n) ,
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àáî ó ôîðìi Ëàãðàíæà

Rn+1(x, x0) =
f (n+1)(x0 + θ(x− x0))

(n+ 1)!
(x− x0)n+1, 0 < θ < 1,

àáî ó ôîðìi Êîøi

Rn+1(x, x0) =
f (n+1)(x0 + θ(x− x0))

n!
(1− θ)n(x− x0)n+1, 0 < θ < 1,

àáî ó ôîðìi Øëåìiëüõà-Ðîøà

Rn+1(x, x0) =
f (n+1)(x0 + θ(x− x0))

n!p
(1−θ)n+1−p(x−x0)n+1, 0 < θ < 1, p > 0,

àáî â iíòåãðàëüíié ôîðìi

Rn+1(x, x0) =
1

n!

x∫
x0

(x− t)nf (n+1)(t)dt.

Ïåðåéøîâøè â ôîðìóëi Òåéëîðà äî ãðàíèöi ïðè n→ +∞ ìà¹ìî

f(x) =
+∞∑
k=0

f (k)(x0)

k!
(x− x0)k + lim

n→+∞
Rn+1(x, x0).

Òåîðåìà 2. Äëÿ òîãî, ùîá ôóíêöiÿ f(x) áóëà ñóìîþ ñâîãî ðÿäó Òåéëîðà

íà éîãî iíòåðâàëi çáiæíîñòi, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ äîâiëüíîãî

x ∈ (x0 −R;x0 +R) âèêîíóâàëàñü ðiâíiñòü

lim
n→+∞

Rn+1(x, x0) = 0.

Î÷åâèäíî, ùî ÿêùî ôóíêöiÿ f(x) íåñêií÷åííó êiëüêiñòü ðàçiâ äèôåðåíöi-

éîâíà íà iíòåðâàëi (x0−R;x0+R), òà iñíó¹ M > 0 òàêå, ùî äëÿ n = 0, 1, 2, . . .

i äëÿ äîâiëüíîãî x ∈ (x0 − R;x0 + R) âèêîíó¹òüñÿ íåðiâíiñòü
∣∣f (n)(x)

∣∣ ≤ M,

òî öüîãî äîñòàòíüî äëÿ ðîçâèíåííÿ ôóíêöi¨ â ðÿä Òåéëîðà.

ßêùî x0 = 0, òî ðÿä Òåéëîðà íàçèâà¹òüñÿ ðÿäîì Ìàêëîðåíà i òîäi

f(x) =
+∞∑
n=0

f (n)(0)

n!
xn.

Íàâåäåìî ðîçâèíåííÿ äåÿêèõ åëåìåíòàðíèõ ôóíêöié â ðÿäè Ìàêëîðåíà:
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1) ex =
+∞∑
n=0

xn

n!
= 1 +

x

1!
+
x2

2!
+ . . .+

xn

n!
+ . . . , x ∈ R,

2) sinx =
+∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!
= x−x

3

3
+. . .+(−1)n

x2n+1

(2n+ 1)!
+. . . , x ∈ R,

3) cosx =
+∞∑
n=0

(−1)n
x2n

(2n)!
= 1− x2

2!
+
x4

4!
+ . . .+ (−1)n

x2n

(2n)!
+ . . . , x ∈ R,

4) (1+x)α = 1+
+∞∑
n=1

α(α− 1) · . . . · (α− n+ 1)

n!
xn = 1+

αx

1!
+
α(α− 1)x2

2!
+

+ . . .+
α(α− 1) · . . . · (α− n+ 1)

n!
xn + . . . , x ∈ (−1; 1),

5) ln (1+x)=
+∞∑
n=0

(−1)n
xn+1

n+ 1
=x−x

2

2
+
x3

3
+. . .+

(−1)nxn+1

n+ 1
+. . . , x∈(−1; 1],

6) arctg x =
+∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!
= x−x

3

3
+. . .+(−1)n

x2n+1

(2n+ 1)!
+. . . , x ∈ R,

7) shx =
+∞∑
n=0

x2n+1

(2n+ 1)!
= x+

x3

3!
+ . . .+

x2n+1

(2n+ 1)!
+ . . . , x ∈ R,

8) chx =
+∞∑
n=0

x2n

(2n)!
= 1 +

x2

2!
+
x4

4!
+ . . .+

x2n

(2n)!
+ . . . , x ∈ R.

Âïðàâè

1. Ðîçâèíóòè â ðÿä Ìàêëîðåíà çàäàíó ôóíêöiþ f(x) i çíàéòè éîãî ðàäióñ

çáiæíîñòi:

1) f(x) = e
x
4 , 2) f(x) = 3xex,

3) f(x) = e−(x+4)2, 4) f(x) = sin 4x,

5) f(x) = x cos 2x, 6) f(x) = cos3 x,

7) f(x) = sin 3x cos 7x, 8) f(x) = x cos3 3x,

9) f(x) =
1

3
√

1 + x3
, 10) f(x) =

x

x+ 5

11) f(x) =
x

x4 + 5x2 + 4
, 12) f(x) = arcsin x,

13) f(x) =
x

x3 + x2 − 2x− 9
, 14) f(x) = ln (x+

√
1 + x2),

15) f(x) = x2 arctg x, 16) f(x) = ln

√
1 + x

1− x
,



84 Ðîçäië III. Ñòåïåíåâi ðÿäè

17) f(x) = ln (x2 + 7x+ 10), 18) f(x) = arctg

√
1− 2x

1 + 2x
,

19) f(x) = ln (12− x+ x2), 20) f(x) = (1 + x) ln (1 + x),

21) f(x) = ln
3 + x

3− x
, 22) f(x) = x arccosx−

√
1− x2,

23) f(x) =

x∫
0

sin t

t
dt, 24) f(x) =

x∫
0

3
√

1 + t3 − 1

t2
dt,

25) f(x)=ln ((2 + x)2+x) + ln ((2− x)2−x), 26) f(x)=
1

4
ln

1 + x

1− x
+

1

2
arctg x,

27) f(x) = arctg2 x; 28) f(x) = ln2 (1− x),

29) f(x) =
x2 − 2x+ 1

(x+ 3)(x− 5)2
, 30) f(x) =

x∫
0

dt√
1− t4

.

2. Ðîçâèíóòè ôóíêöiþ f(x) ó ðÿä Òåéëîðà â îêîëi òî÷êè x0 i çíàéòè éîãî

ðàäióñ çáiæíîñòi:

1) f(x) = ex, x0 = −2, 2) f(x) =
√
x, x0 = 1,

3) f(x) = 3x, x0 = 1, 4) f(x) =
1

x2 − 1
, x0 = 2,

5) f(x) = cos x, x0 =
π

4
, 6) f(x) = sinx, x0 =

π

2
,

7) f(x) = arctg x, x0 = 1, 8) f(x) = ln
2 + x

2− x
, x0 = 1,

9) f(x) =
1

x2 − 5x+ 6
, x0 = 1, 10) f(x) = cos4 x, x0 = −π

2
,

11) f(x)=
1√

x2 − 12x+ 40
, x0 = 6, 12) f(x) = ln

x2 − 2x+ 3

2− x
, x0 = 1,

13) f(x) = sin3 x, x0 =
π

6
, 14) f(x)=arctg

3− 2x2 − 2x

8x2 + 8x+ 4
, x0 = −1

2
.

3. Äîâåñòè íàñòóïíi ðiâíîñòi:

1) cos2 x = 1 +
+∞∑
n=1

(−1)n
x2n−1

(2n)!
x2n, x ∈ R,

2) ln
1 + x

1− x
= 2

+∞∑
n=1

x2n−1

2n− 1
, |x| < 1,

3)
1√

1− x2
= 1 +

+∞∑
n=1

(2n− 1)!!

(2n)!!
x2n, |x| < 1,
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4)
√

1 + x2 = 1 +
x2

2
+

+∞∑
n=2

(−1)n−1
(2n− 3)!!

(2n)!!
x2n, |x| < 1,

5) ln (ax+ b) = ln b+
+∞∑
n=1

(−1)n
(a
b

)n xn
n
, |x| < b

|a|
,

6) ex sinx =
+∞∑
n=1

√
2n sin nπ

4

n!
xn, x ∈ R,

7) (x− tg x) cosx = 1 +
+∞∑
n=1

(−1)nx2n−1

(2n− 1)!(2n+ 1)
, x ∈

⋃
k∈Z

(
−π

2
+ kπ;

π

2
+ kπ

)
,

8)
+∞∑
n=0

x3n

(3n)!
=

1

3

(
ex + 2e−

x
2 cos

x
√

3

2

)
, x ∈ R,

9)
+∞∑
n=0

x4n

(4n)!
=

1

2
(chx+ shx), x ∈ R,

10)
+∞∑
n=1

xn+2

n(n+ 2)
=
x2 + 2x

4
+

1

2
(1− x2) ln (1− x), |x| < 1,

11)
+∞∑
n=1

xn+2

n(n+ 1)(n+ 2)
=

3

4
x2 − x

2
− 1

2
(1− x2) ln (1− x), x ∈ R,

12)
+∞∑
n=0

(n+ 1)(n+ 2)(n+ 3)xn =
6

(1− x)4
, |x| < 1.

4. Íåõàé f(x) =
+∞∑
n=0

xn

n!
. Äîâåñòè áåçïîñåðåäíüî, ùî f(x) ·f(y) = f(x+y).

5. ßêùî ðÿä
+∞∑
n=0

anx
n ìà¹ ðàäióñ çáiæíîñòi R1, à ðÿä

+∞∑
n=0

bnx
n � ðàäióñ

çáiæíîñòi R2, òî ÿêèé ðàäióñ çáiæíîñòi áóäå ó ðÿäiâ:

a)
+∞∑
n=0

(an ± bn)xn, á)
+∞∑
n=0

anbnx
n?

6. Çà îçíà÷åííÿì ìàþòü ìiñöå òàêi ðîçâèíåííÿ: sinx =
+∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!

i cosx =
+∞∑
n=0

(−1)n
x2n

(2n)!
. Äîâåñòè, ùî òîäi sinx · cosx =

1

2
sin 2x.

7. Íåõàé f(x) ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ ôóíêöi¹þ íà (a, b) i

|f (n)(x)| ≤ cn, äå n = 0, 1, 2, . . . ïðè λ ∈ (a, b). Äîâåñòè, ùî ôóíêöiÿ f(x)

ðîçâèâà¹òüñÿ â ñòåïåíåâèé ðÿä
+∞∑
n=0

an(x − x0)
n, x0 ∈ (a, b), ÿêèé çáiãà¹òüñÿ

íà iíòåðâàëi (a, b).
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.17. Ïåðåïèøåìî ïî÷àòêîâó ôóíêöiþ f(x) ó âèãëÿäi

f(x) = ln ((x+ 5)(x+ 2)) = ln
(

10
(

1 +
x

5

)(
1 +

x

2

))
=

= ln 10 + ln
(

1 +
x

5

)
+ ln

(
1 +

x

2

)
.

Ñêîðèñòà¹ìîñü ðîçêëàäîì ôóíêöi¨ ln (1 + x) :

ln (1 + x) =
+∞∑
n=0

(−1)n
xn+1

n+ 1
, x ∈ (−1; 1].

Òîäi

ln
(

1 +
x

5

)
=

+∞∑
n=0

(−1)n
xn+1

5n+1(n+ 1)
, −1 <

x

5
≤ 1,

ln
(

1 +
x

2

)
=

+∞∑
n=0

(−1)n
xn+1

2n+1(n+ 1)
, −1 <

x

2
≤ 1.

Îòæå,

f(x) = ln 10 +
+∞∑
n=0

(−1)n
xn+1

5n+1(n+ 1)
+

+∞∑
n=0

(−1)n
xn+1

2n+1(n+ 1)
=

= ln 10 +
+∞∑
n=0

(−1)n

n+ 1

(
1

5n+1
+

1

2n+1

)
xn+1,

äå −2 < x ≤ 2, òîáòî ðàäióñ çáiæíîñòi îòðèìàíîãî ðÿäó R = 2. I

1.27. Îñêiëüêè arctg x =
+∞∑
n=1

(−1)n−1
x2n−1

2n− 1
, x ∈ [−1, 1], òî äëÿ ðîçêëàäó

ôóíêöi¨ f(x) = arctg2 x ñêîðèñòà¹ìîñÿ ïðàâèëîì ìíîæåííÿ ñòåïåíåâèõ ðÿäiâ.

Òîäi

f(x) =
+∞∑
n=1

(−1)n−1
x2n−1

2n− 1
·
+∞∑
n=1

(−1)n−1
x2n−1

2n− 1
=

+∞∑
n=1

cn,

äå cn =
n∑
k=1

(−1)k−1
x2k−1

2k − 1
(−1)n−k

x2n−2k+1

2n− 2k + 1
. Çâiäñè

cn =
n∑
k=1

(−1)n−1
x2n

(2k − 1)(2n− 2k + 1)
=
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= (−1)n−1x2n
n∑
k=1

(
1

2k − 1
− 1

2k − 1− 2n

)
1

2n
=

=
(−1)n−1x2n

2n

n∑
k=1

(
1

2k − 1
− 1

2k − 1− 2n

)
=

=
(−1)nx2n

2n

(
1− 1

1− 2n
+

1

3
− 1

3− 2n
+ . . .+

1

2n− 3
+

1

3
+

1

2n− 1
+ 1

)
=

=
(−1)nx2n

n

(
1 +

1

3
+

1

5
+ . . .+

1

2n− 3
+

1

2n− 1

)
.

Îòæå, arctg2 x =
+∞∑
n=1

(−1)n

n

(
1 +

1

3
+ . . .+

1

2n− 1

)
x2n, i R = 1 � ðàäióñ

çáiæíîñòi îòðèìàíîãî ðÿäó. I

1.30. Äîñëiäèìî, ÷è ìîæíà îá÷èñëèòè iíòåãðàë

x∫
0

dt√
1− t4

â ñêií÷åííîìó

âèäi:

x∫
0

dt√
1− t4

=

x∫
0

(1−t4)−
1
2dt =

∣∣∣∣∣∣∣
m = 0, n = 4, p = −1

2
,

p /∈ Z,
m+ 1

n
=

1

4
/∈ Z,

m+ 1

n
+ p = −1

4
/∈ Z

∣∣∣∣∣∣∣ .
Îòæå, çà òåîðåìîþ ×åáèøåâà çàäàíèé iíòåãðàë â ñêií÷åííîìó âèãëÿäi íå

îá÷èñëþ¹òüñÿ.

Ðîçêëàäåìî ïiäiíòåãðàëüíó ôóíêöiþ â ñòåïåíåâèé ðÿä. Òîäi îòðèìà¹ìî:

1√
1− t4

= (1− t4)−
1
2 = 1 +

+∞∑
n=1

(−1)n(−1
2)(−1

2 − 1) · . . . · (−1
2 − n+ 1)

n!
t4n =

= 1 +
+∞∑
n=1

(−1)2n 12 ·
3
2 · . . . ·

2n−1
2

n!
t4n = 1 +

+∞∑
n=1

(2n− 1)!!

2nn!
t4n.

Iíòåãðóþ÷è êðàéíi ÷àñòèíè ñïiââiäíîøåííÿ, îòðèìó¹ìî, ùî
x∫

0

dt√
1− t4

=

x∫
0

(
1 +

+∞∑
n=1

(2n− 1)!!

2nn!
t4n

)
dt = x+

+∞∑
n=1

(2n− 1)!!x4n+1

2nn!(4n+ 1)
,

â ÿêîìó R = 1 � ðàäióñ çáiæíîñòi. I

2.10. Çðîáèìî çàìiíó x+
π

2
= t, x = t− π

2
. Òîäi

f ∗(t) = f
(
t− π

2

)
= cos4

(
t− π

2

)
= sin4 t.
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Ïåðåòâîðèìî ôóíêöiþ f ∗(t) i ðîçêëàäåìî ¨¨ â ðÿä Ìàêëîðåíà. Òîäi

f ∗(t) =
(1− cos 2t

2

)2
=

1

4
(1− 2 cos 2t+ cos2 2t) =

=
1

4
− 1

2
cos 2t+

1

8
(1 + cos 4t) =

3

8
− 1

2
cos 2t+

1

8
cos 4t.

Ðîçêëàä ôóíêöi¨ â ðÿä Ìàêëîðåíà ìàòèìå âèãëÿä:

f ∗(t) =
3

8
− 1

2

+∞∑
n=0

(−1)n
(2t)2n

(2n)!
+

1

8

+∞∑
n=0

(−1)n
(4t)2n

(2n)!
=

=
3

8
− 1

2

+∞∑
n=0

(−1)n

(2n)!
4n(1− 4n−1)t2n.

Îñòàòî÷íî îòðèìó¹ìî ðîçâèíåííÿ ôóíêöi¨ â ðÿä Òåéëîðà â îêîëi òî÷êè

x0 = −π
2
âèäó

f(x) =
3

8
− 1

2

+∞∑
n=0

(−1)n

(2n)!
4n(1− 4n−1)

(
x+

π

2

)2n
,

äå x ∈ R. I

3.12. Ïðîiíòåãðó¹ìî íà ïðîìiæêó âiä 0 äî x ïîñëiäîâíî ñòåïåíåâèé ðÿä
+∞∑
n=0

(n + 1)(n + 2)(n + 3)xn òðè ðàçè. Òîäi íà âiäïîâiäíèõ êðîêàõ îòðèìà¹ìî

ðÿäè:
+∞∑
n=0

(n+ 2)(n+ 3)xn+1,

+∞∑
n=0

(n+ 3)xn+2,

+∞∑
n=0

xn+3.

Âðàõîâóþ÷è, ùî −1 < x < 1, çàïèøåìî
+∞∑
n=0

xn+3 =
x3

1− x
. Òðè÷i ïðî-

äèôåðåíöiþ¹ìî îáèäâi ÷àñòèíè îñòàííüî¨ ðiâíîñòi, ùîá îòðèìàòè ïî÷àòêîâèé

ñòåïåíåâèé ðÿä. Òîäi

+∞∑
n=0

(n+ 3)xn+2 =

(
x3

1− x

)′
=

3x2(1− x) + x3

(1− x)2
=

3x2 − 2x3

(1− x)2
,
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+∞∑
n=0

(n+ 2)(n+ 3)xn+1 =
(6x− 6x2)(1− x)2 + 2(1− x)(3x2 − 2x3)

(1− x)4
=

=
6x− 6x2 − 6x2 + 6x3 + 6x2 − 4x3

(1− x)3
=

6x− 6x2 + 2x3

(1− x)3
,

+∞∑
n=0

(n+ 3)(n+ 2)(n+ 1)xn =

=
(6− 12x+ 6x2)(1− x)3 + 3(1− x)2(6x− 6x2 + 2x3)

(1− x)6
=

6

(1− x)4
.

Ùî é òðåáà áóëî äîâåñòè.

Çàóâàæèìî, ùî äëÿ äîâåäåííÿ öi¹¨ òîòîæíîñòi, ìîæíà âçÿòè ïðàâó ÷àñòè-

íó
6

(1− x)4
i ðîçâèíóòè ¨¨ â ðÿä Ìàêëîðåíà. Òîäi

6

(1− x)4
= 6(1− x)−4 = 6

(
1 +

+∞∑
n=1

(−4)(−5) · . . . · (−4− n+ 1)

n!
(−1)nxn

)
=

= 6

(
1 +

+∞∑
n=1

4 · 5 · . . . · (n+ 3)

n!
xn

)
= 6

(
1 +

+∞∑
n=1

(n+ 1)(n+ 2)(n+ 3)xn

2 · 3

)
=

= 6 +
+∞∑
n=1

(n+ 1)(n+ 2)(n+ 3)xn =
+∞∑
n=0

(n+ 1)(n+ 2)(n+ 3)xn,

äå |x| < 1. I
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Íà ïðàêòèöi ðîçâèíåííÿ ôóíêöié ó ðÿäè Òåéëîðà øèðîêî âèêîðèñòîâó¹-

òüñÿ ïðè ðîçâ'ÿçóâàííi çàäà÷ ìàòåìàòè÷íîãî àíàëiçó, ïîâ'ÿçàíèõ ç ïîíÿòòÿì

ôóíêöi¨.

Çà äîïîìîãîþ ðÿäiâ Òåéëîðà i Ìàêëîðåíà ìîæíà âèçíà÷èòè ôóíêöi¨, çíà-

õîäÿ÷è çíà÷åííÿ ¨õ çà äàíèìè çíà÷åííÿìè àðãóìåíòà àáî çíà÷åííÿ àðãóìåíòà

çà çàäàíèìè çíà÷åííÿìè ôóíêöi¨ ç âiäïîâiäíîþ òî÷íiñòþ, äîñëiäæóâàòè çà-

äàíó ôóíêöiþ i íàâiòü âiäòâîðþâàòè ôóíêöiþ íà îñíîâi ¨¨ âëàñòèâîñòåé.
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1. Îçíà÷åííÿ ôóíêöi¨. Óæå íåîäíîðàçîâî íàãîëîøóâàëîñü íà òîìó, ùî

îñíîâíi åëåìåíòàðíi ôóíêöi¨ ìîæóòü áóòè îçíà÷åíèìè ÿê ñóìè ñòåïåíåâèõ

ðÿäiâ. Íàïðèêëàä,

1

1 + x
=

+∞∑
n=0

(−1)nxn, −1 < x < 1,

sinx =
+∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!
, x ∈ R.

Çàóâàæèìî, ùî áóäü-ÿêèé ñòåïåíåâèé ðÿä, çáiæíèé íà âèçíà÷åíié ìíîæèíi

X, âèçíà÷à¹ ôóíêöiþ ç îáëàñòþ âèçíà÷åííÿ íà öié ìíîæèíi.

2. Îá÷èñëåííÿ çíà÷åíü ôóíêöi¨. Ïðè ðîçâèíåííi ôóíêöi¨ f(x) â ðÿä

Òåéëîðà çà ñòåïåíÿìè x − a ìîæíà íàáëèæåíî îá÷èñëþâàòè çíà÷åííÿ ôóí-

êöi¨ â òî÷öi x0, äå x0 íàëåæèòü éîãî îáëàñòi çáiæíîñòi. Â òàêîìó âèïàäêó â

ðÿäi Òåéëîðà çàëèøàþòü ïåðøèõ k åëåìåíòiâ, à îñòàííi âiäêèäàþòü. À ñàìå,

ÿêùî f(x) =
+∞∑
n=0

an(x − a)n i òî÷êà x0 íàëåæèòü îáëàñòi çáiæíîñòi ðÿäó, òî

f(x0) ≈
k∑

n=0

an(x0 − a)n.

Îöiíêà ïîõèáêè òàêîãî íàáëèæåííÿ, òîáòî îöiíêà

∣∣∣∣∣f(x0)−
k∑

n=0

an(x0 − a)n

∣∣∣∣∣,
çâîäèòüñÿ äî îöiíêè çàëèøêó ðÿäó, òîáòî âåëè÷èíè

∣∣∣∣∣
+∞∑

n=k+1

an(x0 − a)n

∣∣∣∣∣.
Çàóâàæèìî, ùî ÿêùî ðÿä

+∞∑
n=k+1

an(x0 − a)n çíàêîñòàëèé, òî éîãî ìîæíà

ïîðiâíÿòè ç ãåîìåòðè÷íîþ ïðîãðåñi¹þ. ßêùî ðÿä çíàêîçìiííèé, òî âèêîðè-

ñòîâóþòü îöiíêó ∣∣∣∣∣
+∞∑

n=k+1

an(x0 − a)n

∣∣∣∣∣ ≤ ∣∣ak+1(x0 − a)k+1
∣∣ .

ßêùî f(x0) ïîòðiáíî çíàéòè iç íàïåðåä çàäàíîþ òî÷íiñòþ, òî, îöiíþþ÷è

çàëèøîê ðÿäó, âèçíà÷àþòü êiëüêiñòü åëåìåíòiâ ÷àñòèííî¨ ñóìè, ÿêà ãàðàíòó¹

òàêó òî÷íiñòü.
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3. Îá÷èñëåííÿ çíà÷åíü àðãóìåíòà äëÿ çàäàíîãî çíà÷åííÿ ôóí-

êöi¨. Ââàæà¹ìî, ùî ôóíêöiÿ f(x) âèçíà÷åíà íà ìíîæèíi X i çàäàíå ÷èñëî

y0 = f(x0), äå x0 � íåâiäîìi ÷èñëà ç ìíîæèíè X.

Ïîòðiáíî çíàéòè íåâiäîìi çíà÷åííÿ àðãóìåíòà x0 iç X, ùî çàäîâîëüíÿþòü

ðiâíÿííÿ y0 = f(x0).

ßêùî y0 ∈ f(X) i ôóíêöiÿ f(x) ìà¹ îáåðíåíó, òî iñíó¹ ¹äèíå çíà÷åííÿ

x0 ∈ X òàêå, ùî f(x0) = y0, ïðè÷îìó x0 = f−1(y0).

ßêùî ïðèïóñòèòè, ùî f−1(y) ðîçâèâà¹òüñÿ ó ñòåïåíåâèé ðÿä i f(X) ¹ ïiä-

ìíîæèíîþ îáëàñòi çáiæíîñòi öüîãî ðÿäó, òî çíàõîäæåííÿ x0 çâîäèòüñÿ äî

îá÷èñëåííÿ çà äîïîìîãîþ ñòåïåíåâîãî ðÿäó çíà÷åííÿ ôóíêöi¨ f−1(y) ó òî÷öi

y0.

4. Çàñòîñóâàííÿ ðÿäiâ Òåéëîðà i Ìàêëîðåíà äî îá÷èñëåííÿ ãðà-

íèöü. Êîðèñòóþ÷èñü âiäïîâiäíèì ðîçâèíåííÿì ôóíêöié â ðÿäè Òåéëîðà ïðè

x→ x0 àáî Ìàêëîðåíà ïðè x→ 0, ìîæíà îá÷èñëþâàòè ãðàíèöi ôóíêöi¨, ùî

ïîâ'ÿçàíi ç íåâèçíà÷åíiñòþ âèäó
0

0
.

5. Çàñòîñóâàííÿ ðÿäiâ Òåéëîðà äî îá÷èñëåííÿ ïîõiäíèõ. Ðîçêëàâ-

øè ôóíêöiþ f(x) â ðÿä Òåéëîðà â îêîëi òî÷êè x0 ç îáëàñòþ çáiæíîñòi X, äå

x0 ∈ X, ìîæíà çâîäèòè âiäøóêàííÿ ïîõiäíî¨ öi¹¨ ôóíêöi¨ áóäü-ÿêîãî ïîðÿäêó

äî âiäøóêàííÿ ïîõiäíî¨ ðÿäó Òåéëîðà öi¹¨ ôóíêöi¨ â îáëàñòi çáiæíîñòi X.

6. Çàñòîñóâàííÿ ðÿäiâ Òåéëîðà äî îá÷èñëåííÿ iíòåãðàëiâ. ßêùî

f(x) =
+∞∑
n=0

f (n)(x0)

n!
(x− x0)n,

äå x0 ∈ X i [a, b] ⊂ X, òî

b∫
a

f(x)dx =
+∞∑
n=0

f (n)(x0)

n!

b∫
a

(x− x0)ndx =

=
+∞∑
n=0

f (n)(x0)

(n+ 1)!
(x− x0)n+1

∣∣∣b
a

=
+∞∑
n=0

f (n)(x0)

(n+ 1)!

(
(b− x0)n+1 − (a− x0)n+1

)
.
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7. Çàñòîñóâàííÿ ðÿäiâ Òåéëîðà äî ðîçâ'ÿçóâàííÿ ðiâíÿíü. Ðîçêëà-

äè ôóíêöi¨ â ðÿäè Òåéëîðà â áàãàòüîõ âèïàäêàõ çðó÷íî âèêîðèñòîâóâàòè äëÿ

ðîçâ'ÿçóâàííÿ ôóíêöiîíàëüíèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü.

Âïðàâè

1. Íåõàé F (α, β, γ, x) =
+∞∑
n=0

(α)n(β)n
(γ)n

xn

n!
, äå (α)0 = (β)0 = (γ)0 = 1,

(α)n = α(α + 1) · . . . · (α + n − 1), (β)n = β(β + 1) · . . . · (β + n − 1), (γ)n =

γ(γ + 1) · . . . · (γ + n − 1), α, β, γ ∈ R, γ 6= 0,−1,−2, . . . � ãiïåðãåîìåòðè÷íà

ôóíêöiÿ. Äîâåñòè íàñòóïíi ñïiââiäíîøåííÿ:

1) xF (1, 1, 2,−x) = ln (1 + x),

2) 2xF

(
1

2
, 1,

3

2
, x2
)

= ln
1 + x

1− x
,

3) xF

(
1

2
,
1

2
,
3

2
, x2
)

= arcsinx,

4) F

(
1

2
,−1

2
,
1

2
, sin2 x

)
= cosx,

5) xF

(
1

2
, 1,

3

2
,−x2

)
= arctg x,

6) F (−m, 1, 1,−x) = (1 + x)m.

2. Îá÷èñëèòè ç òî÷íiñòþ äî 10−5 çàäàíi çíà÷åííÿ:

1) ln 2, 2) e2, 3)
1

e
, 4)

1
3
√
e
,

5) ln 3, 6) lg 5, 7) lg
7

6
, 8) ln 0, 8,

9) sin 16◦, 10) cos 10◦, 11) tg 8◦, 12) ctg 16◦,

13)
√

18, 14) 3
√

1, 3, 15) 4
√

82, 16) arctg
1

3
,

17) arcsin
1

3
, 18) arccos

√
3

3
, 19) ch 1, 20) sh 1, 3.

3. Êîðèñòóþ÷èñü ðiâíiñòþ
π

6
= arctg

1√
3
, îá÷èñëèòè ÷èñëî π çà äîïîìî-

ãîþ ðÿäó äëÿ ôóíêöi¨ arctg x ç òî÷íiñòþ äî 10−4 .

4. Ïðè ÿêèõ çíà÷åííÿõ x íàáëèæåíà ðiâíiñòü cosx ≈ 1− x2

2
äà¹ ïîõèáêó,

ÿêà íå ïåðåâèùó¹ 10−2, 10−3, 10−4?
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5. Ïðè ÿêèõ çíà÷åííÿõ x íàáëèæåíà ðiâíiñòü sinx ≈ x äà¹ ïîõèáêó, ÿêà

íå ïåðåâèùó¹ 10−2, 10−3?

6. Ðîçâ'ÿçàòè ç òî÷íiñòþ äî 10−4 ðiâíÿííÿ tg x =
1

5
.

7. Ðîçâ'ÿçàòè ç òî÷íiñòþ äî 10−3 ðiâíÿííÿ shx =
1

2
.

8. Ðîçâèíóâøè ôóíêöi¨ â ðÿä Ìàêëîðåíà, çíàéòè ãðàíèöi:

1) lim
x→0

x− arctg x

x3
, 2) lim

x→0

ex
2 − cosx

x2
,

3) lim
x→0

(
x− x2 ln (1 +

1

x
)

)
, 4) lim

x→0

1− cosx

ex − 1− cosx
,

5) lim
x→0

ln (1 + x) + x2

2 − sinx

arctg2 x
, 6) lim

x→0

(
1

x2
− ctg2 x

)
,

7) lim
x→0

2(tg x− sinx)− x3

x5
, 8) lim

x→0

√
x arctg

√
x− x

x
(

3
√

8 + x− 2
) ,

9) lim
x→0

x
(
esin

2 x − ln (x2 + e)
)

tg x− sinx
, 10) lim

x→π
2

sin x
2 − cos x

2

cosx
.

9. Çíàéòè ïîõiäíó k -ãî ïîðÿäêó ôóíêöi¨ f(x) â çàäàíié òî÷öi x0 :

1) f(x) = cos x, k = 4, x0 =
π

4
,

2) f(x) = x6ex, k = 10, x0 = 0,

3) f(x) = cos3 x, k = 9, x0 = −π
2
,

4) f(x) = (x− 2) ln (3x+ 2), k = 7, x0 = 2,

5) f(x) =
1√
−x− 2

, k = 5, x0 = −3,

6) f(x) = ln
2 + x2√
1− 2x2

, k = 4, x0 = 0,

7) f(x) =
x

1 + x2
, k = 6, x0 = 0,

8) f(x) =
(x− 1)3

5x+ 3
, k = 6, x0 = 1,

9) f(x) =
1√

x2 − 4x+ 8
, k = 9, x0 = 2,

10) f(x) = ln (x2 − 9x+ 20), k = 4, x0 = 2.

10. Çíàéòè íàñòóïíi ãðàíèöi:
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1) lim
x→0

((
ln (1 + x)

x

)2
)(n)

, 2) lim
x→0

(
(arcsinx)3

)(n)
,

3) lim
x→0

((
arctg x

x

)2
)(n)

, 4) lim
x→0

(
sin2 x

x2

)(n)

,

5) lim
x→0

(
ln (x+

√
1 + x2)√

1 + x2

)(n)

, 6) lim
x→0

(
1

2x(1− x2)
ln

1 + x

1− x

)(n)

.

11. Îá÷èñëèòè ç òî÷íiñòþ äî 10−3 íàñòóïíi iíòåãðàëè:

1)

2∫
1

ex

x
dx, 2)

1
2∫

0

dx

1 + x4
, 3)

1∫
0

shx

x
dx,

4)

1
4∫

0

sinx2dx, 5)

1
9∫

0

√
xexdx, 6)

1
2∫

0

x ln(1 + x2)dx,

7)

1
2∫

1
4

cos x2

2

x2
dx, 8)

4
5∫

0

x10 sinxdx, 9)

1∫
0

3
√
x cosxdx,

10)

10∫
5

ln (1 + x2)

x2
dx, 11)

0∫
−1

dx
3
√

8− x3
, 12)

1
2∫

0

√
1 + x3dx,

13)

3
5∫

0

3
√

1 + x2dx, 14)

1
2∫

0

arcsinx

x
dx, 15)

1
2∫

0

arctg x

x
dx,

16)

1∫
0

xxdx, 17)

1∫
0

lnx ln (1− x)dx, 18)

100∫
10

ln (1 + x)

x
dx,

19)

1∫
0

shx

x
dx, 20)

1∫
0

arctg x2dx, 21)

1∫
0

chx

x
dx.

12. Çíàéòè ôóíêöiþ y = f(x), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ xy + ex = y i

ðîçâèâà¹òüñÿ â ðÿä Ìàêëîðåíà.

13. Çíàéòè ôóíêöiþ y = f(x), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ y = ln (1 + x)−

xy i ðîçâèâà¹òüñÿ â ðÿä Ìàêëîðåíà.

14. Çíàéòè ôóíêöiþ y = f(x), ÿêà ðîçâèâà¹òüñÿ â ðÿä Ìàêëîðåíà i çàäî-

âîëüíÿ¹ ðiâíÿííÿ òà ïî÷àòêîâi óìîâè:
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1) y′′ + λ2y = 0, f(0) = 0, f ′(0) = λ,

2) y′ − y = 0, f(0) = 1,

3) (1− x2)y′′ − 5xy′ − 4y = 0, f(0) = 1, f ′(0) = 0,

4) xy′ − y − x2 sinx+ 1 = 0, f(0) = 1.

15. Îá÷èñëèòè çíà÷åííÿ iíòåãðàëüíîãî ñèíóñà six =

x∫
0

sin t

t
dt ç òî÷íiñòþ

äî 10−4, ÿêùî:

1) x = 1, 2) x =
1

2
, 3) x =

1

5
.

16. Äîâåñòè, ùî ãiïåðãåîìåòðè÷íà ôóíêöiÿ F (α, β, γ, x), âèçíà÷åíà ó

âïðàâi 1, ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ:

x(1− λ)y′′ + (γ − (α + β + 1)λ)y′ − αβy = 0.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.16. Îñêiëüêè

arctg x =
+∞∑
n=0

(−1)n
x2n+1

2n+ 1
,

äå x ∈ [−1; 1] i
1

3
∈ [−1; 1], òî

arctg
1

3
=

+∞∑
n=0

(−1)n
1

(2n+ 1)32n+1
.

Â îñòàííié ðiâíîñòi ñïðàâà ìà¹ìî çíàêîïî÷åðåæíèé ðÿä, òî ïîõèáêó îá÷è-

ñëåííÿ ìîæåìî îöiíèòè íàñòóïíèì ÷èíîì∣∣∣∣rk(1

3

)∣∣∣∣ < 1

(2k + 3)32k+3
.

Îòæå, ïîõèáêà íàáëèæåíî¨ ðiâíîñòi

arctg
1

3
≈

k∑
n=0

(−1)n
1

(2n+ 1)32n+1

íå ïåðåâèùó¹ 10−5 òîäi i òiëüêè òîäi, êîëè

1

(2n+ 3)32n+3
< 10−5.
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Çâiäñè çíàõîäèìî, ùî n = 3, áî
1

399
=

1

177147
<

1

100000
.

Òîäi

arctg
1

3
≈

3∑
k=0

(−1)k
1

(2k + 1)32k+1
=

1

3
− 1

3 · 33
+

1

5 · 35
− 1

7 · 37
=

= 0, 666666− 0, 012346 + 0, 000823− 0, 000065 = 0, 321745.

Îòæå, arctg
1

3
≈ 0, 321788 ç òî÷íiñòþ äî 10−5. I

7. Çàóâàæèìî, ùî ôóíêöiÿ f(x) = sh x âèçíà÷åíà i íåïåðåðâíà íà âñié

ìíîæèíi äiéñíèõ ÷èñåë, ïðè÷îìó âîíà çðîñòà¹ íà âñié îáëàñòi âèçíà÷åííÿ.

Îòæå, âîíà íà ìíîæèíi äiéñíèõ ÷èñåë ìà¹ îáåðíåíó, ÿêà çíîâó ¹ çðîñòàþ÷îþ

i íåïåðåðâíîþ íà R.

Çíàéäåìî îáåðíåíó ôóíêöiþ äî shx. Îòðèìà¹ìî ðiâíÿííÿ y =
ex − e−x

2
,

çâiäêè ìà¹ìî e2x−2yex−1 = 0. Òîäi x = ln (y +
√
y2 + 1) � îáåðíåíà ôóíêöiÿ

äî y = shx.

Ïîõiäíà öi¹¨ ôóíêöi¨

x′ =
1√

1 + y2
= (1 + y2)−

1
2

ðîçâèâà¹òüñÿ â ðÿä Ìàêëîðåíà

x′ = 1 +
+∞∑
n=1

(−1
2)(−3

2) · (−2n−1
2 )

n!
y2n = 1 +

+∞∑
n=1

(−1)n(2n− 1)!!

2nn!
y2n

ç ðàäióñîì çáiæíîñòi R = 1.

Çâiäñè

x = y +
+∞∑
n=1

(−1)n(2n− 1)!!

2nn!
· y

2n+1

2n+ 1
= y +

+∞∑
n=1

(−1)n(2n− 1)!!

2n(2n+ 1)n!
y2n+1.

Òîäi øóêàíèé ðîçâ'ÿçîê x ¹ ñóìîþ ÷èñëîâîãî ðÿäó

1

2
+

+∞∑
n=1

(−1)n(2n− 1)!!

2n(2n+ 1)n!
· 1

22n+1
.

Öåé ðÿä ¹ çíàêîïî÷åðåæíèì i éîãî îñòà÷à îöiíþ¹òüñÿ íàñòóïíèì ñïiââiä-

íîøåííÿì: ∣∣∣∣rn(1

2

)∣∣∣∣ < (2n+ 1)!!

2n+1(2n+ 3)(n+ 1)!
· 1

22n+3
.
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Ç óìîâè çàäà÷i ìà¹ìî, ùî

(2n+ 1)!!

2n+1(2n+ 3)(n+ 1)!
· 1

22n+3
<

1

1000
.

Ïðè n = 1 îòðèìó¹ìî, ùî

1 · 3
4 · 5 · 26

=
3

1280
= 0, 0023 > 0, 001.

Ïðè n = 2 îòðèìó¹ìî, ùî

1 · 3 · 5
23 · 7 · 6 · 27

=
15

43008
= 0, 0003 < 0, 001.

Îòæå, ç òî÷íiñòþ äî 10−3 ìà¹ìî, ùî

x =
1

2
+

2∑
k=1

(−1)k
(2k − 1)!!

2k(2k + 1)k!
· 1

22k+1
=

1

2
− 1

2 · 3 · 23
+

3

4 · 5 · 64
=

= 0, 5− 0, 0208 + 0, 0023 = 0, 4815.

Òîáòî ÷èñëî 0,4815 ¹ êîðåíåì ðiâíÿííÿ shx = 1
2 ç òî÷íiñòþ äî 10−3. I

8.4. Ðîçêëàäåìî ôóíêöi¨ ex i cosx â ðÿä Ìàêëîðåíà.

ex =
+∞∑
n=0

xn

n!
, cosx =

+∞∑
n=0

(−1)nx2n

(2n)!
.

Òîäi

lim
x→0

1− cosx

ex − 1− x
= lim

x→0

1−
+∞∑
n=0

(−1)nx2n
(2n)!

+∞∑
n=0

xn

n! − 1− x
=

= lim
x→0

1−1+ x2

2!−
x4

4! +. . .+
(−1)nx2n
(2n)! +. . .

1+x+ x2

2! +. . .+
xn

n! +. . .−1−x
= lim

x→0

x2

2!−
x4

4! +. . .+
(−1)nx2n
(2n)! +. . .

x2

2! +. . .+
xn

n! +. . .
=

= lim
x→0

1
2 −

x2

4! + . . .+ (−1)nx
2n−2

(2n)! + . . .

1
2 + x

3! + . . .+ xn−2

n! + . . .
= 1. I

9.4. Ðîçãëÿíåìî ôóíêöiþ f(x) = ln
2 + x2√
1− 2x2

ó ðÿä Ìàêëîðåíà. Ìà¹ìî

f(x) = ln (2 + x2)− 1

2
ln (1− 2x2) = ln 2 + ln

(
1 +

x2

2

)
− 1

2
ln (1− 2x2) =
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= ln 2 +
+∞∑
n=0

(−1)nx2n+2

(n+ 1)2n+1
+

1

2

+∞∑
n=0

2n+1x2n+2

n+ 1
.

Òîäi

f ′(x) =
+∞∑
n=0

(−1)n(2n+ 2)x2n+1

(n+ 1)2n+1
+

1

2

+∞∑
n=0

2n+1(2n+ 2)x2n+1

n+ 1
=

=
+∞∑
n=0

(−1)nx2n+1

2n
+

1

2

+∞∑
n=0

2n+2x2n+1,

f ′′(x) =
+∞∑
n=0

(−1)n(2n+ 1)x2n

2n
+

+∞∑
n=0

2n+1(2n+ 1)x2n,

f ′′′(x) =
+∞∑
n=1

(−1)n(2n+ 1)2n

2n
x2n−1 +

+∞∑
n=1

2n+1(2n+ 1)2nx2n−1,

f IV (x) =
+∞∑
n=1

(−1)n(2n+ 1)2n(2n− 1)

2n
x2n−2+

+∞∑
n=1

2n+1(2n+1)2n(2n−1)x2n−2.

Îòæå, f IV (0) = −3 · 2 · 1
2

+ 22 · 3 · 2 · 1 = 3 + 24 = 21. I

11.17. Ðîçêëàäåìî cos
x2

2
â ðÿä Ìàêëîðåíà íà âiäðiçêó x ∈

[1

4
;
1

2

]
. Òîäi

cos
x2

2
=

+∞∑
n=0

(−1)nx4n

22n(2n)!
.

Òîäi

1
2∫

1
4

cos x2

2

x2
dx =

1
2∫

1
4

+∞∑
n=0

(−1)nx4n−2

22n(2n)!
dx =

+∞∑
n=0

(−1)nx4n−1

(4n− 1)22n(2n)!

∣∣∣ 12
1
4

=

=
+∞∑
n=0

(−1)n

(4n− 1)22n(2n)!

(
1

24n−1
− 1

44n−1

)
=

+∞∑
n=0

(−1)n

(4n− 1)4n(2n)!

(
2

42n
− 4

44n

)
=

= 2
+∞∑
n=0

(−1)n(42n − 2)

(4n− 1)45n(2n)!
= 2 + 2

+∞∑
n=1

(−1)n(42n − 2)

(4n− 1)45n(2n)!
.

Ç îñòàííüîãî âèðàçó áà÷èìî, ùî ðÿä
+∞∑
n=1

(−1)n(42n − 2)

(4n− 1)45n(2n)!
¹ çíàêîïî÷åðå-

æíèì, òîìó

|rn| <
42n − 2

(4n+ 3)45n+5(2n+ 2)!
<

1

1000
.
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Ïðè n = 1 ìà¹ìî
44 − 2

7 · 410 · 4!
=

254

176160768
= 0, 000001 < 0, 001.

Îòæå,

1
2∫

1
4

cos x2

2

x2
dx = 2− 2

14

3 · 45 · 2
= 2− 14

45
= 2− 0, 0046 = 1, 9954. I

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó III

1. Çíàéòè îáëàñòü çáiæíîñòi ñòåïåíåâîãî ðÿäó:

1)
+∞∑
n=1

(−1)n

(3n+ 1)3n
· (x+ 6)n, 2)

+∞∑
n=1

(−1)n

(n+ 1)5n
· (x− 3)n,

3)
+∞∑
n=1

n+ 1

(3n+ 1)3
· (x− 4)2n, 4)

+∞∑
n=1

(x− 1)2n

n · 9n
,

5)
+∞∑
n=1

(x− 6)n

(n+ 3)2n
, 6)

+∞∑
n=1

(−1)n(n+ 1)

(n+ 3)22n−1
· (x+ 7)n,

7)
+∞∑
n=1

(n− 2)3

2n+ 3
· (x+ 3)2n, 8)

+∞∑
n=1

n3

(n+ 1)!
· (x+ 5)2n+1,

9)
+∞∑
n=1

(−1)n−1

2n
· (x− 2)2n, 10)

+∞∑
n=1

3n− 2

(n+ 1)22n
· (x− 3)n,

11)
+∞∑
n=1

(x− 5)2n+1

3n+ 8
, 12)

+∞∑
n=1

(x− 5)n

(n+ 4) ln(n+ 4)
,

13)
+∞∑
n=1

(−1)n

(n+ 3) ln(n+ 3)
· (x+ 6)n, 14)

+∞∑
n=1

(−1)n

(4n+ 1)3n
· (x+ 4)n,

15)
+∞∑
n=1

(x− 6)n

(n+ 3)3n
, 16)

+∞∑
n=1

n2

(n+ 2)!
· (x+ 1)2n−1,

17)
+∞∑
n=1

(x+ 5)2n−1

(2n− 1)4n
, 18)

+∞∑
n=1

(−1)n

(3n− 1)2n
· (x+ 3)n,

19)
+∞∑
n=1

(x− 7)2n−1

(2n2 − 5n)4n
, 20)

+∞∑
n=1

2n

(3n+ 1)3
· (x− 1)3n,

21)
+∞∑
n=1

(x− 2)n

(3n+ 1)2n
, 22)

+∞∑
n=1

(−1)n

(4n− 1)2n
· (x+ 2)n,

23)
+∞∑
n=1

3n

(5n− 8)3
· (x− 2)3n, 24)

+∞∑
n=1

n

(4n− 1)3
· (x− 4)3n,
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25)
+∞∑
n=1

(x+ 5)n

3n
, 26)

+∞∑
n=1

(−1)n

(n+ 2) ln(n+ 2)
· (x+ 1)n,

27)
+∞∑
n=1

√
n

n2 + 1
· (x− 2)n, 28)

+∞∑
n=1

(x+ 2)n

(2n+ 1)3n
,

29)
+∞∑
n=1

n3

(n+ 3)!
· (x+ 4)2n+1, 30)

+∞∑
n=1

(n+ 1)5

2n+ 1
· x2n.

2. Çíàéòè ñóìó ðÿäó:

1)
+∞∑
n=1

xn−1

n(n+ 1)
, 2)

+∞∑
n=0

xn

(n+ 1)(n+ 2)
,

3)
+∞∑
n=0

5n

(n+ 1)xn
, 4)

+∞∑
n=1

2n−1

nx4n−4
,

5)
+∞∑
n=0

(1− x2)n

n+ 1
, 6)

+∞∑
n=1

(1− x5)n−1

n
,

7)
+∞∑
n=1

xn

n(n+ 1)
, 8)

+∞∑
n=0

(1− x5)n

n+ 1
,

9)
+∞∑
n=1

(1− x2)n−1

n
, 10)

+∞∑
n=0

xn+6

(n+ 1)(n+ 2)
,

11)
+∞∑
n=1

xn+2

n(n+ 1)
, 12)

+∞∑
n=0

3n

(n+ 1)x3n
,

13)
+∞∑
n=0

1

(n+ 1)x5n
, 14)

+∞∑
n=0

(1− x4)n

n+ 1
,

15)
+∞∑
n=0

sinn x

n+ 1
, 16)

+∞∑
n=0

xn+1

(n+ 1)(n+ 2)
,

17)
+∞∑
n=0

xn+3

(n+ 1)(n+ 2)
, 18)

+∞∑
n=1

sinn−1 x

n
,

19)
+∞∑
n=1

3n−1

nx3n−3
, 20)

+∞∑
n=1

xn+3

n(n+ 1)
,

21)
+∞∑
n=1

(1− x4)n−1

n
, 22)

+∞∑
n=0

4n

(n+ 1)x2n
,

23)
+∞∑
n=1

1

nx5n−5
, 24)

+∞∑
n=0

(1− x3)n

n+ 1
,
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25)
+∞∑
n=0

cosn x

n+ 1
, 26)

+∞∑
n=0

xn+4

(n+ 1)(n+ 2)
,

27)
+∞∑
n=1

xn+5

n(n+ 1)
, 28)

+∞∑
n=1

4n−1

nx2n−2
,

29)
+∞∑
n=0

2n

(n+ 1)x4n
, 30)

+∞∑
n=1

(1− x3)n−1

n
.

3. Çíàéòè ñóìó còåïåíåâîãî ðÿäó:

1)
+∞∑
n=1

(n+ 5)xn−1, 2)
+∞∑
n=1

(n+ 1)xn−1, 3)
+∞∑
n=0

(n+ 5)x2n,

4)
+∞∑
n=1

(n+ 2)xn−1, 5)
+∞∑
n=1

(n+ 4)xn−1, 6)
+∞∑
n=0

(n+ 2)x5n,

7)
+∞∑
n=0

(n+ 4)x3n, 8)
+∞∑
n=1

nx5n, 9)
+∞∑
n=1

(n+ 3)xn−1,

10)
+∞∑
n=2

(n+ 3)xn−2, 11)
+∞∑
n=0

(n+ 1)x6n, 12)
+∞∑
n=2

nx4n,

13)
+∞∑
n=2

nxn−2, 14)
+∞∑
n=3

(n+ 1)xn−3, 15)
+∞∑
n=1

nx6n,

16)
+∞∑
n=0

(n+ 2)x3n, 17)
+∞∑
n=2

(n+ 4)xn−2, 18)
+∞∑
n=3

(n+ 2)xn−3,

19)
+∞∑
n=2

(n+ 2)xn−2, 20)
+∞∑
n=0

(n+ 3)x4n, 21)
+∞∑
n=0

(n+ 1)x3n+3,

22)
+∞∑
n=3

(n+ 3)xn−3, 23)
+∞∑
n=2

(n+ 1)xn−2, 24)
+∞∑
n=0

(n+ 4)x5n,

25)
+∞∑
n=0

(n+ 1)x2n+2, 26)
+∞∑
n=3

(n+ 4)xn−3, 27)
+∞∑
n=0

(n+ 1)x2n,

28)
+∞∑
n=0

(n+ 5)x6n, 29)
+∞∑
n=0

(n+ 3)x4n, 30)
+∞∑
n=3

(n+ 5)xn−3.

4. Ðîçêëàñòè ôóíêöiþ f(x) â ðÿä Ìàêëîðåíà i çíàéòè îáëàñòü çáiæíîñòi

îòðèìàíîãî ñòåïåíåâîãî ðÿäó:

1) f(x) =
9

20− x− x2
, 2) f(x) = 2x sin2 x

2
− x,
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3) f(x) =
x2√

4− 5x
, 4) f(x) = (x− 1) shx,

5) f(x) = ln(1− x− 6x2), 6) f(x) =
sin 3x

x
− cos 3x,

7) f(x) = 2x cos2
x

2
− x, 8) f(x) =

arctg x

x
,

9) f(x) =
sh2 x

x
− 2, 10) f(x) =

5

6− x− x2
,

11) f(x) =
7

12 + x− x2
, 12) f(x) = 4

√
16− 5x,

13) f(x) =
x

3
√

27− 2x
, 14) f(x) = ln(1− x− 20x2),

15) f(x) = ln(1 + x− 6x2), 16) f(x) = (2− ex)2,

17) f(x) =
1

4
√

16− 3x
, 18) f(x) = (x− 1) ch x,

19) f(x) = ln(1− x− 12x2), 20) f(x) =
3

2− x− x2
,

21) f(x) = (3 + e−x)2, 22) f(x) = (x− 1) sin 5x,

23) f(x) =
arcsinx

x
− 1, 24) f(x) =

ch 3x− 1

x2
,

25) f(x) =
7

12− x− x2
, 26) f(x) =

6

8 + 2x− x2
,

27) f(x) = x2
√

4− 3x, 28) f(x) = x 3
√

27− 2x,

29) f(x) = ln(1 + 2x− 8x2), 30) f(x) = ln(1 + x− 12x2).

5. Ðîçêëàñòè ôóíêöiþ f(x) â ðÿä Òåéëîðà çà ñòåïåíÿìè x − a i çíàéòè

îáëàñòü çáiæíîñòi îòðèìàíîãî ñòåïåíåâîãî ðÿäó:

1) f(x) =
7

12 + x− x2
, a = 1, 2) f(x) = x4, a = −1,

3) f(x) =
x√

2− 3x
, a = −1, 4) f(x) = ln x, a = 1,

5) f(x) = ln(6− 4x+ x2), a = 2, 6) f(x) = 3 cos2 x− sin2 x, a = 0,

7) f(x) = 2x cos2
x

2
− x, a = 0, 8) f(x) =

1√
x2 − 6x+ 18

, a = 3,

9) f(x) =
1

3
√
x2 − 6x+ 36

, a = 3, 10) f(x) = ln(x2 − 9x+ 20), a = 3,
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11) f(x) = (x− 2) sin 3x, a = 0, 12) f(x) = 2x, a = −3,

13) f(x) =
6

8 + 2x− x2
, a = −3, 14) f(x) =

√
x, a = 2,

15) f(x) =
1
4
√
x
, a = 4, 16) f(x) =

x+ 1

x2 + 2x+ 3
, a = −1,

17) f(x) = (3 + e−x)2, a = 0, 18) f(x) =
3
√
x2, a = −1,

19) f(x) =
1

(1− x)2
, a = −3, 20) f(x) = sin

πx

4
, a = 2,

21) f(x)=(1+x) ln(2+x), a = −1, 22) f(x) =
1

x2
, a = −2,

23) f(x) = ln
1

2 + 2x+ x2
, a = −1, 24) f(x) =

2x+ 1

(x+ 1)2
, a = 2,

25) f(x) = ln(30− 10x+ x2), a = 5, 26) f(x) =
2

x
, a = −2,

27) f(x) =
ln(1 + x)

1 + x
, a = 0, 28) f(x) = sinx, a = −π

4
,

29) f(x) =
1

6− 5x+ x2
, a = 1, 30) f(x)=x5−7x4−5x+4, a=−3.

6. Îá÷èñëèòè íàáëèæåíî iç çàäàíîþ òî÷íiñòþ α íàñòóïíi çíà÷åííÿ ôóí-

êöié:

1) ln 4, α = 0, 001, 2) cos 10◦, α = 0, 0001,

3)
4

5
e, α = 0, 001, 4) arctg 0, 2, α = 0, 0001,

5)
3
√
e2, α = 0, 001, 6) cos 0, 2, α = 0, 0001,

7) 3
√

1, 06, α = 0, 001, 8) 10
√

1029, α = 0, 0001,

9) 2 sin 20◦, α = 0, 001, 10) 3
√

640, α = 0, 0001,

11) 3
√

29, α = 0, 001, 12) tg 9◦, α = 0, 001,

13) ln 3, α = 0, 0001, 14) 4
√

85, α = 0, 0001,

15) cos 15◦, α = 0, 0001, 16)
1√
e
, α = 0, 001,

17) 4
√

20, α = 0, 001, 18) ln 1, 25, α = 0, 001,

19) sin 0, 4, α = 0, 001, 20) e, α = 0, 00001,
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21)
1

4
√
e5
, α = 0, 0001, 22) 4

√
7, α = 0, 01,

23) ln 0, 7, α = 0, 0001, 24)
√
e, α = 0, 001,

25) ln 5, α = 0, 0001, 26) ln 2, α = 0, 001,

27) 6
√

68, α = 0, 0001, 28) cos 16◦, α = 0, 0001,

29) ln 1, 2, α = 0, 001, 30) sin 20◦, α = 0, 001.

7. Çiíòåãðóâàòè íàáëèæåíî çàäà÷ó Êîøi, âçÿâøè ÷îòèðè ïåðøi, âiäìiííi

âiä íóëÿ, åëåìåíòè ðîçâèíåííÿ ¨¨ ðîçâ'ÿçêó â ñòåïåíåâèé ðÿä:

1) y′′ − x sin y′ = 0, y(1) = 0, y′(1) =
π

2
,

2) y′ − xy = ln(y + x), y(1) = 0,

3) y′′ + xy′ + y = 1, y(0) = y′(0) = 0,

4) y′′ − xy′ + y = x, y(0) = y′(0) = 0,

5) y′ = 2x+ cos y, y(0) = 0,

6) y′′ + y = xy′ + ex, y(0) = 1, y′(0) = 0,

7) y′′ + y′ = xy2, y(0) = 2, y′(0) = 1,

8) y′′ + xy′ + y = x, y(0) = 0, y′(0) = 1,

9) y′′ = y cosx+ x, y(0) = 1, y′(0) = 0,

10) y′ = arcsinx+ x, y(0) =
1

2
,

11) y′′ = ey sin y′, y(π) = 1, y′(π) =
π

2
,

12) y′′ =
y′

y
− 1

x
, y(1) = 1, y′(1) = 0,

13) y′ = 2 cos x− xy2, y(0) = 1,

14) y′′ = −2xy, y(0) = y′(0) = 1,

15) y′′ = x2y, y(0) = 0, y′(0) = 1,
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16) y′ = x+
1

y
, y(0) = 1,

17) y′ =
1− x2

y
+ 1, y(0) = 1,

18) y′′ = xyy′, y(0) = 1, y′(0) = 1,

19) y′′ +
1

x
=
y′

y
, y(1) = 1, y′(1) = 0,

20) y′′ − xy′ = y, y(0) = 1, y′(0) = 0,

21) y′ + xy2 − 2 cosx = 0, y(0) = 1,

22) y′′ − x = y cosx, y(0) = 1, y′(0) = 0,

23) y′′ = yex, y(0) = 2, y′(0) = 1,

24) y′ = 4y + e3x − 2xy2, y(0) = 2,

25) y′′ − xy = (y′)2, y(0) = 4, y′(0) = −2,

26) 2y′ − (x+ y)y = ex, y(0) = 2,

27) y′′ + y′ sinx = 1− y, y(0) = y′(0) = 1,

28) y′ + 2xy2 = 4y + e3x, y(0) = 2,

29) (1 + x2)y′′ + y = 0, y(0) = 1, y′(0) = 2,

30) (1− x2)y′′ − 4xy′ − 2y = 0, y(0) = y′(0) = 1.

8. Îá÷èñëèòè âèçíà÷åíèé iíòåãðàë ç òî÷íiñòþ α = 0, 001 :

1)

0,1∫
0

e−6x
2

dx, 2)

0,2∫
0

e−3x
2

dx, 3)

0,3∫
0

e−2x
2

dx,

4)

0,1∫
0

sin (100x2)dx, 5)

0,2∫
0

sin (25x2)dx, 6)

0,4∫
0

sin
(5x

2

)2
dx,

7)

1∫
0

cosx2dx, 8)

0,5∫
0

cos (4x2)dx, 9)

0,2∫
0

cos (25x2)dx,
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10)

0,5∫
0

dx
4
√

1 + x4
, 11)

1∫
0

dx
4
√

16 + x4
, 12)

1,5∫
0

dx
4
√

81 + x4
,

13)

0,1∫
0

1− e−2x

x
dx, 14)

0,2∫
0

1− e−x

x
dx, 15)

0,4∫
0

1− e−x2
x

dx,

16)

1∫
0

ln (1 + x
5)

x
dx, 17)

0,4∫
0

ln (1 + x
2)

x
dx, 18)

0,1∫
0

ln (1 + 2x)

x
dx,

19)

1,5∫
0

dx
3
√

27 + x3
, 20)

2∫
0

dx
3
√

64 + x3
, 21)

2,5∫
0

dx
3
√

125 + x3
,

22)

0,4∫
0

e−
3x2

4 dx, 23)

0,5∫
0

sin (4x2)dx, 24)

0,4∫
0

cos
(5x

2

)2
dx,

25)

2∫
0

dx
4
√

256 + x4
, 26)

0,5∫
0

dx
3
√

1 + x2
, 27)

2,5∫
0

dx
4
√

625 + x4
,

28)

1∫
0

dx
3
√

8 + x3
, 29)

0,5∫
0

e−
3x2

25 dx, 30)

0,1∫
0

cos (100x2)dx.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ äî ðîçäiëó III

1. Çíàéòè îáëàñòü çáiæíîñòi ñòåïåíåâîãî ðÿäó
+∞∑
n=1

(−1)n
(n+2) ln(n+2) · (x+ 1)n.

Ðîçâ'ÿçàííÿ. Äëÿ çíàõîäæåííÿ ðàäióñà çáiæíîñòi ñêîðèñòà¹ìîñÿ ôîðìó-

ëîþ

R = lim
x→∞

∣∣∣ an
an+1

∣∣∣.
Îòæå, R = lim

x→∞

∣∣∣ (−1)n
(n+2) ln(n+2) : (−1)n+1

(n+3) ln(n+3)

∣∣∣ = lim
x→∞

n+3
n+2 ·

ln(n+3)
ln(n+2) .

Äëÿ çíàõîäæåííÿ ãðàíèöi äðóãîãî äîäàíêà ñêîðèñòà¹ìîñÿ ïðàâèëîì Ëî-

ïiòàëÿ.

lim
x→∞

ln(x+ 3)

ln(x+ 2)
= lim

x→∞

( 1

x+ 3
:

1

x+ 2

)
= lim

x→∞

x+ 2

x+ 3
= 1.

Îòæå, lim
x→∞

n+3
n+2 ·

ln(n+3)
ln(n+2) = 1, R = 1.

Òàêèì ÷èíîì, ðÿä çáiæíèé àáñîëþòíî i ðiâíîìiðíî ïðè âñiõ x ùî çàäî-

âîëüíÿþòü íåðiâíiñòü |x+ 1| < 1, òîáòî íà ïðîìiæêó (−2; 0).

Äîñëiäèìî çáiæíiñòü íà êiíöÿõ ïðîìiæêó. Íåõàé x = −2. Ìà¹ìî ðÿä
+∞∑
n=1

(−1)n
(n+2) ln(n+2) · (−2 + 1)n =

+∞∑
n=1

1
(n+2) ln(n+2) .

Îäåðæàëè ðÿä ç äîäàòíiìè ÷ëåíàìè, äëÿ äîñëiäæåííÿ íà çáiæíiñòü ÿêîãî

çàñòîñó¹ìî iíòåãðàëüíó îçíàêó Êîøi.

+∞∫
n=1

1

(x+ 2) ln(x+ 2)
dx =

+∞∫
n=1

d(x+ 2)

ln(x+ 2)
= ln ln(x+ 2)

∣∣∣+∞
1

= +∞.

Iíòåãðàë ðîðçáiæíèé, à îòæå i äîñëiäæóâàíèé ÷èñëîâèé ðÿä ðîçáiæíèé.

Íåõàé òåïåð x = 0. Ìà¹ìî ðÿä
+∞∑
n=1

(−1)n
(n+2) ln(n+2) . Âií çíàêîïî÷åðåæíèé

i äëÿ íüîãî âèêîíóþòüñÿ óìîâè îçíàêè Ëåéáíiöà. lim
x→∞

1
(n+2) ln(n+2) = 0 òà

1
(n+2) ln(n+2) >

1
(n+3) ln(n+3) .

Îòæå, R = 1, îáëàñòü çáiæíîñòi x ∈ (−2; 0].

2. Çíàéòè ñóìó ðÿäó
+∞∑
n=0

xn+4

(n+1)(n+2) .

Ðîçâ'ÿçàííÿ. Çíàéäåìî ðàäióñ çáiæíîñòi ðÿäó çà ôîðìóëîþ

R = lim
x→∞

∣∣∣ an
an+1

∣∣∣ = lim
x→∞

1

(n+ 1)(n+ 2)
:

1

(n+ 2)(n+ 3)
= 1.
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Äîñëiäæóâàíèé ñòåïåíåâèé ðÿä ðiâíîìiðíî çáiæíèé ïðè x ∈ (−1; 1). Âñå-

ðåäèíi ïðîìiæêó éîãî ìîæíà ïî÷ëåííî äèôåðåíöiþâàòè òà iíòåãðóâàòè. Ïî-

äàìî éîãî ó âèãëÿäi f(x) = x2
+∞∑
n=0

xn+2

(n+1)(n+2) . Ðÿä
+∞∑
n=0

xn+2

(n+1)(n+2) ìà¹ òîé ñàìèé

ïðîìiæîê çáiæíîñòi, ùî i ðÿä
+∞∑
n=0

xn+4

(n+1)(n+2) . Ïðîäèôåðåíöiþ¹ìî éîãî äâi÷i:

d2

dx2

( +∞∑
n=0

xn+2

(n+ 1)(n+ 2)

)
=

+∞∑
n=0

xn = 1 + x+ x2 + · · ·+ xn + · · · = 1

1− x
.

Ïðîiíòåãðó¹ìî äâi÷i:∫
1

1− x
dx = − ln(1− x) + C = x+

x2

2
+
x3

3
+ · · ·+ xn+1

n+ 1
+ · · ·+ C.

Ïiäñòàâèâøè x = 0, çíàõîäèìî, ùî C = 0. Iíòåãðó¹ìî ùå ðàç, îòðèìà¹ìî:

−
∫

ln(1− x)dx = −(x ln(1− x)− x− ln(1− x)) + C =

=
x2

2
+
x3

6
+ · · ·+ xn+2

(n+ 1)(n+ 2)
+ · · ·+ C.

Ïðè x = 0, ìà¹ìî, ùî C = 0. Îòæå,

+∞∑
n=0

xn+4

(n+ 1)(n+ 2)
= x2(−x ln(1− x) + x+ ln(1− x)) =

= −x3 ln(1− x) + x3 + x2 ln(1− x).

3. Çíàéòè ñóìó còåïåíåâîãî ðÿäó
+∞∑
n=3

(n+ 4)xn−3.

Ðîçâ'ÿçàííÿ. Äàíèé ðÿä ìîæíà çàïèñàòè òàê
+∞∑
n=3

(n + 4)xn−3 =
+∞∑
n=1

(n +

6)xn−1. Ðàäióñ çáiæíîñòi öüîãî ðÿäó R = lim
x→∞

∣∣∣ an
an+1

∣∣∣ = lim
x→∞

n+6
n+6+1 = 1. Ïðè

|x| < 1 ðÿä çáiæíèé ðiâíîìiðíî. Ïîäàìî ðÿä ÿê ñóìó ðÿäiâ
+∞∑
n=1

(n+ 6)xn−1 =

+∞∑
n=1

nxn−1 +
+∞∑
n=1

6xn−1, êîæåí ç ÿêèõ òàêîæ ìà¹ ðàäióñ çáiæíîñòi ðiâíèé 1.

Ïðîiíòåãðóâàâøè ïî÷ëåííî ïåðøèé äîäàíîê ìà¹ìî∫ +∞∑
n=1

nxn−1dx =
+∞∑
n=1

n
xn

n
+C = (x+x2 +x3 + · · ·+xn+ · · · )+C =

x

1− x
+C.
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Ïðè x = 0, îäåðæó¹ìî, ùî C = 0, òîáòî∫ +∞∑
n=1

nxn−1dx =
x

1− x
.

Äèôåðåíöiþþ÷è îáèäâi ÷àñòèíè öi¹¨ ðiâíîñòi îòðèìà¹ìî:

+∞∑
n=1

nxn−1 =
1

(1− x)2
.

Çíàéäåìî ñóìó ðÿäó:

+∞∑
n=1

6xn−1 = 6
+∞∑
n=1

xn−1 = 6 · 1

1− x
.

Îòæå,
+∞∑
n=3

(n+ 4)xn−3 =
1

(1− x)2
+

6

1− x
=

7− 6x

(1− x)2
.

4. Ðîçêëàñòè ôóíêöiþ f(x) = 6
8+2x−x2 â ðÿä Ìàêëîðåíà i çíàéòè îáëàñòü

çáiæíîñòi îòðèìàíîãî ñòåïåíåâîãî ðÿäó.

Ðîçâ'ÿçàííÿ. Ðîçêëàäåìî f(x) íà ïðîñòi äðîáè, êîðèñòóþ÷èñü ìåòîäîì

íåâèçíà÷åíèõ êîåôiöi¹íòiâ.

6

8 + 2x− x2
=

6

−(x− 4)(x+ 2)
=

−6

(x− 4)(x+ 2)
=

a

x− 4
+

b

x+ 2
.

Çíàõîäèìî, ùî a = −1, b = 1.

Îòæå, 6
8+2x−x2 = −1

x−4 + 1
x+2 =

1
1

1−x4
+

1
2

1−(−x2 )
.

Êîæåí ç äîäàíêiâ ¹ ñóìîþ íåñêií÷åííî¨ ñïàäíî¨ ãåîìåòðè÷íî¨ ïðîãðåñi¨,

ÿêùî îäíî÷àñíî âèêîíó¹òüñÿ |x4 | < 1 òà | − x
2 | < 1, òîáòî |x| < 2. Òîäi

6

8 + 2x− x2
=

+∞∑
n=0

1

4

(x
4

)n−1
+

+∞∑
n=0

1

2

(−x
2

)n−1
=

+∞∑
n=0

( 1

4n
+ (−1)n−1

1

2n

)
xn−1

ïðè |x| < 2.

Ïðè x = −2 ôóíêöiÿ f(x) = 6
8+2x−x2 íå âèçíà÷åíà.

Ïðè x = 2 ðÿä
+∞∑
n=0

(
1
4n + (−1)n−1 1

2n

)
2n−1 ðîçáiæíèé, áî

lim
x→∞

an = lim
x→∞

( 1

4n
+ (−1)n−1

1

2n

)
2n−1 = lim

x→∞

1

2

( 1

2n
+ (−1)n−1

)
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íå iñíó¹.

Îòæå, 6
8+2x−x2 =

+∞∑
n=0

(
1
4n + (−1)n−1 1

2n

)
xn−1 ïðè |x| < 2.

4. Ðîçêëàñòè ôóíêöiþ f(x) = x 3
√

27− 2x â ðÿä Ìàêëîðåíà i çíàéòè

îáëàñòü çáiæíîñòi îòðèìàíîãî ñòåïåíåâîãî ðÿäó.

Ðîçâ'ÿçàííÿ. f(x) = x 3
√

27− 2x = 3x
(

1− 2x

27

) 1
3

.

Ôóíêöiþ g(x) =
(

1 + (−2x
27)
) 1

3

ðîçêëàäåìî â ðÿä Ìàêëîðåíà, ñêîðèñòàâ-

øèñü ôîðìóëîþ

(1 + x)α = 1 +
+∞∑
n=1

m(m− 1) · · · · · (m− n+ 1)

n!
xn,

g(x) =
(

1 + (−2x

27
)
) 1

3

=
+∞∑
n=1

1
3(13 − 1) · · · · · (13 − n+ 1)

n!
xn(−1)n

( 2

27

)n
.

Òîäi

f(x) = 3x+
+∞∑
n=1

3 · 13(13 − 1) · · · · · (13 − n+ 1)

3n−1n!
xn+1(−1)n

( 2

27

)n
=

= 3x− 2

27
x2 +

+∞∑
n=2

2 · 5 · 8 · · · · · (3n− 4)

3n−1 · n!

( 2

27

)n
xn+1(−1)n =

= 3x− 2

27
x2 −

+∞∑
n=2

2 · 5 · 8 · · · · · (3n− 4)

3n−1 · n!

( 2

27

)n
xn+1

ïðè |x| < 27
2 . Îñêiëüêè ôóíêöiÿ âèçíà÷åíà i íà êiíöÿõ ïðîìiæêó, òî äîñëiäèìî

ïîâåäiíêó îòðèìàíîãî ðÿäó â öèõ òî÷êàõ. Äîñòàòíüî äîñëiäèòè òiëüêè ðÿä

+∞∑
n=2

2 · 5 · 8 · · · · · (3n− 4)

3n−1 · n!

( 2

27

)n
xn+1.

Ïðè x = 27
2 ìà¹ìî ðÿä

+∞∑
n=2

2 · 5 · 8 · · · · · (3n− 4)

3n−1 · n!

( 2

27

)n(27

2

)n+1

=
+∞∑
n=2

2 · 5 · 8 · · · · · (3n− 4)

3n−1 · n!

(27

2

)
=

=
+∞∑
n=2

5 · 8 · · · · · (3n− 4)

3n−4 · n!
,



Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ äî ðîçäiëó III 111

ÿêèé äîñëiäæó¹ìî íà çáiæíiñòü çà îçíàêîþ Ðààáå:

lim
x→∞

n
( an
an+1

− 1
)

=

= lim
x→∞

n
(5 · 8 · · · · · (3n− 4)

3n−4 · n!
· 3n+1−4 · (n+ 1)!

5 · 8 · · · · · (3n− 4)(3(n+ 1)− 4)
− 1
)

=

= lim
x→∞

n
(3(n+ 1)

3n− 1
− 1
)

= lim
x→∞

n
3n+ 3− 3n+ 1

3n− 1
=

4

3
> 1.

Îòæå, ðÿä ðîçáiæíèé.

Ïðè x = −27
2 îòðèìó¹ìî ðÿä

+∞∑
n=2

2 · 5 · 8 · · · · · (3n− 4)

3n−1 · n!

( 2

27

)n(27

2

)n+1

(−1)n+1 =

=
+∞∑
n=2

5 · 8 · · · · · (3n− 4)

3n−4 · n!
(−1)n+1.

Öåé ðÿä àáñîëþòíî çáiæíèé íà îñíîâi ïîïåðåäíüîãî äîñëiäæåííÿ. Îòæå,

f(x) = x 3
√

27− 2x = 3x− 2

27
x2 −

+∞∑
n=2

2 · 5 · 8 · · · · · (3n− 4)

3n−1 · n!

( 2

27

)n
xn+1

ïðè |x| ≤ 27
2 .

5. Ðîçêëàñòè ôóíêöiþ f(x) = 2
x â ðÿä Òåéëîðà çà ñòåïåíÿìè x+2 i çíàéòè

îáëàñòü çáiæíîñòi îòðèìàíîãî ñòåïåíåâîãî ðÿäó.

Ðîçâ'ÿçàííÿ.

f(x) =
2

x
=

2

(x+ 2)− 2
=

−1

1− x+2
2

.

Ôóíêöiþ f(x) ìîæíà ðîçãëÿäàòè ÿê ñóìó íåñêií÷åííî ñïàäíî¨ ãåîìåòðè÷íî¨

ïðîãðåñi¨ iç çíàìåííèêîì q = x+2
2 i ïåðøèì ÷ëåíîì b1 = −1 ïðè óìîâi, ùî∣∣∣x+2

2

∣∣∣ < 1, òîáòî |x+ 2| < 2.

Îòæå,

2

x
=

+∞∑
n=1

(−1)
(x+ 2

2

)n−1
=

+∞∑
n=1

−1

2n−1
(x+ 2)n−1

ïðè x ∈ (−4; 0).
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Ôóíêöiÿ f(x) = 2
x âèçíà÷åíà ïðè x = −4, òîìó äîñëiäèìî ïîâåäiíêó

îòðèìàíîãî ðÿäó â öié òî÷öi.

+∞∑
n=1

−1

2n−1
(−4 + 2)n−1 =

+∞∑
n=1

−1

2n−1
(−2)n−1 =

+∞∑
n=1

(−1)n.

Ðÿä ðîçáiæíèé. Îòæå,

2

x
=

+∞∑
n=1

−1

2n−1
(x+ 2)n−1.

5. Ðîçêëàñòè ôóíêöiþ f(x)=(1+x) ln(2+x) â ðÿä Òåéëîðà çà ñòåïåíÿìè

x+ 1 i çíàéòè îáëàñòü çáiæíîñòi îòðèìàíîãî ñòåïåíåâîãî ðÿäó.

Ðîçâ'ÿçàííÿ. f(x) = (1 + x) ln(2 + x) = (1 + x) ln(1 + (1 + x)).

Âèêîðèñòà¹ìî ôîðìóëó

ln(1 + t) =
+∞∑
n=1

(−1)n−1tn

n

ïðè −1 < t ≤ 1 äëÿ ðîçâèíåííÿ â ðÿä ôóíêöi¨ y = ln(1 + (1 + x)) ïðè

−2 < x ≤ 0, ÿêèé ïîìíîæèìî íà (1 + x). Îòæå,

(1 + x) ln(2 + x) =
+∞∑
n=1

(−1)n−1

n
(1 + x)n+1.

6. Îá÷èñëèòè íàáëèæåíî iç çàäàíîþ òî÷íiñòþ α = 0, 001 çíà÷åííÿ ôóíêöi¨

ln 2.

Ðîçâ'ÿçàííÿ. Ìîæíà ñêîðèñòàòèñÿ ðîçâèíåííÿì â ðÿä Ìàêëîðåíà ôóí-

êöi¨ y = lnx çà ñòåïåíÿìè x.

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+ · · ·+ (−1)n−1xn

n
+ · · ·

ïðè x ∈ (−1; 1). Îäíàê öåé ðÿä çáiãà¹òüñÿ äóæå ïîâiëüíî, òîìó äëÿ îá÷èñëåíü

çíà÷åíü ëîãàðèôìiâ íàòóðàëüíîãî ÷èñëà âèêîðèñòîâó¹ìî ôîðìóëó

ln(m+1) = lnm+2
( 1

2m+ 1
+

1

3(2m+ 1)3
+ · · ·+ 1

(2n− 1)(2m+ 1)2n−1
+ · · ·

)
n−é çàëèøîê ðÿäó â ïðàâié ÷àñòèíi ðiâíîñòi rn < 1

m(2n+1)(2m+1)2n .
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Â íàøîìó âèïàäêó m = 1, òîìó äëÿ îäåðæàííÿ íàáëèæåíîãî çíà÷åííÿ

ln 2 iç çàäàíîþ òî÷íiñòþ ðîçâ'ÿæåìî íåðiâíiñòü

1

1 · (2n+ 1)(2 · 1 + 1)2n
=

1

(2n+ 1)32n
<

1

1000
.

Iäåìî øëÿõîì ïiäáîðó. Ïðè n = 2 ìà¹ìî

1

5 · 34
=

1

5 · 81
>

1

1000
,

à ïðè n = 3 îòðèìà¹ìî

1

7 · 36
=

1

7 · 722
<

1

1000
.

Îòæå, äëÿ äîñÿãíåííÿ ïîòðiáíî¨ òî÷íîñòi äîñòàòíüî âçÿòè n = 3. Îòæå,

ln 2 = ln(1 + 1) ≈ ln 1 + 2
( 1

2 · 1 + 1
+

1

3(2 · 1 + 1)3
+

1

5(2 · 1 + 1)5

)
=

= 2
(1

3
+

1

3 · 33
+

1

5 · 35
)
≈ 0.69190.

7. Çiíòåãðóâàòè íàáëèæåíî çàäà÷ó Êîøi 2y′ − (x + y)y = ex, y(0) = 2,

âçÿâøè ÷îòèðè ïåðøi, âiäìiííi âiä íóëÿ, åëåìåíòè ðîçâèíåííÿ ¨¨ ðîçâ'ÿçêó â

ñòåïåíåâèé ðÿä.

Ðîçâ'ÿçàííÿ. Íåõàé ôóíêöiÿ y = y(x) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi i äîïó-

ñêà¹ ðîçâèíåííÿ â ðÿä Òåéëîðà â îêîëi òî÷êè x0 = 0.

y = a0 + a1(x− x0) + a2(x− x0)2 + · · ·+ an(x− x0)n + · · · =

= a0 + a1x+ a2x
2 + · · ·+ anx

n + · · · .

Êîåôiöi¹íòè ðÿäó çíàéäåìî íàñòóïíèì ÷èíîì: a0 = y(0) = 2 çíàõîäèìî

ç ïî÷àòêîâî¨ óìîâè. a1 = y′(0), çíàõîäèìî, ïiäñòàâëÿþ÷è â ðiâíÿííÿ x = 0,

y = y(0) = 2. Îòðèìà¹ìî 2y′(0) − (0 + 2)2 = e0, a0 = y′(0) =
5

2
. Ïðîäèôå-

ðåíöiþ¹ìî ïî÷àòêîâå ðiâíÿííÿ: 2y′′ − (1 + y′)y − (x + y)y′ = ex. Ïiäñòàâèìî

ó íüîãî x = 0, y = y(0) = 2, y′ = y′(0) = 5
2 . Çíàéäåìî, ùî y

′′(0) = 13
2 . Òîäi

a2 = y′′(0)
2! = 13

4 . Äèôåðåíöiþþ÷è ïîïåðåäí¹ ðiâíÿííÿ i ïiäñòàâëÿþ÷è â íüîãî

x = 0, y = y(0), y′ = y′(0), y′′ = y′′(0), çíàéäåìî, ùî y′′′(0) = 89
4 , i âiäïîâiäíî
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a3 = y′′′(0)
3! = 89

24 . Ìè âæå ìà¹ìî ÷îòèðè ïåðøi âiäìiííi âiä íóëÿ êîåôiöi¹íòè.

Îòæå,

y = 2 +
5

2
x+

13

4
x2 +

89

24
x3

¹ íàéáëèæ÷èì ðîçâ'ÿçêîì çàäàíî¨ çàäà÷i Êîøi.

8. Îá÷èñëèòè âèçíà÷åíèé iíòåãðàë

0,5∫
0

dx
3
√

1 + x2
ç òî÷íiñòþ α = 0, 001.

Ðîçâ'ÿçàííÿ. Ñêîðèñòà¹ìîñÿ ðîçâèíåííÿì â ðÿä ôóíêöi¨ (1 + x)m.

(1 + x)m = 1 +
+∞∑
n=1

m(m− 1) · · · · · (m− n+ 1)

n!
xn, x ∈ (−1; 1).

Îòæå

1
3
√

1 + x2
= (1 + x2)−

1
3 = 1 +

(
− 1

3

)
x2 +

−1
3 (−1

3 − 1)

2
x4+

+
−1

3(−1
3 − 1)(−1

2 − 2)

3!
x6+ · · ·+

−1
3(−1

3 − 1)(−1
3 − 2) · · · (−1

3 − n+ 1)

n!
x2n+ · · ·

Ïðîiíòåãðó¹ìî îòðèìàíèé ðÿä â ìåæàõ âiä 0 äî 1
2 ïî÷ëåííî. Ìàòèìåìî

0,5∫
0

dx
3
√

1 + x2
=

0,5∫
0

dx− 1

3

0,5∫
0

x2dx+
1 · 4
2 · 32

0,5∫
0

x4dx+ · · ·+

+
(−1)n1 · 4 · 7 · · · · · (3n− 2)

3nn!

0,5∫
0

x2ndx+ · · · =

=
1

2
+

+∞∑
n=1

(−1)n1 · 4 · 7 · · · · · (3n− 2)

3nn!
· 1

(2n+ 1)22n+1
+ · · · .

Îòðèìàíèé ðÿä ¹ ðÿäîì Ëåéáíiöà, òîìó éîãî n−èé çàëèøîê çà ìî-

äóëåì ìåíøèé âiä ìîäóëÿ ïåðøîãî ñâîãî ÷ëåíà. Ðîçâ'ÿæåìî íåðiâíiñòü
(−1)n1·4·7·····(3n−2)

3nn! < 1
1000 . Ïiäåìî øëÿõîì ïiäáîðó. Ïðè n = 2 îòðèìó¹ìî

1 · 4
32 · 2

· 1
5
· 1

25
=

1

720
>

1

1000
,

à ïðè n = 3 ìà¹ìî
1 · 4 · 7
33 · 3!

· 1
7
· 1

27
=

1

4374
<

1

1000
.



Òîìó âçÿâøè n = 2 äiñòà¹ìî
0,5∫
0

dx
3
√

1 + x2
=

1

2
− 1

3
· 1
3
· 1

23
+

1 · 4
32 · 2

· 1
5
· 1

25
=

32 · 22 · 10− 10 + 1

32 · 5 · 24
=

351

720
= 0, 4875.

ÐÎÇÄIË IV. Ñòåïåíåâi ðÿäè ç êîìïëåêñíèìè

÷èñëàìè

�4.1. Çáiæíi ïîñëiäîâíîñòi i ðÿäè êîìïëåêñíèõ ÷èñåë

Áóäåìî ðîçãëÿäàòè ìíîæèíó êîìïëåêñíèõ ÷èñåë C = {x + iy :

x, y ∈ R}, â ÿêié çàäàíî äâi îïåðàöi¨:

1) äîäàâàííÿ êîìïëåêñíèõ ÷èñåë

(x1 + iy1) + (x2 + iy2) = (x1 + x2) + i(y1 + y2);

2) ìíîæåííÿ êîìïëåêñíèõ ÷èñåë

(x1 + iy1)(x2 + iy2) = (x1x2 − y1y2) + i(x1y2 + x2y1).

Íàäàëi êîìïëåêñíå ÷èñëî ç ìíîæèíè C áóäåìî ïîçíà÷àòè ÷åðåç z, òîáòî

z = x + iy. ×èñëî x íàçèâà¹òüñÿ äiéñíîþ ÷àñòèíîþ ÷èñëà z i ïîçíà÷à¹òüñÿ

x = Re z, à y � óÿâíîþ ÷àñòèíîþ i ïîçíà÷à¹òüñÿ y = Im z.

Çàóâàæèìî, ùî ìiæ åëåìåíòàìè ìíîæèíè C i òî÷êàìè ïðÿìîêóòíî¨ äåêàð-

òîâî¨ ñèñòåìè êîîðäèíàò ìîæíà âñòàíîâèòè âçà¹ìíîîäíîçíà÷íó âiäïîâiäíiñòü,

ïðè ÿêié êîæíîìó êîìïëåêñíîìó ÷èñëó x+ iy ∈ C âiäïîâiäà¹ òî÷êà M(x; y).

Ïðè öüîìó ìíîæèíà R çîáðàæà¹òüñÿ âiññþ àáñöèñ (äiéñíà âiñü), à ìíîæèíà

âñiõ êîìïëåêñíèõ ÷èñåë âèäó iy � âiññþ îðäèíàò (óÿâíà âiñü). Ïëîùèíó, òî÷êè

ÿêî¨ çîáðàæàþòü êîìïëåêñíi ÷èñëà, íàçèâàþòü êîìïëåêñíîþ ïëîùèíîþ.
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Ìíîæèíà C çà àíàëîãi¹þ äî ìíîæèíè äiéñíèõ ÷èñåë äîïîâíþ¹òüñÿ ñèì-

âîëîì ∞, ÿêèé íàçèâà¹òüñÿ íåâëàñíèì (íåñêií÷åííèì) êîìïëåêñíèì

÷èñëîì, à òî÷êà ñêóï÷åííÿ òî÷îê, â ÿêié õî÷ îäíà ç êîîðäèíàò ðiâíà +∞ ÷è

−∞, íàçèâà¹òüñÿ íåñêií÷åííî âiääàëåíîþ òî÷êîþ. Êîìïëåêñíà ïëîùè-

íà, äî ÿêî¨ äîáàâëåíà íåñêií÷åííî âiääàëåíà òî÷êà, íàçèâà¹òüñÿ ðîçøèðåíîþ

êîìïëåêñíîþ ïëîùèíîþ.

Êîìïëåêñíå ÷èñëî z = x + iy ìîæíà çîáðàçèòè âåêòîðîì ç ïî÷àòêîì ó

òî÷öi O(0; 0) i êiíöåì â òî÷öi M(x; y). Äîâæèíó âåêòîðà
−−→
OM íàçèâàþòü

ìîäóëåì êîìïëåêñíîãî ÷èñëà i ïîçíà÷àþòü |z|, òîáòî äëÿ
−−→
OM ìà¹ìî, ùî

|z| =
√
x2 + y2.

Âiäñòàíü ìiæ äâîìà òî÷êàìè êîìïëåêñíî¨ ïëîùèíè z1 i z2 ìîæíà âèçíà-

÷èòè çà ôîðìóëîþ

d(z1, z2) = |z1 − z2| =
√

(x1 − x2)2 + (y1 − y2)2.

Êóò ìiæ äîäàòíèì íàïðÿìîì îñi Ox i âåêòîðîì
−−→
OM ç êîîðäèíàòàìè (x, y)

íàçèâà¹òüñÿ àðãóìåíòîì êîìïëåêñíîãî ÷èñëà z = x + iy i ïîçíà÷àþòü

Arg z. ßêùî z 6= 0, òî àðãóìåíò âèçíà÷à¹òüñÿ ç òî÷íiñòþ äî äîäàíêà 2πk,

k ∈ Z, i ç öi¹¨ ìíîæèíè ÷èñåë òiëüêè îäíå çàäîâîëüíÿ¹ íåðiâíiñòü

−π < Arg z ≤ π. Éîãî íàçèâàþòü ãîëîâíèì çíà÷åííÿì àðãóìåíòà

êîìïëåêñíîãî ÷èñëà z i ïîçíà÷àþòü α = arg z. Â òàêîìó âèïàäêó äëÿ

z 6= 0 ìîæåìî çàïèñàòè, ùî

α =



arctg
y

x
, ÿêùî x > 0,

arctg
y

x
+ π, ÿêùî x < 0, y ≥ 0,

arctg
y

x
− π, ÿêùî x < 0, y < 0.

Ó âèïàäêó, êîëè z 6= 0, x = 0, òî α =


π

2
, ÿêùî y > 0,

−π
2
, ÿêùî y < 0.
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Äëÿ z = 0 (|z| = 0) i äëÿ z =∞ àðãóìåíòè íåâèçíà÷åíi.

×èñëî x−iy íàçèâà¹òüñÿ ñïðÿæåíèì äî ÷èñëà z = x+iy i ïîçíà÷à¹òüñÿ

z̄. ßêùî z 6= 0, òî arg z̄ = − arg z. ßêùî z = x, x < 0, òî arg z = arg z̄ = π.

Ôîðìà êîìïëåêñíîãî ÷èñëà z = x + iy íàçèâà¹òüñÿ àëãåáðà¨÷íîþ ôîð-

ìîþ ïîäàííÿ, çàïèñ z = |z|(cosα + i sinα) íàçèâà¹òüñÿ òðèãîíîìåòðè-

÷íîþ ôîðìîþ ïîäàííÿ êîìïëåêñíîãî ÷èñëà.

Ç âèùåíàâåäåíèõ ìiðêóâàíü âèïëèâà¹, ùî â òðèãîíîìåòðè÷íié ôîðìi íå-

ìîæëèâî ïîäàòè ÷èñëà z = 0 i z =∞.

Îêîëîì òî÷êè z0 íà êîìïëåêñíié ïëîùèíi íàçèâà¹òüñÿ áóäü-ÿêèé âiä-

êðèòèé êðóã ç öåíòðîì â òî÷öi z0. ε-îêîëîì òî÷êè z0 íàçèâà¹òüñÿ âiä-

êðèòèé êðóã ç öåíòðîì â òî÷öi z0 i ðàäióñîì ε, òîáòî ìíîæèíà òî÷îê {z :

|z − z0| < ε}. Îêîëîì íåñêií÷åííî âiääàëåíî¨ òî÷êè ∞ íàçèâà¹òüñÿ

çîâíiøíiñòü áóäü-ÿêîãî êðóãà ç öåíòðîì â òî÷öi z = 0. R-îêîëîì òî÷êè ∞

íàçèâà¹òüñÿ çîâíiøíiñòü êðóãà ç öåíòðîì ó òî÷öi z = 0 i ðàäióñîì R, òîáòî

ìíîæèíà òî÷îê {z : |z| > R}.

Âiäîáðàæåííÿ, ÿêå êîæíîìó íàòóðàëüíîìó ÷èñëó ñòàâèòü ó âiäïîâiäíiñòü

êîìïëåêñíå ÷èñëî, íàçèâà¹òüñÿ ïîñëiäîâíiñòþ êîìïëåêñíèõ ÷èñåë i ïî-

çíà÷à¹òüñÿ {zn}.

Ïîñëiäîâíiñòü {zn} íàçèâà¹òüñÿ îáìåæåíîþ, ÿêùî (∃M > 0), ùî äëÿ

äîâiëüíîãî n ∈ N âèêîíó¹òüñÿ íåðiâíiñòü |zn| ≤M.

Ðàçîì ç ïîñëiäîâíiñòþ {zn} = {xn + iyn} ðîçãëÿíåìî äâi ïîñëiäîâíîñòi

äiéñíèõ ÷èñåë {xn} i {yn}. Òîäi äîñëiäæåííÿ âëàñòèâîñòåé {zn} ìîæíà çâåñòè

äî äîñëiäæåííÿ âëàñòèâîñòåé {xn} i {yn}.

Òåîðåìà 1. Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë {zn} îáìåæåíà òîäi i

òiëüêè òîäi, êîëè îáìåæåíèìè ¹ ïîñëiäîâíîñòi {xn} òà {yn}.

Êîìïëåêñíå ÷èñëî c íàçèâà¹òüñÿ ãðàíèöåþ ïîñëiäîâíîñòi {zn}, ÿêùî

(∀ε > 0)(∃N(ε) ∈ N)(∀n > N(ε)) :
{
|zn − c| < ε

}
.

ßêùî c � ãðàíèöÿ ïîñëiäîâíîñòi {zn}, òî çàïèñóþòü lim
n→+∞

zn = c àáî zn → c

ïðè n→ +∞. Â òàêîìó âèïàäêó ïîñëiäîâíiñòü {zn} íàçèâà¹òüñÿ çáiæíîþ.
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Ïîñëiäîâíiñòü {zn} íàçèâà¹òüñÿ ôóíäàìåíòàëüíîþ ÿêùî

(∀ε > 0)(∃N(ε) ∈ N)(∀n > N(ε))(∀p ∈ N) :
{
|zn − zn+p| < ε

}
.

Êðèòåðié Êîøi çáiæíîñòi ïîñëiäîâíîñòi. Äëÿ òîãî, ùîá ïîñëiäîâ-

íiñòü {zn} áóëà çáiæíîþ, íåîáõiäíî i äîñòàòíüî, ùîá âîíà áóëà ôóíäàìåí-

òàëüíîþ.

Òåîðåìà Áîëüöàíî-Âåé¹ðøòðàcà. Ç êîæíî¨ îáìåæåíî¨ ïîñëiäîâíîñòi

ìîæíà âèäiëèòè çáiæíó ïiäïîñëiäîâíiñòü.

Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë {zn} ìà¹ íåñêií÷åííó ãðàíèöþ, ÿêùî

(∀M > 0)(∃N(ε) ∈ N)(∀n > N(ε)) :
{
|zn| > M

}
.

Ó òàêîìó âèïàäêó çàïèñóþòü lim
n→+∞

zn =∞.

Òîäi ç òåîðåìè Áîëüöàíî-Âåé¹ðøòðàñà âèïëèâà¹ íàñòóïíèé ôàêò: ç

áóäü-ÿêî¨ ïîñëiäîâíîñòi êîìïëåêñíèõ ÷èñåë ìîæíà âèäiëèòè çáiæíó

ïiäïîñëiäîâíiñòü.

Íåõàé {zn} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë. Ïîáóäó¹ìî ïîñëiäîâíiñòü

{Sn}, äå Sn =
n∑
k=1

zk. Òîäi ðÿä
+∞∑
n=1

zn íàçèâà¹òüñÿ ðÿäîì ç êîìïëåêñíèìè

åëåìåíòàìè, à Sn íàçèâà¹òüñÿ ÷àñòèííîþ ñóìîþ öüîãî ðÿäó.

Çàóâàæèìî, ùî íà öi ðÿäè ïåðåíîñèòüñÿ âñÿ òåðìiíîëîãiÿ, ÿêà âiäíîñèòüñÿ

äî ÷èñëîâèõ ðÿäiâ ç äiéñíèìè åëåìåíòàìè.

Íàïðèêëàä, ðÿä
+∞∑
n=1

zn çáiæíèé, ÿêùî iñíó¹ ãðàíèöÿ lim
n→+∞

Sn = S, i

÷èñëî S íàçèâà¹òüñÿ ñóìîþ ðÿäó ç êîìïëåêñíèìè åëåìåíòàìè.

Òåîðåìà 2. Ðÿä
+∞∑
n=1

zn çáiãà¹òüñÿ òîäi i òiëüêè òîäi, êîëè îäíî÷àñíî

çáiãàþòüñÿ ðÿäè
+∞∑
n=1

xn i
+∞∑
n=1

yn.

Êðèòåðié Êîøi çáiæíîñòi ðÿäó. Ðÿä
+∞∑
n=1

zn çáiãà¹òüñÿ òîäi i òiëüêè

òîäi, êîëè

(∀ε > 0)(∃N(ε) ∈ N)(∀n > N(ε))(∀p ∈ N) :
{
|zn+1 + . . .+ zn+p| < ε

}
.
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Ðÿä
+∞∑
n=1

zn íàçèâà¹òüñÿ àáñîëþòíî çáiæíèì, ÿêùî çáiãà¹òüñÿ ðÿä

+∞∑
n=1

|zn|. Ðÿä
+∞∑
n=1

zn íàçèâà¹òüñÿ óìîâíî çáiæíèì, ÿêùî âií ñàì çáiãà¹òüñÿ,

à ðÿä
+∞∑
n=1

|zn| ¹ ðîçáiæíèì. ßêùî çáiæíèé ðÿä
+∞∑
n=1

|zn|, òî çáiæíèì áóäå ðÿä

+∞∑
n=1

zn. Ðÿä
+∞∑
n=1

zn =
+∞∑
n=1

xn + i
+∞∑
n=1

yn çáiãà¹òüñÿ àáñîëþòíî òîäi i òiëüêè òîäi,

êîëè àáñîëþòíî çáiæíèìè ¹ ðÿäè
+∞∑
n=1

xn i
+∞∑
n=1

yn.

Çàóâàæèìî, ùî êîëè ðÿä
+∞∑
n=1

zn çáiãà¹òüñÿ àáñîëþòíî i ìà¹ ñóìó S, òî ðÿä,

óòâîðåíèé ç äàíîãî ïåðåñòàíîâêîþ éîãî åëåìåíòiâ, òàêîæ çáiãà¹òüñÿ àáñîëþ-

òíî i ìà¹ òó ñàìó ñóìó.

Òåîðåìà 3. Ðÿä
+∞∑
n=1

zn àáñîëþòíî çáiãà¹òüñÿ, ÿêùî âèêîíó¹òüñÿ ïðè-

íàéìíi îäíà ç íàñòóïíèõ óìîâ:

1) (∃N(ε) ∈ N)(∃M > 0)(∃q : 0 < q < 1) òàêi, ùî äëÿ äîâiëüíîãî

n > N(ε) âèêîíó¹òüñÿ íåðiâíiñòü |zn| < Mqn,

2) lim
n→+∞

∣∣∣zn+1

zn

∣∣∣ = q < 1,

3) (∃N(ε) ∈ N)(∃α > 1) òàêi, ùî äëÿ äîâiëüíîãî n > N(ε) âèêîíó¹òüñÿ

íåðiâíiñòü

|zn| <
M

nα
,

4) lim
n→+∞

n
(

1−
∣∣∣zn+1

zn

∣∣∣) = α > 1,

5) (∃N(ε) ∈ N)(∃M > 0)(∃α > 1) òàêi, ùî äëÿ äîâiëüíîãî n > N(ε)

âèêîíó¹òüñÿ íåðiâíiñòü

|zn| <
M

n lnα n
.

Âïðàâè

1. Çîáðàçèòè íà êîìïëåêñíié ïëîùèíi íàñòóïíi ìíîæèíè:

1)
{
z : |Re z| = 1

}
, 2)

{
z : | arg z| < π

6

}
,
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3)
{
z : |z| < 3

}
, 4)

{
z : Re

z − 1

z + 1
= 0
}
,

5)
{
z : |z − i|+ |z + i| < 4

}
, 6)

{
z : Im

z − 1

z + 1
= 0
}
,

7)
{
z : 0 < arg

i− z
z + i

<
π

2

}
, 8)

{
z : Re(z(1− i)) <

√
2
}
.

2. Äîâåñòè, ùî ÿêùî ïîñëiäîâíîñòi {z(1)n } i {z(2)n } çáiæíi, òî çáiæíèìè

áóäóòü ïîñëiäîâíîñòi {z(1)n ± z(2)n }, {z(1)n · z(2)n },
z
(1)
n

z
(2)
n

ïðè óìîâi, ùî (∀n ∈ N)

z
(2)
n 6= 0, ïðè÷îìó

lim
n→+∞

(z(1)n ± z(2)n ) = lim
n→+∞

z(1)n ± lim
n→+∞

z(2)n ,

lim
n→+∞

(z(1)n · z(2)n ) = lim
n→+∞

z(1)n · lim
n→+∞

z(2)n ,

lim
n→+∞

z
(1)
n

z
(2)
n

=
lim

n→+∞
z
(1)
n

lim
n→+∞

z
(2)
n

.

3. Çíàéòè ãðàíèöi ïîñëiäîâíîñòåé:

1) lim
n→+∞

3ni− n− 1

1 + ni
,

2) lim
n→+∞

n2 + 3i

n2 − 2i
,

3) lim
n→+∞

(3i)n − 1

(3i)n
,

4) lim
n→+∞

( 1√
3− i

)n2
,

5) lim
n→+∞

(
√
n+ 1−

√
n+ i),

6) lim
n→+∞

(
√
n+ 1 + i

√
n2 + 1−

√
n− ni),

7) lim
n→+∞

n2i+ 2n2 + 1

n2 + i
,

8) lim
n→+∞

( n∑
k=0

1

2k
+ i

n∑
k=0

1

3k

)
,

9) lim
n→+∞

( 1

n2

n∑
k=1

k +
i

n+ 2

n∑
k=1

k − ni

2

)
,

10) lim
n→+∞

( n∑
k=1

1

k(k + 1)
+ i

n∑
k=1

1

(2k − 1)(2k + 1)

)
.
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4. Çíàéòè ãðàíèöi ïîñëiäîâíîñòåé:

1) lim
n→+∞

( (n− 1)2

(n+ 1)3 − (n+ 3)3
− i
)
,

2) lim
n→+∞

(3n− 1

2n
+ i

(n+ 2)2

n2

)
,

3) lim
n→+∞

(3− 2n3

4 + 3n3
+ i

(n+ 1)4 − n4

n4 + 3

)
,

4) lim
n→+∞

( 1

n3

( n∑
k=1

k2 + i
n∑
k=1

k(k + 1)
))
,

5) lim
n→+∞

((
1 +

2

n

)n
+ i
(

1− 3

5n

)n)
,

6) lim
n→+∞

((n+ 1)(n+ 2)(2n− 1)

4n3 + 1
+

i

n2 + 1

n∑
k=1

k
)
,

7) lim
n→+∞

( n∑
k=1

1

3k
+ i

n∑
k=1

1

(3k − 2)(3k + 1)

)
,

8) lim
n→+∞

(( 2n

2n+ 1

)n
+ i
(

1 +
5

n

)n+6)
,

9) lim
n→+∞

(
n
(

n
√
a− 1 + in

(
n
√
a− n+1

√
a
)))

, a > 0,

10) lim
n→+∞

(
n(ln(2n+ 3)− ln 2n) + i ln

(
1 +

1

n

))
.

5. Äîñëiäèòè íà çáiæíiñòü ðÿäè:

1)
+∞∑
n=1

( n!

2n2
+ (−1)n · i√

n

)
, 2)

+∞∑
n=1

in

n
,

3)
+∞∑
n=1

2n+ 1 + in

(2n+ 1)!
, 4)

+∞∑
n=1

n · n! + i(2n− 1)!!

3nn!
,

5)
+∞∑
n=1

((
arctg

n

n+ 1

)n
+ i arcsinn

1

n

)
, 6)

+∞∑
n=1

((2n− 1)!!

(2n)!!
+ i
(n2 + 5

n2 + 6

)n3)
,

7)
+∞∑
n=1

(
n tg

π

2n+1
+ in2 sin

π

2n

)
, 8)

+∞∑
n=1

( n

(n+ 1)!
+

i

lnn(n+ 1)

)
,

9)
+∞∑
n=1

(−1)n−1

2n− i− 1

(
1 +

1

(2n− 1)2

)
, 10)

+∞∑
n=1

(n+ 1

2n
+

i

3n

(n+ 1

n

)n2)
,

11)
+∞∑
n=1

(1 + i)n

(n+ 1)2
, 12)

+∞∑
n=1

i3n

i+ n2
,
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13)
+∞∑
n=1

(n!)2

(2i)n2
, 14)

+∞∑
n=1

(2i)nn!

nn
,

15)
+∞∑
n=1

in

(5in− 4)(4in+ 1)
, 16)

+∞∑
n=1

(2n− 1)!

(n!)2
· in

1 + in
,

17)
+∞∑
n=2

1

(n+ i) ln2 n
, 18)

+∞∑
n=1

sinn

n+ 2i
.

6. Äîñëiäèòè íà çáiæíiñòü òà àáñîëþòíó çáiæíiñòü ðÿäè:

1)
+∞∑
n=1

2n

n!
+ i sin

1

n
, 2)

+∞∑
n=2

1

(n+ z) ln2 n
, z 6= −2, −3, . . . ,

3)
+∞∑
n=1

((
ln

3

n

)n
+ i
( −2n

3n+ 1

)n)
, 4)

+∞∑
n=1

(−1)n · 2n

3n + n
+ i
(

1− 1

n

)n2
,

5)
+∞∑
n=1

n2

2n
− i
(

1− cos
2

n

)
, 6)

+∞∑
n=1

(sin 2n

n2
+ i

sin
(

2n+ π
4

)
n 3
√
n+ 2

)
,

7)
+∞∑
n=1

(
(−1)n−1

n!

nn
+ i

n3

(−3)n

)
, 8)

+∞∑
n=1

((−1)n

nα
+ i

(−1)n

nβ

)
,

9)
+∞∑
n=1

(
(−1)n · (2n−1)!!

2 · 5 · . . . · (3n−1)
+i

(−1)n ln2(n+1)

n
√
n+1

)
,

10)
+∞∑
n=1

(−1)ni(sinn+ cosn)

n2
,

11)
+∞∑
n=1

(2n− 1)!

(n!)2
, 12)

+∞∑
n=1

(1 + i

2

)n
,

13)
+∞∑
n=1

(
1 +

1

n2

) i

1 + (−1)nni
, 14)

+∞∑
n=1

1 + i

n2 + i
,

15)
+∞∑
n=1

1

n(cosn+ i sinn)
, 16)

+∞∑
n=1

(2n− 1)!

(n!)2
· (1 + i)n

2
3n
2 + (1 + i)n

.

7. Äîâåñòè, ùî êîëè Re zn ≥ 0, Im zn ≥ 0, i ðÿä
+∞∑
n=1

zn çáiãà¹òüñÿ, òî ðÿäè

+∞∑
n=1

zn i
+∞∑
n=1

z2n çáiãàþòüñÿ àáñîëþòíî.
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8. Äîâåñòè, ùî êîëè Re zn ≥ 0, i ðÿäè
+∞∑
n=1

zn i
+∞∑
n=1

z2n çáiãàþòüñÿ, òî ðÿä

+∞∑
n=1

|z2n| òàêîæ çáiãà¹òüñÿ.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

3.10. Âðàõîâóþ÷è, ùî

n∑
k=1

1

k(k + 1)
=

n∑
k=1

(1

k
− 1

k + 1

)
= 1− 1

2
+

1

2
− 1

3
+ . . .+

1

n
− 1

n+ 1
=

= 1− 1

n+ 1
,

n∑
k=1

1

(2k − 1)(2k + 1)
=

1

2

n∑
k=1

( 1

2k − 1
− 1

2k + 1

)
=

=
1

2

(
1− 1

3
+

1

3
− 1

5
+ . . .+

1

2n− 1
− 1

2n+ 1

)
=

1

2

(
1− 1

2n+ 1

)
,

îòðèìà¹ìî, ùî

lim
n→+∞

( n∑
k=1

1

k(k + 1)
+ i

n∑
k=1

1

(2k − 1)(2k + 1)

)
=

= lim
n→+∞

(
1− 1

n+ 1
+

1

2
i
(

1− 1

2n+ 1

))
= 1 +

1

2
i. I

4.8. ßêùî øóêàòè ãðàíèöi ÷èñëîâèõ ïîñëiäîâíîñòåé, óòâîðåíèõ ç äiéñíèõ

i óÿâíèõ ÷àñòèí ïîñëiäîâíîñòi ç êîìïëåêñíèìè ÷èñëàìè, òî çðó÷íî ñêîðèñòà-

òèñÿ âiäîìîþ ôîðìóëîþ lim
n→+∞

(
1 +

1

n

)n
= e.

Îòðèìà¹ìî:

lim
n→+∞

(( 2n

2n+ 1

)n
+i
(

1+
5

n

)n+6)
= lim

n→+∞

((
1− 1

2n+ 1

)n
+i
(

1+
5

n

)n
5 ·

5(n+6)
n
)

=

= lim
n→+∞

((
1− 1

2n+ 1

)− 2n+1
1 ·(−

n
2n+1 )

+i
(

1+
5

n

)n
5 ·

5n+30
n
)

= lim
n→+∞

(
e−

n
2n+1 +ie

5n+30
n

)
=

= lim
n→+∞

(
e
− 1

2+ 1
n + ie5+

30
n

)
=

1√
e

+ ie5. I

5.6. Ðîçãëÿíåìî ÷èñëîâi ðÿäè
+∞∑
n=1

(2n− 1)!!

(2n)!!
i

+∞∑
n=1

(n2 + 5

n2 + 6

)n3
i äîñëiäèìî

êîæíèé ç íèõ íà çáiæíiñòü.
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Äëÿ ðÿäó
+∞∑
n=1

(2n− 1)!!

(2n)!!
âèêîðèñòà¹ìî îçíàêó Ðààáå:

lim
n→+∞

n
(

1− an+1

an

)
= lim

n→+∞
n
(

1− (2n+ 1)!!

(2n+ 2)!!
· (2n)!!

(2n− 1)!!

)
=

= lim
n→+∞

n
(

1− 2n+ 1

2n+ 2

)
= lim

n→+∞

n

2n+ 2
=

1

2
< 1.

Îòæå, ðÿä
+∞∑
n=1

(2n− 1)!!

(2n)!!
¹ ðîçáiæíèì.

Òîäi äëÿ ðÿäó
+∞∑
n=1

(2n− 1)!!

(2n)!!
+ i

+∞∑
n=1

(n2 + 5

n2 + 6

)n3
íå âèêîíóþòüñÿ óìîâè òå-

îðåìè 2. Îòæå, çàäàíèé ðÿä ¹ ðîçáiæíèì. I

6.12. Çà ôîðìóëîþ Ìóàâðà çàïèøåìî

(1 + i)n = (
√

2)n
(

cos
nπ

4
+ i sin

nπ

4

)
= 2

n
2

(
cos

nπ

4
+ i sin

nπ

4

)
.

Òîäi ïî÷àòêîâèé ðÿä ïåðåïèøåòüñÿ ó âèãëÿäi

+∞∑
n=1

(1 + i

2

)n
=

+∞∑
n=1

(2
n
2

(
cos nπ

4 + i sin nπ
4

)
2n

)
=

+∞∑
n=1

cos nπ
4 + i sin nπ

4

2
n
2

.

Ðîçãëÿíåìî ðÿä, ñêëàäåíèé ç àáñîëþòíèõ âåëè÷èí îñòàííüîãî ðÿäó. Îòðè-

ìà¹ìî ðÿä
+∞∑
n=1

1

2
n
2

.

Çà îçíàêîþ Äàëàìáåðà ìà¹ìî:

lim
n→+∞

an+1

an
= lim

n→+∞

1

2
n+1
2

1

2
n
2

=
1√
2
< 1.

Îòæå, ðÿä
+∞∑
n=1

1

2
n
2

� çáiæíèé. Òîäi
+∞∑
n=1

(1 + i

2

)n
¹ àáñîëþòíî çáiæíèì. I

�4.2. Ñòåïåíåâi ðÿäè ç êîìïëåêñíèìè åëåìåíòàìè

Ôóíêöiîíàëüíèé ðÿä âèäó
+∞∑
n=1

an(z−z0)n, äå an i z0 � êîìïëåêñíi ÷èñëà, à

z � êîìïëåêñíà çìiííà, íàçèâà¹òüñÿ ñòåïåíåâèì ðÿäîì ç êîìïëåêñíèìè

åëåìåíòàìè.
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ßê i äëÿ âèïàäêó ñòåïåíåâèõ ðÿäiâ íà ìíîæèíi äiéñíèõ ÷èñåë, îñíîâíîþ

¹ çàäà÷à äîñëiäæåííÿ ñòåïåíåâîãî ðÿäó ç êîìïëåêñíèìè åëåìåíòàìè íà çái-

æíiñòü, ïðè÷îìó òàêå äîñëiäæåííÿ ìîæíà ïðîâîäèòè äëÿ ðÿäiâ âèäó
+∞∑
n=1

anz
n.

Òåîðåìà Àáåëÿ. ßêùî ñòåïåíåâèé ðÿä
+∞∑
n=0

anz
n çáiãà¹òüñÿ â òî÷öi

z0 6= 0, òî âií çáiãà¹òüñÿ àáñîëþòíî ïðè áóäü-ÿêîìó z, äëÿ ÿêîãî |z| < |z0|.

ßêùî ðÿä ðîçáiãà¹òüñÿ â òî÷öi z0, òî âií ðîçáiãà¹òüñÿ ïðè áóäü-ÿêîìó z,

äëÿ ÿêîãî |z| > |z0|.

Íåâiä'¹ìíå ÷èñëî R, õàðàêòåðíå òèì, ùî ïðè âñiõ z, äëÿ ÿêèõ |z| < R, ðÿä
+∞∑
n=0

anz
n çáiãà¹òüñÿ, à äëÿ âñiõ z, äëÿ ÿêèõ |z| > R, ðÿä

+∞∑
n=0

anz
n ðîçáiãà¹òüñÿ,

íàçèâà¹òüñÿ ðàäióñîì çáiæíîñòi öüîãî ðÿäó.

ßêùî ðÿä çáiãà¹òüñÿ äëÿ êîæíîãî z ∈ C, òî R = +∞.

Ìíîæèíà òî÷îê z, äëÿ ÿêèõ |z| < R, íàçèâà¹òüñÿ êðóãîì çáiæíîñòi

ðÿäó
+∞∑
n=0

anz
n.

ßêùî R = 0, òî êðóã çáiæíîñòi âèðîäæó¹òüñÿ â òî÷êó, ÿêùî R = +∞, òî

êðóã çáiæíîñòi çáiãà¹òüñÿ ç óñi¹þ êîìïëåêñíîþ ïëîùèíîþ.

ßêùî âñi (àáî ïî÷èíàþ÷è ç äåÿêîãî) êîåôiöi¹íòè an 6= 0, òî ðàäióñ çái-

æíîñòi ñòåïåíåâîãî ðÿäó
+∞∑
n=0

anz
n øóêàþòü çà îäíi¹þ iç ôîðìóë:

R = lim
n→+∞

∣∣∣ an
an+1

∣∣∣ àáî R =
1

lim
n→+∞

n
√
|an|

,

ïðè óìîâi, ùî òàêi ãðàíèöi iñíóþòü.

Çàóâàæèìî, ùî ó âèïàäêó, êîëè 0 < R < +∞, äëÿ äîñëiäæåííÿ çáiæíîñòi

ðÿäó
+∞∑
n=0

anz
n íà ìåæi {z : |z| < R} ïîòðiáíi äîäàòêîâi äîñëiäæåííÿ âiäïî-

âiäíèõ ÷èñëîâèõ ðÿäiâ ç êîìïëåêñíèìè åëåìåíòàìè.

Âïðàâè

1. Çíàéòè ðàäióñ çáiæíîñòi ñòåïåíåâèõ ðÿäiâ:
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1)
+∞∑
n=0

(z + 3)n

3n
, 2)

+∞∑
n=0

( n+ 1

2n+ 3

)n
zn,

3)
+∞∑
n=1

n3zn, 4)
+∞∑
n=0

2n(1 + i)3n

(n+ 1)(n+ 2)
(z + i)n,

5)
+∞∑
n=1

(z − i)n

n2
, 6)

+∞∑
n=1

(n+ 1)

3n
z5n,

7)
+∞∑
n=1

((
1− 1

n

)n
arctg e−n

)
zn, 8)

+∞∑
n=1

(kn)!

n!(n+ 1)! . . . (n+ k − 1)!
zn,

9)
+∞∑
n=1

(1− i
2

)n
z2n, 10)

+∞∑
n=0

(2 + i
√

5)n

(3− i
√

7)2n
z3n.

2. Çíàéòè êðóã çáiæíîñòi ñòåïåíåâèõ ðÿäiâ:

1)
+∞∑
n=1

(n2 + 3

n2 + 5

)n3
(z + i+ 1)n, 2)

+∞∑
n=1

(z + 1− i)n

n!
,

3)
+∞∑
n=0

(2z)n!, 4)
+∞∑
n=0

(2 + (−1)n)zn,

5)
+∞∑
n=1

i
(n+ 1

n+ 3

)n2
zn, 6)

+∞∑
n=1

(2n + i3n)(z − 2i)n,

7)
+∞∑
n=1

n
(

cos
1

n

)2n
(z + i)n, 8)

+∞∑
n=0

(z + 1 + i)n

(3 + (−1)n · 4)n
,

9)
+∞∑
n=1

(1 + nn · i)(z − i)nn, 10)
+∞∑
n=1

(
ln cos

1

3n

)
(z − 2i)n.

3. Çíàéòè îáëàñòü çáiæíîñòi ñòåïåíåâèõ ðÿäiâ:

1)
+∞∑
n=1

(z + 2)n

n2
, 2)

+∞∑
n=1

z3n

9n
,

3)
+∞∑
n=1

(−1)nzn

n+ 1
, 4)

+∞∑
n=1

(2n)!!

(2n+ 1)!!
zn+1,

5)
+∞∑
n=1

zn

n
√
n
, 6)

+∞∑
n=1

(2n)!

(n!)2
zn,

7)
+∞∑
n=1

(−1)n
z2n−1

(2n− 1)!
, 8)

+∞∑
n=1

n!

n3n
z2n−1,
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9)
+∞∑
n=1

(3n)!(−1)n

(2n)! · n!
zn, 10)

+∞∑
n=2

zn

n ln2 n
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.7. Îñêiëüêè

lim
n→+∞

n
√
|an| = lim

n→+∞
n

√(
1− 1

n

)n
arctg e−n = lim

n→+∞

(
1− 1

n

)(
arctg e−n

) 1
n

=

= lim
n→+∞

(
arctg e−n

) 1
n

= lim
n→+∞

e
ln arctg e−n

n = lim
n→+∞

e
1
n ln arctg e−n

e−n e−n =

= lim
n→+∞

e
1
n ·ln e

−n
= e−1,

òî R =
1

lim
n→+∞

n
√
|an|

=
1

e−1
= e � ðàäióñ çáiæíîñòi ñòåïåíåâîãî ðÿäó. I

2.6. Äëÿ ðÿäó
+∞∑
n=1

(2n + i3n)(z − 2i)n øóêà¹ìî ðàäióñ çáiæíîñòi ñòåïåíåâî-

ãî ðÿäó

R = lim
n→+∞

∣∣∣ 2n + i3n

2n+1 + i3n+1

∣∣∣ = lim
n→+∞

∣∣∣ 3n
((

2
3

)n
+ i
)

3n
((

2
3

)n
· 2 + i · 3

)∣∣∣ =

= lim
n→+∞

∣∣∣
(
2
3

)n
+ i(

2
3

)n
· 2 + 3i

∣∣∣ =
1

3
.

Îòæå, R =
1

3
i
{
z : |z − 2i| < 1

3

}
� êðóã çáiæíîñòi çàäàíîãî ñòåïåíåâîãî

ðÿäó. I

3.3. Çíàéäåìî ðàäióñ çáiæíîñòi ñòåïåíåâîãî ðÿäó:

R = lim
n→+∞

∣∣∣ an
an+1

∣∣∣ = lim
n→+∞

∣∣∣(−1)n

n+ 1
· n+ 2

(−1)n+1

∣∣∣ = lim
n→+∞

n+ 2

n+ 1
= 1.

Îòæå, ðÿä
+∞∑
n=0

(−1)nzn

n+ 1
çáiæíèé àáñîëþòíî â êðóçi

{
z : |z| < 1

}
.

Äîñëiäèìî çàäàíèé ðÿä íà ìåæi îáëàñòi
{
z : |z| = 1

}
.

ßêùî z = −1, òî
+∞∑
n=0

1

n+ 1
� ðîçáiãà¹òüñÿ, ÿê ãàðìîíi÷íèé.
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ßêùî z 6= −1, òî âèêîðèñòîâóþ÷è òðèãîíîìåòðè÷íó ôîðìó ÷èñëà z, íàø

ðÿä äëÿ òàêèõ z çàïèøåòüñÿ ó âèãëÿäi

+∞∑
n=0

(−1)n(cosnα + i sinnα)

n+ 1
=

+∞∑
n=0

(−1)n cosnα

n+ 1
+ i

+∞∑
n=0

(−1)n sinnα

n+ 1
.

Ðÿäè
+∞∑
n=0

(−1)n cosnα

n+ 1
i

+∞∑
n=0

(−1)n sinnα

n+ 1
çáiãàþòüñÿ çà îçíàêîþ Äiðiõëå.

Îòæå, êîìïëåêñíèé ðÿä
+∞∑
n=0

(−1)n(cosnα + i sinnα)

n+ 1
¹ çáiæíèì íà ìíîæèíi{

z : |z| ≤ 1
}
\ {−1}. I

�4.3. Îñíîâíi åëåìåíòàðíi ôóíêöi¨ êîìïëåêñíî¨ çìiííî¨

Âiäîáðàæåííÿ, ÿêå êîæíîìó êîìïëåêñíîìó ÷èñëó ç ìíîæèíè Z ⊂ C

ñòàâèòü ó âiäïîâiäíiñòü ¹äèíå êîìïëåêñíå ÷èñëî, íàçèâà¹òüñÿ îäíîçíà÷íîþ

ôóíêöi¹þ êîìïëåêñíî¨ çìiííî¨, âèçíà÷åíîþ íà ìíîæèíi Z. Ïîçíà÷à¹òüñÿ

ω = f(z).

Âiäîáðàæåííÿ, ÿêå êîæíîìó êîìïëåêñíîìó ÷èñëó ç ìíîæèíè Z ⊂ C ñòà-

âèòü ó âiäïîâiäíiñòü íå ìåíøå îäíîãî êîìïëåêñíîãî ÷èñëà, íàçèâà¹òüñÿ áàãà-

òîçíà÷íîþ ôóíêöi¹þ êîìïëåêñíî¨ çìiííî¨.

Íàäàëi ìè áóäåìî ðîçãëÿäàòè òiëüêè îäíîçíà÷íi ôóíêöi¨.

Çàóâàæèìî, ùî ÿêùî ¹ ìîæëèâiñòü f(z) ïîäàòè â àëãåáðà¨÷íié ôîðìi,

òîáòî

f(z) = ϕ(x, y) + iψ(x, y),

òî çàäàííÿ ôóíêöi¨ ω = f(z) åêâiâàëåíòíî çàäàííþ äâîõ äiéñíèõ ôóíêöié

u = ϕ(x, y) i v = ψ(x, y), òîáòî f(z) = u+ iv.

Îäíi¹þ ç íàéïðîñòiøèõ ôóíêöié ¹ ñòåïåíåâà ôóíêöiÿ ω = zn, äå n ∈ N.

Çà äîïîìîãîþ ñòåïåíåâî¨ ôóíêöi¨ áóäóþòü ìíîãî÷ëåíè êîìïëåêñíî¨ çìiííî¨

Pn(z) = a0z
n + a1z

n−1 + . . .+ an,

äå a0, a1, . . . , an ∈ C, ïðè÷îìó a0 6= 0.
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Ìíîãî÷ëåíè íàçèâàþòüñÿ öiëèìè ðàöiîíàëüíèìè ôóíêöiÿìè. ×àñòêó

âiä äiëåííÿ äâîõ ìíîãî÷ëåíiâ

R(z) =
Qm(z)

Pn(z)
=
b0z

m + b1z
m−1 + . . .+ bm

a0zn + a1zn−1 + . . .+ an
,

ÿêi ââàæàþòü âçà¹ìíî ïðîñòèìè, íàçèâàþòü äðîáîâî-ðàöiîíàëüíîþ ôóí-

êöi¹þ.

Ïîêàçíèêîâîþ ôóíêöi¹þ êîìïëåêñíî¨ çìiííî¨ íàçèâà¹òüñÿ ôóíêöiÿ

f(z) = ez, äå z ∈ C.

Òðèãîíîìåòðè÷íîþ ôóíêöi¹þ êîñèíóñà êîìïëåêñíî¨ çìiííî¨ íà-

çèâà¹òüñÿ ôóíêöiÿ f(z) = cos z, z ∈ C.

Òðèãîíîìåòðè÷íîþ ôóíêöi¹þ ñèíóñà êîìïëåêñíî¨ çìiííî¨ íàçè-

âà¹òüñÿ ôóíêöiÿ f(z) = sin z, z ∈ C.

Ôóíêöi¨ tg z i ctg z ó êîìïëåêñíié ïëîùèíi âèçíà÷àþòüñÿ ôîðìóëàìè

tg z =
sin z

cos z
, ctg z =

cos z

sin z
.

Çàóâàæèìî, ùî ëîãàðèôìi÷íà ôóíêöiÿ êîìïëåêñíî¨ çìiííî¨ ¹ áàãàòîçíà-

÷íîþ ôóíêöi¹þ, òîìó ¨¨ ðîçãëÿäàòè â öié ÷àñòèíi ïîñiáíèêà íå áóäåìî.

Âèéòè çà ìåæi êëàñó ðàöiîíàëüíèõ ôóíêöié ìîæíà i çà äîïîìîãîþ ñòåïå-

íåâèõ ðÿäiâ ç êîìïëåêñíèìè çìiííèìè.

ßêùî ñòåïåíåâèé ðÿä
+∞∑
n=0

anz
n ìà¹ ðàäióñ çáiæíîñòi R > 0 àáî R = +∞

i îáëàñòü çáiæíîñòi Z, ÿêà âêëþ÷à¹ êðóã çáiæíîñòi i ìîæëèâî äåÿêi òî÷êè

ìåæi îáëàñòi, òî î÷åâèäíî, ùî íà ìíîæèíi Z ìîæíà îçíà÷èòè ôóíêöiþ f(z),

çíà÷åííÿìè ÿêî¨ â êîæíié òî÷öi z0 ∈ Z ¹ ñóìà ðÿäó
+∞∑
n=0

anz
n
0 .

Ó òàêèé ñïîñiá íà ìíîæèíi Z ìîæíà âèçíà÷èòè ôóíêöiþ

f(z) =
+∞∑
n=0

anz
n.

Âñòàíîâëåííÿ âëàñòèâîñòåé òàêèõ ôóíêöié ñòà¹ ïðîñòiøèì, ÿêùî ¨õ ìî-

æíà ïîäàòè â àëãåáðà¨÷íié ôîðìi.

Íàâåäåìî ïðåäñòàâëåííÿ îñíîâíèõ åëåìåíòàðíèõ ôóíêöié ó âèãëÿäi ðÿäó

Òåéëîðà íà âiäïîâiäíèõ ìíîæèíàõ:
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ez =
+∞∑
n=0

zn

n!
, z ∈ C,

cos z =
+∞∑
n=0

(−1)n
z2n

(2n)!
, z ∈ C,

sin z =
+∞∑
n=0

(−1)n
z2n+1

(2n+ 1)!
, z ∈ C.

Âïðàâè

1. Çíàéòè çíà÷åííÿ ôóíêöi¨ ω = ez â òî÷êàõ:

1) 2πi, 2)
πi

2
, 3)

πi

4
, 4) πi, 5) −1 +

πi

2
.

2. Ðîçâ'ÿçàòè ðiâíÿííÿ:

1) ez = 2, 2) e3z + 8i = 0,

3) e2z + 2iez + i− 1 = 0, 4) sin z =
5

3
,

5) cos z =
3i

4
, 6) cos

3 + i

4
.

3. Äîâåñòè, ùî ôóíêöi¨ cos z i sin z ïåðiîäè÷íi ç ïåðiîäîì 2π.

4. Äîâåñòè, ùî äëÿ äîâiëüíîãî êîìïëåêñíîãî ÷èñëà z ∈ C âèêîíóþòüñÿ

ðiâíîñòi:

1) cos2 z + sin2 z = 1,

2) cos 2z = cos2 z − sin2 z,

3) sin 2z = 2 cos z sin z,

4) sin z = cos
(π

2
− z
)
,

5) sin(z1 ± z2) = sin z1 cos z2 ± cos z1 sin z2,

6) cos(z1 ± z2) = cos z1 cos z2 ∓ sin z1 sin z2.

5. Çíàéòè äiéñíó i óÿâíó ÷àñòèíè, ìîäóëü i àðãóìåíò çàäàíèõ ÷èñåë

1) cos
πi

2
, 2) sin i,
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3) cos(1− i), 4) cos(2− 3i).

6. Çíàéòè ìíîæèíó òî÷îê êîìïëåêñíî¨ ïëîùèíè, ó ÿêèõ ôóíêöi¨ cos z,

sin z ïðèéìàþòü äiéñíi çíà÷åííÿ.

7. Çíàéòè ìíîæèíè òî÷îê êîìïëåêñíî¨ ïëîùèíè, ó ÿêèõ ôóíêöi¨ cos z,

sin z ïðèéìàþòü óÿâíi çíà÷åííÿ.

8. Âðàõîâóþ÷è, ùî ch z =
ez + e−z

2
i sh z =

ez − e−z

2
äîâåñòè íàñòóïíi

ôîðìóëè:

1) ch2 z − sh2 z = 1, 2) sh
(
z +

πi

2

)
= − sh z,

3) ch
(
z +

πi

2

)
= i sh z, 4) cos(iz) = ch z,

5) sh(z1 + z2) = sh z1 ch z2 + sh z2 ch z1.

9. Çíàéòè ðîçâèíåííÿ â ðÿä äàíèõ ôóíêöié êîìïëåêñíî¨ çìiííî¨ â îêîëi

òî÷êè z0 :

1) f(z) = e2z, z0 = 0, 2) f(z) = cos
z

4
, z0 = 0,

3) f(z) = sin 5z, z0 = 0, 4) f(z) = ez, z0 = 2,

5) f(z) = cos z, z0 = 1, 6) f(z) = sin z, z0 = −1,

7) f(z) = ch z, z0 = 0, 8) f(z) = sh z, z0 = 0,

9) f(z) =
2z − 5

z2 − 5z + 6
, z0 = 0, 10) f(z) =

1

1 + z
, z0 = 1.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.3. Âðàõîâóþ÷è, ùî

ez = ex+iy = ex · eiy = ex
+∞∑
n=0

(iy)n

n!
= ex

( +∞∑
n=0

(iy)2n

(2n)!
+

+∞∑
n=1

(iy)2n−1

(2n− 1)!

)
=

= ex
( +∞∑
n=0

(−1)ny2n

(2n)!
+ i

+∞∑
n=1

(−1)n−1y2n−1

(2n− 1)!

)
= ex(cos y + i sin y),

îòðèìà¹ìî ôîðìóëó ez = ex(cos y+ i sin y), ÿêà íàçèâà¹òüñÿ ôîðìóëîþ Åéëå-

ðà.
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Òîäi

e
πi
4 = e0

(
cos

π

4
+ i sin

π

4

)
=

√
2

2
+ i

√
2

2
. I

2.5. Ç ðiâíîñòåé eiy = cos y + i sin y i e−iy = cos y − i sin y îòðèìà¹ìî, ùî

cos y =
1

2

(
eiy + e−iy

)
.

Òîäi
1

2

(
eiy + e−iy

)
=

1

2

( +∞∑
n=0

(iz)n

n!
+

+∞∑
n=0

(−iz)n

n!

)
=

=
1

2

( +∞∑
n=0

(iz)n

n!
+ (−1)n

+∞∑
n=0

(iz)n

n!

)
=

+∞∑
n=0

(iz)2n

(2n)!
=

+∞∑
n=0

(−1)nz2n

(2n)!
= cos z.

Ç ðiâíîñòi cos z =
1

2

(
eiz + e−iz

)
îòðèìà¹ìî

cos z =
1

2

(
e−y(cosx+ i sinx) + ey(cosx− i sinx)

)
=

=
1

2
(ey + e−y) cosx− i

2
(ey − e−y) sinx = cosx ch y − i sinx sh y.

Çà óìîâîþ cos z =
3i

4
, òîäi îòðèìà¹ìî ñèñòåìó ðiâíÿíücosx ch y = 0,

− sinx sh y =
3

4
.

Ç ïåðøîãî ðiâíÿííÿ ìà¹ìî, ùî ch y 6= 0. Òîäi cosx = 0. Çâiäñè

x =
π

2
+ πn, n ∈ Z. Ïiäñòàâèìî öi çíà÷åííÿ â äðóãå ðiâíÿííÿ.

Îòðèìà¹ìî ðiâíÿííÿ:

− sin
(π

2
+ πn

)
sh y =

3

4
.

Çâiäñè −(−1)n sh y =
3

4
àáî sh y =

3

4
(−1)n+1, n ∈ Z.

ßêùî n = 2k, òî sh y = −3

4
àáî

ey − e−y

2
= −3

4
.

Çâiäñè ey − e−y +
3

2
= 0. Òîäi îòðèìà¹ìî ðiâíÿííÿ

2e2y + 3ey − 2 = 0.



Ïîçíà÷èìî ey = t > 0, òîäi êâàäðàòíå ðiâíÿííÿ 2t2 + 3t − 2 = 0 ìà¹ äâà

ðîçâ'ÿçêè t1 = −2, t2 =
1

2
. Îòðèìà¹ìî ey =

1

2
, y = ln

1

2
.

ßêùî n = 2k + 1, òî sh y =
3

4
. Çâiäñè ey − e−y − 3

2
= 0. Òîäi îòðèìà¹ìî

ðiâíÿííÿ 2e2y − 3ey − 2 = 0.

Çíîâó ïîçíà÷èìî ey = t > 0, òîäi êâàäðàòíå ðiâíÿííÿ 2t2− 3t− 2 = 0 ìà¹

äâà ðîçâ'ÿçêè t1 = 2, t2 = −1

2
. Îòðèìà¹ìî ey = 2, y = ln 2.

Îòæå, ìíîæèíîþ ðîçâ'ÿçêiâ çàäàíîãî ðiâíÿííÿ ¹{π
2

+ πn+ i(−1)n−1 ln 2
}
, n ∈ Z. I

5.3. Âðàõîâóþ÷è, ùî cos(1− i) = cos 1 ch 1 + i sin 1 sh 1, ìà¹ìî, ùî

Re cos(1− i) = cos 1 ch 1 � äiéñíà ÷àñòèíà,

Im cos(1− i) = sin 1 sh 1 � óÿâíà ÷àñòèíà.

Çíàéäåìî ìîäóëü ÷èñëà cos(1− i) :

| cos(1− i)| =
√

cos2 1 ch2 1 + sin2 1 sh2 1.

Òîäi äëÿ ãîëîâíîãî çíà÷åííÿ àðãóìåíòà êîìïëåêñíîãî ÷èñëà ìà¹ìî:

arg cos(1− i) = arctg
sin 1 sh 1

cos 1 ch 1
= arctg(tg 1 · th 1). I

9.9. Ðîçêëàäåìî äðiá
2z − 5

z2 − 5z + 6
íà ïðîñòi äðîáè:

2z − 5

z2 − 5z + 6
=

A

z − 2
+

B

z − 3
=
Az − 3A+Bz − 2B

z2 − 5z + 6
,

A+B = 2,

−3A− 2B = −5,

A = 1,

B = 1.

Òîäi f(z) =
1

z − 2
+

1

z − 3
. Çâiäñè

f(z) = −1

2
· 1

1− z
2

− 1

3
· 1

1− z
3

.

Îñêiëüêè
1

1− z
=

+∞∑
n=0

zn, |z| < 1, òî

f(z) = −1

2

+∞∑
n=0

(z
2

)n
− 1

3

+∞∑
n=0

(z
3

)n
= −

+∞∑
n=0

( 1

2n+1
+

1

3n+1

)
zn,



134 ÐÎÇÄIË V. Ðÿäè Ôóð'¹. Iíòåãðàë Ôóð'¹

äå |z| < 2. I

ÐÎÇÄIË V. Ðÿäè Ôóð'¹. Iíòåãðàë Ôóð'¹

�5.1. Îðòîãîíàëüíà ñèñòåìà ôóíêöié. Òðèãîíîìåòðè÷íi ðÿäè

Ôóð'¹

Äâi ôóíêöi¨ ϕ(x) òà ψ(x), âèçíà÷åíi íà âiäðiçêó [a; b], íàçèâàþòüñÿ îð-

òîãîíàëüíèìè íà öüîìó âiäðiçêó, ÿêùî
b∫

a

ϕ(x)ψ(x)dx = 0.

Ðîçãëÿíåìî ñèñòåìó ôóíêöié {ϕn(x)}, âèçíà÷åíèõ íà âiäðiçêó [a; b] òà ií-

òåãðîâíèõ íà íüîìó ðàçîì çi ñâî¨ì êâàäðàòîì.

Ñèñòåìà ôóíêöié {ϕn(x)} íàçèâà¹òüñÿ îðòîãîíàëüíîþ, ÿêùî áóäü-ÿêi

äâi ôóíêöi¨ ç öi¹¨ ñèñòåìè ¹ ïîïàðíî îðòîãîíàëüíèìè, òîáòî
b∫

a

ϕn(x)ϕm(x)dx = 0, (n,m = 0, 1, 2, . . .),

ïðè öüîìó áóäåìî ââàæàòè, ùî äëÿ äîâiëüíî¨ ôóíêöi¨ ϕn(x) ç îðòîãîíàëüíî¨

ñèñòåìè âèêîíó¹òüñÿ óìîâà
b∫

a

ϕ2
n(x)dx = λn > 0.

ßêùî λn = 1, (n = 0, 1, 2, . . .), òî ñèñòåìà ôóíêöié {ϕn(x)} íàçèâà¹òüñÿ

íîðìàëüíîþ. ßêùî öÿ óìîâà íå âèêîíó¹òüñÿ, òî ìîæíà ïåðåéòè äî ñèñòåìè{ϕn(x)√
λn

}
, ÿêà âæå áóäå íîðìàëüíîþ.
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Ïðèêëàäîì îðòîãîíàëüíî¨ ñèñòåìè ¹ ñèñòåìà òðèãîíîìåòðè÷íèõ ôóíêöié

{1, cosx, sinx, cos 2x, sin 2x, . . . , cosnx, sinnx, . . .} íà âiäðiçêó [−π; π].

Íåõàé íà âiäðiçêó [a; b] çàäàíà äîâiëüíà îðòîãîíàëüíà ñèñòåìà ôóíêöié

{ϕn(x)}. Ôóíêöiÿ f(x), âèçíà÷åíà íà âiäðiçêó [a; b], ðîçêëàäà¹òüñÿ çà ôóí-

êöiÿìè ϕn(x) â ðÿä âèäó

f(x) = c0ϕ0(x) + c1ϕ1(x) + . . .+ cnϕn(x) + . . . ,

êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ ç ðiâíîñòåé

cn =
1

λn

b∫
a

f(x)ϕn(x)dx, (n = 0, 1, 2, . . .).

Ðÿä
+∞∑
n=0

cnϕn(x) ç êîåôiöi¹íòàìè cn íàçèâà¹òüñÿ óçàãàëüíåíèì ðÿäîì

Ôóð'¹ çàäàíî¨ ôóíêöi¨, à ñàìi êîåôiöi¹íòè ¨¨ óçàãàëüíåíèìè êîåôiöi¹í-

òàìè Ôóð'¹ âiäíîñíî ñèñòåìè {ϕn(x)}.

Çàóâàæèìî, ùî óçàãàëüíåíèé ðÿä Ôóð'¹, ïîáóäîâàíèé äëÿ ôóíêöi¨ f(x),

ïîâ'ÿçàíèé ç íåþ ëèøå ôîðìàëüíî. Â çàãàëüíîìó âèïàäêó çâ'ÿçîê ôóíêöi¨

f(x) ç ¨¨ óçàãàëüíåíèì ðÿäîì ïîçíà÷àþòü f(x) ∼
+∞∑
n=0

cnϕn(x). Çáiæíiñòü ðÿäó

äî ôóíêöi¨ f(x) ïîòðåáó¹ äîäàòêîâîãî äîñëiäæåííÿ.

Òðèãîíîìåòðè÷íèì ðÿäîì íàçèâà¹òüñÿ ôóíêöiîíàëüíèé ðÿä âèäó

a0
2

+
+∞∑
n=1

an cosnx+ bn sinnx,

äå a0, an, bn, n ∈ N � çàäàíi äiéñíi ÷èñëà, ÿêi íàçèâàþòüñÿ êîåôiöi¹íòàìè

öüîãî ðÿäó.

ßêùî òðèãîíîìåòðè÷íèé ðÿä ðiâíîìiðíî çáiãà¹òüñÿ äî ôóíêöi¨ f(x) íà

âiäðiçêó [−π; π], òî çíà÷åííÿ

a0 =
1

π

π∫
−π

f(x)dx, an =
1

π

π∫
−π

f(x) cosnxdx,

bn =
1

π

π∫
−π

f(x) sinnxdx, n ∈ N,
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íàçèâàþòüñÿ êîåôiöi¹íòàìè Ôóð'¹ ôóíêöi¨ f(x), iíòåãðîâíî¨ íà âiäðiçêó

[−π; π]. Ó òàêîìó ðàçi òðèãîíîìåòðè÷íèé ðÿä íàçèâà¹òüñÿ òðèãîíîìåòðè-

÷íèì ðÿäîì Ôóð'¹ ôóíêöi¨ f(x) i ïîçíà÷àþòü

f(x) ∼ a0
2

+
+∞∑
n=1

an cosnx+ bn sinnx.

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ ôóíêöi¹þ, ùî çàäîâîëüíÿ¹ óìîâè Äiðiõëå íà

âiäðiçêó [a; b], ÿêùî âîíà íà öüîìó âiäðiçêó:

1) ìà¹ ñêií÷åííó êiëüêiñòü òî÷îê ðîçðèâó I ðîäó,

2) ìà¹ ñêií÷åííó êiëüêiñòü òî÷îê åêñòðåìóìó.

Òåîðåìà 1. Ðÿä Ôóð'¹ êóñêîâî-ãëàäêî¨ íà âiäðiçêó [−π; π] ôóíêöi¨ f(x),

ùî çàäîâîëüíÿ¹ óìîâàì Äiðiõëå, çáiãà¹òüñÿ â êîæíié òî÷öi x0 iíòåðâàëà

(−π; π) äî çíà÷åííÿ
f(x0 + 0) + f(x0 − 0)

2
, à â òî÷êàõ x = −π i x = π � äî

çíà÷åííÿ
f(−π + 0) + f(π − 0)

2
.

Äîñòàòíi óìîâè çáiæíîñòi òà ðiâíîìiðíî¨ çáiæíîñòi ðÿäó

Ôóð'¹. Íåõàé ôóíêöiÿ f(x) ¹ 2π -ïåðiîäè÷íîþ i f(x0)=
f(x0 + 0) + f(x0 − 0)

2
äëÿ äîâiëüíîãî x0 ∈ R. Òîäi ðÿä Ôóð'¹ öi¹¨ ôóíêöi¨ çáiãà¹òüñÿ íà ìíîæèíi

X ⊂ [−π; π] äî ôóíêöi¨ f(x), ÿêùî âèêîíó¹òüñÿ ïðèíàéìíi îäíà ç óìîâ:

1) äëÿ äîâiëüíîãî x ∈ X iñíóþòü

f ′(x0 + 0) = lim
x→x0+0

f(x)− f(x0 + 0)

x− x0
6=∞

i

f ′(x0 − 0) = lim
x→x0−0

f(x)− f(x0 − 0)

x− x0
6=∞,

çîêðåìà ôóíêöiÿ f(x) äèôåðåíöiéîâíà íà ìíîæèíi X,

2) äëÿ äîâiëüíîãî x0 ∈ X iñíóþòü ÷èñëà h > 0, H > 0 òà 0 < α ≤ 1

òàêi, ùî

|f(x0 ± t)− f(x0 ± 0)| ≤ Htα, t ∈ [0;h],

3) äëÿ äîâiëüíîãî x0 ∈ X iñíó¹ ÷èñëî h > 0 òàêå, ùî ôóíêöiÿ f(x) ¹

ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ íà âiäðiçêó [x0 − h;x0 + h].



� 5.1. Îðòîãîíàëüíà ñèñòåìà ôóíêöié. Òðèãîíîìåòðè÷íi ðÿäè Ôóð'¹ 137

ßêùî, êðiì òîãî, X = [−π; π], ôóíêöiÿ f(x) íåïåðåðâíà íà ìíîæèíi X i

â óìîâi 1) ïîõiäíi f ′(x− 0) i f ′(x+ 0) îáìåæåíi íà öié ìíîæèíi, à â óìîâi 2)

÷èñëà h,H i α íå çàëåæàòü âiä x0, òî âèêîíàííÿ õî÷à á îäíi¹¨ ç óìîâ 1)-3)

çàáåçïå÷ó¹ ðiâíîìiðíó çáiæíiñòü ðÿäó Ôóð'¹ äî ôóíêöi¨ f(x) íà iíòåðâàëi

(−∞;∞).

Òåîðåìà 2 (ïðî ïî÷ëåííå iíòåãðóâàííÿ ðÿäó Ôóð'¹). Íåõàé

2π -ïåðiîäè÷íà ôóíêöiÿ f(x) iíòåãðîâíà íà âiäðiçêó [−π; π], à ðÿä

a0
2

+
+∞∑
n=1

an cosnx+ bn sinnx

¹ ðÿäîì Ôóð'¹ öi¹¨ ôóíêöi¨. Òîäi äëÿ äîâiëüíîãî âiäðiçêà [a; b] ⊂ [−π; π] âèêî-

íó¹òüñÿ ðiâíiñòü:

b∫
a

f(x)dx =

b∫
a

a0
2
dx+

+∞∑
n=1

b∫
a

(an cosnx+ bn sinnx)dx.

Çîêðåìà, ÿêùî F (x) =

x∫
0

(
f(t)− a0

2

)
dt, òî

F (x) =
+∞∑
n=1

bn
n

+
+∞∑
n=1

(an
n

sinnx− bn
n

cosnx
)
,

äå x ∈ [−π; π], i îñòàííié ðÿä ¹ ðÿäîì Ôóð'¹ äëÿ ôóíêöi¨ F (x).

Äëÿ êîåôiöi¹íòiâ Ôóð'¹ 2π -ïåðiîäè÷íî¨ ôóíêöi¨ f(x) ñïðàâåäëèâà íåðiâ-

íiñòü

a20
2

+
+∞∑
n=1

(a2n + b2n) ≤
1

π

π∫
−π

f 2(x)dx,

ÿêà íàçèâà¹òüñÿ íåðiâíiñòþ Áåññåëÿ, à ðiâíiñòü

a20
2

+
+∞∑
n=1

(a2n + b2n) =
1

π

π∫
−π

f 2(x)dx

íàçèâà¹òüñÿ ðiâíiñòþ Ïàðñåâàëÿ-Ñò¹êëîâà.
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ßêùî ôóíêöiÿ f(x) ¹ ïàðíîþ, òîáòî f(x) = f(−x), −π ≤ x ≤ π, òî âñi ¨¨

êîåôiöi¹íòè Ôóð'¹ bn = 0, (n = 1, 2, . . .), à êîåôiöi¹íòè a0, an îá÷èñëþþòüñÿ

çà ôîðìóëàìè:

a0 =
2

π

π∫
0

f(x)dx, an =
2

π

π∫
0

f(x) cosnxdx, n ∈ N.

Ðÿä Ôóð'¹ â òàêîìó âèïàäêó äëÿ ôóíêöi¨ f(x) ìà¹ âèãëÿä

f(x) ∼ a0
2

+
+∞∑
n=1

an cosnx,

òîáòî ïàðíà ôóíêöiÿ f(x) ðîçâèâà¹òüñÿ â ðÿä Ôóð'¹ çà êîñèíóñàìè êðàòíèõ

äóã.

ßêùî ôóíêöiÿ f(x) � íåïàðíà, òîáòî f(−x) = −f(x), −π ≤ x ≤ π, òî âñi

¨¨ êîåôiöi¹íòè Ôóð'¹ an = 0, (n = 0, 1, 2, . . .), à êîåôiöi¹íòè bn îá÷èñëþþòüñÿ

çà ôîðìóëàìè:

bn =
2

π

π∫
0

f(x) sinnxdx, n ∈ N.

Ðÿä Ôóð'¹ â òàêîìó âèïàäêó äëÿ ôóíêöi¨ f(x) ìà¹ âèãëÿä

f(x) ∼
+∞∑
n=1

bn sinnx,

òîáòî íåïàðíà ôóíêöiÿ f(x) ðîçâèâà¹òüñÿ â ðÿä Ôóð'¹ çà ñèíóñàìè êðàòíèõ

äóã.

Çàóâàæèìî, ùî ôîðìóëè äëÿ îá÷èñëåííÿ êîåôiöi¹íòiâ Ôóð'¹ ìîæíà çà-

ñòîñóâàòè äî áóäü-ÿêî¨ ôóíêöi¨ f(x), çàäàíî¨ íà âiäðiçêó [x0;x0 + 2π], íå

îáîâ'ÿçêîâî ïåðiîäè÷íî¨. ßêùî äëÿ íå¨ âèêîíàíi óìîâè òåîðåìè 1 íà âiäðiçêó

[x0;x0 + 2π], òî ðÿä Ôóð'¹ çáiãà¹òüñÿ. Îäíàê, ñëiä ïàì'ÿòàòè, ùî òðèãîíîìå-

òðè÷íèé ðÿä Ôóð'¹ çáiãà¹òüñÿ äî ôóíêöi¨ f(x) òiëüêè íà îñíîâíîìó ïðîìiæêó

[x0;x0 + 2π].
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ßêùî ôóíêöiÿ f(x) ¹ 2l-ïåðiîäè÷íîþ, òî ôóíêöiÿ ϕ(y) = f
(ly
π

)
áóäå

2π -ïåðiîäè÷íîþ. Çàñòîñóâàâøè äî ôóíêöi¨ ϕ íàâåäåíi âèùå ìiðêóâàííÿ, ìî-

æíà äiñòàòè ðîçâèíåííÿ ôóíêöi¨ f(x) â óçàãàëüíåíèé ðÿä Ôóð'¹:

f(x) ∼ a0
2

+
+∞∑
n=1

an cos
nπx

l
+ bn sin

nπx

l
,

äå

a0 =
1

l

l∫
−l

f(x)dx, an =
1

l

l∫
−l

f(x) cos
nπx

l
dx,

bn =
1

l

l∫
−l

f(x) sin
nπx

l
dx, n ∈ N.

Ó âèïàäêó ïàðíî¨ ôóíêöi¨ f(x) ðÿä i êîåôiöi¹íòè Ôóð'¹ an ìàþòü âèãëÿä

f(x) ∼ a0
2

+
+∞∑
n=1

an cos
nπx

l
, an =

2

l

l∫
0

f(x) cos
nπx

l
dx, (n = 0, 1, 2, . . .),

òîáòî ïàðíà ôóíêöiÿ ðîçâèâà¹òüñÿ â ðÿä Ôóð'¹ òiëüêè çà êîñèíóñàìè êðàòíèõ

äóã
πx

l
.

Äëÿ íåïàðíî¨ ôóíêöi¨ f(x) ðÿä Ôóð'¹ i êîåôiöi¹íòè bn ìàþòü âèãëÿä

f(x) ∼
+∞∑
n=1

bn sin
nπx

l
, bn =

2

l

l∫
0

f(x) sin
nπx

l
dx, (n = 1, 2, . . .),

òîáòî íåïàðíà ôóíêöiÿ ðîçâèâà¹òüñÿ â ðÿä Ôóð'¹ òiëüêè çà ñèíóñàìè êðàòíèõ

äóã
πx

l
.

Ôóíêöiþ f(x), çàäàíó íà ïðîìiæêó [0; l], ìîæíà ðîçâèíóòè â òðèãîíîìå-

òðè÷íèé ðÿä òiëüêè çà ñèíóñàìè àáî òiëüêè çà êîñèíóñàìè êðàòíèõ äóã. Ùîá

îòðèìàòè ðÿä çà êîñèíóñàìè, ôóíêöiþ f(x) ïðîäîâæóþòü íà ïðîìiæîê [−l; 0]

òàê, ùîá îòðèìàòè ïàðíó ôóíêöiþ i êîåôiöi¹íòè an, (n = 0, 1, 2, . . .), îá÷è-

ñëþþòüñÿ çà âèùåíàâåäåíèìè ôîðìóëàìè. Äëÿ îòðèìàííÿ ðÿäó Ôóð'¹ òiëüêè

çà ñèíóñàìè êðàòíèõ äóã ôóíêöiþ f(x) ïðîäîâæóþòü íà âiäðiçîê [−l; 0] íå-

ïàðíèì ÷èíîì, òîäi êîåôiöi¹íòè bn =
2

l

l∫
0

f(x) sin
nπx

l
dx, (n = 1, 2, . . .).
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Ðîçãëÿíåìî òåïåð ñèñòåìó êîìïëåêñíîçíà÷íèõ ôóíêöié ψn(x) = einx,

(n = 0, 1, 2, . . .), îðòîãîíàëüíó íà âiäðiçêó [−π; π].

Ðÿä Ôóð'¹ äëÿ 2π -ïåðiîäè÷íî¨ ôóíêöi¨ f(x) â êîìïëåêñíié ôîðìi ìà¹

âèãëÿä

f(x) ∼
+∞∑
−∞

cne
inx,

êîåôiöi¹íòè ÿêîãî îá÷èñëþþòüñÿ çà ôîðìóëàìè:

cn =
1

2π

π∫
−π

f(x)e−inxdx, (n = 0,±1,±2, . . .).

Àíàëîãi÷íî ñèñòåìà êîìïëåêñíîçíà÷íèõ ôóíêöié

Ψn(x) = e
inπx
l , (n = 0,±1,±2, . . .)

¹ îðòîãîíàëüíîþ ñèñòåìîþ íà âiäðiçêó [−l; l]. Ðÿä Ôóð'¹ 2l-ïåðiîäè÷íî¨ ôóí-

êöi¨ f(x) â êîìïëåêñíié ôîðìi çà öi¹þ ñèñòåìîþ ôóíêöié ìà¹ âèãëÿä

f(x) ∼
+∞∑
−∞

cne
inπx
l ,

äå êîåôiöi¹íòè cn îá÷èñëþþòüñÿ çà ôîðìóëàìè:

cn =
1

2l

l∫
−l

f(x)e−
inπx
l dx, (n = 0,±1,±2, . . .).

ßêùî ðîçãëÿäàòè äîâiëüíó îðòîãîíàëüíó ñèñòåìó ôóíêöié, òî íåðiâíiñòü

Áåññåëÿ äëÿ êîåôiöi¹íòiâ Ôóð'¹ iíòåãðîâíî¨ ç êâàäðàòîì ôóíêöi¨ f(x) ìà¹

âèãëÿä
+∞∑
n=1

c2n

b∫
a

ϕ2
n(x)dx ≤

b∫
a

f 2(x)dx,

à ðiâíiñòü Ïàðñåâàëÿ-Ñò¹êëîâà

+∞∑
n=1

c2n

b∫
a

ϕ2
n(x)dx =

b∫
a

f 2(x)dx.

Çîêðåìà, ÿêùî äëÿ êîåôiöi¹íòiâ cn îðòîãîíàëüíî¨ ñèñòåìè ôóíêöié {ϕn}

íà [a; b] i ôóíêöi¨ f(x), iíòåãðîâíî¨ ç êâàäðàòîì íà [a; b], âèêîíó¹òüñÿ ðiâíiñòü
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Ïàðñåâàëÿ-Ñò¹êëîâà, òî òàêà îðòîãîíàëüíà ñèñòåìà íàçèâà¹òüñÿ çàìêíåíîþ

íà [a; b].

Âïðàâè

1. Ïîêàçàòè, ùî çàäàíi ñèñòåìè ôóíêöié ¹ îðòîãîíàëüíèìè íà âêàçàíèõ

âiäðiçêàõ:

1) sin
πx

l
, sin

2πx

l
, . . . , sin

nπx

l
, . . . , x ∈ [a; a+ l], a ∈ R,

2)
1

2
cos

2πx

b− a
, sin

2πx

b− a
, . . . , sin

nπx

b− a
, . . . , x ∈ [a; b],

3) 1, cosx, cos 2x, . . . , cosnx, . . . , x ∈ (0;π),

4) sinx, sin 2x, . . . , sinnx, . . . , x ∈ (0;π),

5) Tn(x) =
1

2n−1
cos(n arccosx), (n = 0, 1, 2, . . .), x ∈ [−1; 1],

6) Ln(x) =
ex

n!

dn(xne−x)

dxn
, (n = 0, 1, 2, . . .), x ∈ (0; +∞),

7) Hn(x) =
e
x2

2

n!

dn(a
x2

2 )

dxn
, (n = 0, 1, 2, . . .), x ∈ (0; +∞).

2. Äëÿ çàäàíî¨ ôóíêöi¨ f(x) çíàéòè ¨¨ ðÿä Ôóð'¹ òà âêàçàòè, äå âií çáiãà-

¹òüñÿ äî f(x) :

1) f(x) = sin ax, 2) f(x) = cos ax,

3) f(x) = |x|, 4) f(x) = sgn(cosx),

5) f(x) = sin4 x, 6) f(x) = sgnx,

7) f(x) = eax, a 6= 0, 8) f(x) = | cosx|,

9) f(x) = arcsin(cos x), 10) f(x) = | sinx|.

3. Ðîçâèíóòè ó ðÿä Ôóð'¹ ó âêàçàíîìó ïðîìiæêó ôóíêöi¨:

1) f(x) =
π − x

2
, x ∈ (0; 2π), 2) f(x) =

0, ÿêùî − 1 < x < 0,

x, ÿêùî 0 ≤ x < 1,
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3) f(x) = π2 − x2, x ∈ (−π; π), 4) f(x) =


x+ 1, ÿêùî 0 ≤ x ≤ 1,

2, ÿêùî 1 < x < 2,

4− x, ÿêùî 2 ≤ x ≤ 3,

5) f(x) = x
(π

2
− x
)
, x ∈

[
0;
π

2

]
, 6) f(x) = ex, x ∈ (−2; 2),

7) f(x) = sh ax, x ∈ (π; π), 8) f(x) =


a, ÿêùî − π

2
< x <

π

2
,

b, ÿêùî
π

2
≤ x <

3

2
π,

9) f(x)=

1+x, ÿêùî − 1≤x<0,

1−x, ÿêùî 0≤x≤1,
10) f(x) =

1, ÿêùî 0 ≤ x ≤ 1,

2− x, ÿêùî 1 < x ≤ 2.

4. Âèêîðèñòîâóþ÷è ðîçâèíåííÿ â ðÿä Ôóð'¹ ôóíêöi¨ f(x) = sgnx,

0 < x < π i ïðîäîâæèâøè ¨¨ ïåðiîäè÷íî íà âñþ ìíîæèíó äiéñíèõ ÷èñåë,

äîâåñòè, ùî:

1)
+∞∑
n=1

1

n2
=
π2

6
, 2)

+∞∑
n=1

1

(2n− 1)2
=
π2

8
,

3)
+∞∑
n=1

(−1)n

2n− 1
=
π

4
, 4)

+∞∑
n=1

cos(2n+ 1)x

(2n+ 2)2
=
π

2
− 4

π
, 0 ≤ x ≤ π.

5. Ðîçâèíóòè â ðÿä Ôóð'¹ ôóíêöi¨:

1) f(x) = 2x, x ∈ (0;π), çà ñèíóñàìè êðàòíèõ äóã,

2) f(x) = x2, x ∈ (0;π), çà êîñèíóñàìè i çà ñèíóñàìè êðàòíèõ äóã,

3) f(x) = x sinx, x ∈ [0;π], çà ñèíóñàìè êðàòíèõ äóã,

4) f(x) =

1, ÿêùî 0 ≤ x ≤ 1,

2− x, ÿêùî 1 < x ≤ 2,
çà ñèíóñàìè i êîñèíóñàìè êðàòíèõ äóã,

5) f(x) =
π − 2x

4
, x ∈ (0;π), çà ñèíóñàìè i êîñèíóñàìè êðàòíèõ äóã.
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6. Çàïèñàòè ðiâíiñòü Ïàðñåâàëÿ-Ñò¹êëîâà äëÿ çàäàíî¨ ôóíêöi¨

f(x) =

1, ÿêùî |x| ≤ α,

0, ÿêùî α< |x|≤π,
òà çíàéòè ñóìè ðÿäiâ

+∞∑
n=1

sin2 αn

n2
i
+∞∑
n=1

cos2 αn

n2
.

7. Çíàþ÷è êîåôiöi¹íòè Ôóð'¹ an i bn, (n = 0, 1, 2, . . .), iíòåãðîâíî¨ ôóí-

êöi¨ f(x) ïåðiîäó 2π, îá÷èñëèòè êîåôiöi¹íòè Ôóð'¹ An, Bn, (n = 0, 1, 2, . . .),

ôóíêöi¨ Ñò¹êëîâà

fn(x) =
1

2h

x+h∫
x−h

f(ξ)dξ.

8.Íåõàé f(x) � íåïåðåðâíà ôóíêöiÿ ç ïåðiîäîì 2π i an, bn, (n = 0, 1, 2, . . .)

� ¨¨ êîåôiöi¹íòè Ôóð'¹. Âèçíà÷èòè êîåôiöi¹íòè Ôóð'¹ An, Bn, (n = 0, 1, 2, . . .),

çãîðòêîâî¨ ôóíêöi¨

F (x) =
1

π

π∫
−π

f(t)f(x+ t)dt.

Êîðèñòóþ÷èñü îòðèìàíèì ðåçóëüòàòîì, âèâåñòè ðiâíiñòü Ïàðñåâàëÿ-Ñò¹êëî-

âà.

9. Ðîçâèíóòè ôóíêöi¨ â êîìïëåêñíèé ðÿä Ôóð'¹:

1) f(x) = ex, −π < x < π, 2) f(x) =

0, ÿêùî − 2≤x<0,

−x, ÿêùî 0 ≤ x ≤ 2,

3) f(x) =

1, ÿêùî 0≤x≤π,

−1, ÿêùî π<x≤2π,
4) f(x) =

1, ÿêùî 0 < x < 1,

−1, ÿêùî 1 < x < 3.

10. Ðîçâèíóòè ôóíêöiþ f(x) = x3, −1 < x < 1, â ðÿä Ôóð'¹ çà ìíîãî÷ëå-

íàìè ×åáèøåâà Tn =
1

2n−1
cos(n arccosx), (n = 0, 1, 2, . . .).

11. Ðîçâèíóòè ôóíêöi¨ íà ïðîìiæêó (−1; 1) â ðÿä Ôóð'¹ çà ìíîãî÷ëåíàìè

Ëåæàíäðà Ln(x) =
1

2nn!
· d

n

dxn
(x2 − 1)n, L0 = 1, n ∈ N :

1) f(x) = |x|, 2) f(x) =

0, ÿêùî − 1 < x < 0,

1, ÿêùî 0 < x < 1.
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12. Çíàþ÷è, ùî ðÿä Ôóð'¹ ôóíêöi¨ f(x) = x2, −π ≤ x ≤ π, ìà¹ âèãëÿä

x2 =
π2

3
+ 4

+∞∑
n=1

(−1)n
cosnx

n2
,

íàïèñàòè ðiâíiñòü Ïàðñåâàëÿ-Ñò¹êëîâà.

13. Ðÿä Ôóð'¹ ôóíêöi¨ f(x) =

0, ÿêùî − l < x < 0,

1, ÿêùî 0 ≤ x < l,
ìà¹ âèãëÿä

f(x) =
1

4
− 2l

π2

+∞∑
n=1

1

(2n− 1)2
cos

(2n− 1)

l
x+

l

π

+∞∑
n=1

1

n
sin

nπx

l
.

Íàïèñàòè äëÿ öüîãî ðîçêëàäó ðiâíiñòü Ïàðñåâàëÿ-Ñò¹êëîâà.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.3. Ôóíêöiÿ f(x) = |x| ¹ iíòåãðîâíîþ íà âiäðiçêó [−π; π] i ìîæíà çíàéòè

¨¨ êîåôiöi¹íòè Ôóð'¹. Îòðèìà¹ìî:

a0 =
1

π

π∫
−π

|x|dx = −1

π

0∫
−π

xdx+
1

π

π∫
0

xdx =

= −1

π
· x

2

2

∣∣∣0
−π

+
1

π
· x

2

2

∣∣∣π
0

=
π

2
+
π

2
= π,

an =
1

π

π∫
−π

|x| cosnxdx =
1

π

(
−

0∫
−π

x cosnxdx+

π∫
0

x cosnxdx
)

=

=

∣∣∣∣∣∣ U=x, dV =cosnx,

dU=dx, V =
sinnx

n

∣∣∣∣∣∣= 1

π

((
−x·sinnx

n

)∣∣∣0
−π

+
1

n

0∫
−π

sinnxdx+
(
x·sinnx

n

)∣∣∣π
0
−

−1

n

π∫
0

sinnxdx
)

=
1

πn

( 0∫
−π

sinnxdx−
π∫

0

sinnxdx
)

=

=
1

πn2

(
−cosnx

∣∣∣0
−π

+cosnx
∣∣∣π
0

)
=

1

πn2

(
−2+2(−1)n

)
=


0, n=2k,

− 4

π(2k−1)2
, n=2k−1.

Êîåôiöi¹íòè bn = 0, áî
1

π

π∫
−π

|x| sinnxdx = 0, ÿê iíòåãðàë â ñèìåòðè÷íèõ

ìåæàõ âiä íåïàðíî¨ ôóíêöi¨.
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Îòæå,

|x| ∼ π

2
− 4

π

+∞∑
k=1

1

(2k − 1)2
cos(2k − 1)x,

äå x ∈ [−π; π].

ßêùî ïîêëàñòè ϕ(x) = |x|, x ∈ [−π; π], i ϕ(x+2π) = ϕ(x) äëÿ äîâiëüíîãî

x ∈ (−∞;∞), òî ôóíêöiÿ ϕ(x) ¹ ïåðiîäè÷íîþ ç ïåðiîäîì 2π i íåïåðåðâíîþ

íà âñié äiéñíié îñi. Äëÿ ôóíêöi¨ ϕ(x) âèêîíóþòüñÿ äîñòàòíi óìîâè çáiæíîñòi

ðÿäó Ôóð'¹. Òîäi

ϕ(x) =
π

2
− 4

π

+∞∑
k=1

1

(2k − 1)2
cos(2k − 1)x, ∀x ∈ R.

Îñêiëüêè ϕ(x) = |x| ïðè x ∈ (−π; π), òî

|x| = π

2
− 4

π

+∞∑
k=1

1

(2k − 1)2
cos(2k − 1)x. I

3.4. Ôóíêöiÿ f(x) =


x+ 1, ÿêùî 0 ≤ x ≤ 1,

2, ÿêùî 1 < x < 2,

4− x, ÿêùî 2 ≤ x ≤ 3,

çàäîâîëüíÿ¹ óìîâè pî-

çâèíåííÿ ôóíêöi¨ â ðÿä Ôóð'¹ íà âiäðiçêó [0; 3]. Îòæå, ¨¨ ìîæíà ðîçêëàñòè â

ðÿä Ôóð'¹ íà öüîìó âiäðiçêó. Òîäi

f(x) =
a0
2

+
+∞∑
n=1

an cos
nπx

l
+ bn sin

nπx

l
,

äå l =
3

2
.

Çíàõîäèìî êîåôiöi¹íòè ðîçâèíåííÿ ôóíêöi¨ â ðÿä Ôóð'¹. Îòðèìà¹ìî:

a0 =
2

3

3∫
0

f(x)dx =
2

3

( 1∫
0

(x+ 1)dx+ 2

2∫
1

dx+

3∫
2

(4− x)dx
)

=

=
2

3

((x2
2

+ x
)∣∣∣1

0
+ 2x

∣∣∣2
1

+
(

4x− x2

2

)∣∣∣3
2

)
=

10

3
,

an =
2

3

3∫
0

f(x) cos
2nπx

3
dx =

2

3

( 1∫
0

(x+ 1) cos
2nπx

3
dx+ 2

2∫
1

cos
2nπx

3
dx+
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+

3∫
2

(4− x) cos
2nπx

3
dx
)

=
2

3

( 3

2nπ
(x+ 1) sin

2nπx

3

∣∣∣1
0
− 3

2nπ

1∫
0

sin
2nπx

3
dx+

+
6

2nπ
sin

2nπx

3

∣∣∣2
1

+ (4− x) · 3

2nπ
sin

2nπx

3

∣∣∣3
2

+
3

2nπ

3∫
2

sin
2nπx

3
dx
)

=

=
2

3

( 3

nπ
sin

2nπ

3
+

9

4n2π2
cos

2nπx

3

∣∣∣1
0
+

3

nπ
sin

4nπ

3
− 3

nπ
sin

2nπ

3
+

3

2nπ
sin 2nπ−

− 3

nπ
sin

4nπ

3
− 9

4n2π2
cos

2nπx

3

∣∣∣3
2

)
=

2

3

( 9

4n2π2
cos

2nπ

3
− 9

4n2π2
−

− 9

4n2π2
cos 2nπ +

9

4n2π2
cos

4nπ

3

)
=

3

2n2π2

(
cos

2nπ

3
+ cos

4nπ

3
− 2
)

=

=
3

2n2π2

(
2 cosnπ cos

nπ

3
− 2
)

=
3

n2π2

(
(−1)n · cos

nπ

3
− 1
)
.

bn =
2

3

3∫
0

f(x) sin
2nπx

3
dx =

2

3

( 1∫
0

(x+ 1) sin
2nπx

3
dx+ 2

2∫
1

sin
2nπx

3
dx+

+

3∫
2

(4− x) sin
2nπx

3
dx
)

=
2

3

( −3

2nπ
(x+ 1) cos

2nπx

3

∣∣∣1
0

+
3

2nπ

1∫
0

cos
2nπx

3
dx−

− 3

nπ
cos

2nπx

3

∣∣∣2
1
− (4− x) · 3

2nπ
cos

2nπx

3

∣∣∣3
2
− 3

2nπ

3∫
2

cos
2nπx

3
dx
)

=

=
2

3

(
− 3

nπ
cos

2nπ

3
+

3

2nπ
+

9

4n2π2
sin

2nπx

3

∣∣∣1
0
− 3

nπ
cos

4nπ

3
+

3

nπ
cos

2nπ

3
− 3

2nπ
+

+
3

nπ
cos

4nπ

3
− 9

4n2π2
sin

2nπx

3

∣∣∣3
2

)
=

3

2n2π2

(
sin

2nπ

3
+ sin

4nπ

3

)
=

=
3

2n2π2
· 2 sinnπ cos

nπ

3
= 0.

Îòæå, ðîçêëàä çàäàíî¨ ôóíêöi¨ â ðÿä Ôóð'¹ ìàòèìå âèãëÿä:

f(x) =
5

3
+

3

π2

+∞∑
n=1

1

n2

(
(−1)n cos

nπ

3
− 1
)

cos
2nπx

3
. I
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5.4. Ñïî÷àòêó ðîçêëàäåìî ôóíêöiþ f(x) =

1, ÿêùî 0 ≤ x ≤ 1,

2− x, ÿêùî 1 < x ≤ 2,
çà

êîñèíóñàìè êðàòíèõ äóã íà âiäðiçêó [0; 2]. Ðîáèìî ïàðíå ïðîäîâæåííÿ íà

[−2; 0]. Òîäi bn = 0,

a0 =

2∫
0

f(x)dx =

1∫
0

dx+

2∫
1

(2− x)dx = x
∣∣∣1
0

+
(

2x− x2

2

)∣∣∣2
1

=
3

2
.

an =

2∫
0

f(x) cosnπx dx =

1∫
0

cosnπx dx+

2∫
1

(2− x) cosnπx dx =

= −sinnπx

nπ

∣∣∣1
0

+
1

nπ
(2− x) sinnπx

∣∣∣2
1

+
1

nπ

2∫
1

sinnπx dx =

= − 1

n2π2
cosnπx

∣∣∣2
1

= − 1

n2π2

(
1− (−1)n

)
=


0, n = 2k,

−2

(2k − 1)2π2
, n = 2k − 1.

Îòæå,

f(x) =
3

4
− 2

π2

+∞∑
k=1

cos(2k − 1)πx

(2k − 1)2
, x ∈ [0; 2].

Òåïåð ðîçêëàäåìî ôóíêöiþ f(x) çà ñèíóñàìè êðàòíèõ äóã íà âiäðiçêó

[0; 2]. Ðîáèìî íåïàðíå ïðîäîâæåííÿ íà [−2; 0]. Òîäi a0 = 0, an = 0,

bn =

2∫
0

f(x) sinnπx dx =

1∫
0

sinnπx dx+

2∫
1

(2− x) sinnπx dx =

= −cosnπx

nπ

∣∣∣1
0
− 1

nπ
(2− x) cosnπx

∣∣∣2
1
− 1

nπ

2∫
1

cosnπx dx =

= − 1

nπ

(
(−1)n − 1

)
+

1

nπ
· (−1)n − 1

n2π2
sinnπx

∣∣∣2
1

=
1

nπ
.

Îòæå,

f(x) =
1

π

+∞∑
n=1

1

n
sinnπx, x ∈ [0; 2]. I
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9.4. Âèçíà÷èìî äëÿ ôóíêöi¨ f(x) =

1, ÿêùî 0 < x < 1,

−1 ÿêùî 1 < x < 3,
äîâæèíó âiä-

ðiçêà l. Ìà¹ìî 2l = 3, çâiäêè l =
3

2
. Òîäi ïîøèðèìî ôóíêöiþ f(x) íà âñþ

äiéñíó âiñü ïåðiîäè÷íèì ÷èíîì ç ïåðiîäîì T = 3.

Êîìïëåêñíi êîåôiöi¹íòè ðÿäó Ôóð'¹ îá÷èñëþ¹ìî çà ôîðìóëàìè

cn =
1

2l

2l∫
0

f(x)e−
inπx
l dx, (n = 0,±1,±2, . . .).

Â íàøîìó âèïàäêó ìà¹ìî

cn =
1

3

3∫
0

f(x)e−
2inπx

3 dx =
1

3

1∫
0

e−
2inπx

3 dx− 1

3

3∫
1

e−
2inπx

3 dx =

= − 1

2inπ
e−

2inπx
3

∣∣∣1
0

+
1

2inπ
e−

2inπx
3

∣∣∣3
1

=
1

2inπ

(
− e−

2inπ
3 + 1 + e−2inπ − e−

2inπ
3

)
=

=
1

2inπ

(
2− 2e−

2inπ
3

)
=

1− e− 2inπ
3

inπ
, n 6= 0.

c0 =
1

3

3∫
0

f(x)dx =
1

3

( 1∫
0

dx−
3∫

1

dx
)

=
1

3

(
x
∣∣∣1
0
− x
∣∣∣3
1

)
= −1

3
.

Îòæå, ðîçêëàä ôóíêöi¨ â ðÿä Ôóð'¹ â êîìïëåêñíié ôîðìi ìàòèìå âèãëÿä

f(x) = −1

3
− i

π

+∞∑
−∞

1− e− 2inπ
3

n
e−

2inπx
3 , n 6= 0.

Çàóâàæèìî, ùî çíàéäåíèé ðÿä çáiãà¹òüñÿ äî ôóíêöi¨ f(x) ïðè x ∈ (0; 1)

òà x ∈ (1; 3), à â êðàéíiõ òî÷êàõ x = 0 i x = 3 òà â òî÷öi x = 1 éîãî ñóìà

ðiâíà
1 + (−1)

2
= 0. I

10. Âðàõîâóþ÷è îçíà÷åííÿ, ìîæåìî çàïèñàòè

x3 =
+∞∑
n=0

anTn(x),

äå êîåôiöi¹íòè Ôóð'¹ an ïîòðiáíî çíàéòè. Äëÿ ¨õ îá÷èñëåííÿ ñêîðèñòà¹ìîñÿ

âëàñòèâiñòþ îðòîãîíàëüíîñòi ìíîãî÷ëåíiâ ×åáèøåâà íà iíòåðâàëi (−1; 1) ç

âàãîâîþ ôóíêöi¹þ
1√

1− x2
.
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Ïîìíîæèâøè îáèäâi ÷àñòèíè ðîçêëàäó íà âàãîâó ôóíêöiþ, îòðèìà¹ìî

x3√
1− x2

=
1√

1− x2

+∞∑
n=0

anTn(x).

Ïðîiíòåãðó¹ìî îáèäâi ÷àñòèíè ðiâíîñòi ïî x â ìåæàõ âiä −1 äî 1 :

1∫
−1

x3√
1− x2

dx =

1∫
−1

1√
1− x2

+∞∑
n=0

anTn(x)dx.

Çâiäñè îòðèìà¹ìî, ùî a0 = 0.

Äàëi, ïîìíîæèìî îáèäâi ÷àñòèíè ðîçêëàäó íà
Tn(x)√
1− x2

i ïðîiíòåãðó¹ìî ïî

ïî x â ìåæàõ âiä −1 äî 1 :

1∫
−1

x3Tn(x)√
1− x2

dx =
1

2n−1

1∫
−1

x3 cos(n arccosx)√
1− x2

dx =
πan

22n−1
.

Äëÿ îá÷èñëåííÿ iíòåãðàëà

1∫
−1

x3 cos(n arccosx)√
1− x2

dx ïðîâåäåìî ïiäñòàíîâêó

arccosx = t. Òîäi îòðèìà¹ìî

an =
2n

π

1∫
−1

x3 cos(n arccosx)√
1− x2

dx =

=

∣∣∣∣∣∣arccosx = t, dx = − sin t dt, x1 = −1, t1 = π

x = cos t,
√

1− cos2 t = sin t, x2 = 1, t1 = 0

∣∣∣∣∣∣ =

=
2n

π

π∫
0

cos3 t cosnt dt =
2n

π

π∫
0

1 + cos 2t

2
cos t cosntdt =

=
2n−1

π

π∫
0

(1 + cos 2t) · 1
2

(cos t(n+ 1) + cos t(n− 1))dt =

=
2n−2

π

π∫
0

(
cos t(n+1)+cos t(n−1)+cos 2t cos t(n+1)+cos 2t cos t(n−1)

)
dt =

=
2n−2

π

π∫
0

(
cos t(n+1)+cos t(n−1)+

1

2
cos t(3+n)+

1

2
cos t(n−1)+

1

2
cos t(n+1)+
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+
1

2
cos t(3− n)

)
dt =

2n−2

π

(sin t(n+ 1)

n+ 1
+

sin t(n− 1)

n− 1
+

1

2
· sin t(3 + n)

3 + n
+

+
1

2
· sin t(n− 1)

n− 1
+

1

2
· sin t(n+ 1)

n+ 1
+

1

2
· sin t(3− n)

3− n

)∣∣∣π
0

= 0, n 6= 1, n 6= 3.

ßêùî n = 1, òî

a1 =
2

π

π∫
0

cos3 t · cos t dt =
2

π

π∫
0

(1 + cos 2t

2

)2
dt =

=
1

2π

π∫
0

(
1 + 2 cos 2t+

1 + cos 4t

2

)
dt =

1

2π

(
t+ sin 2t+

t

2
+

1

8
sin 4t

)∣∣∣π
0

=
3

4
.

ßêùî n = 3, òî

a3 =
8

π

π∫
0

cos3 t · cos 3t dt =
8

π

π∫
0

cos3 t · cos(t+ 2t)dt =

=
8

π

π∫
0

cos3 t(cos t cos 2t− sin t sin 2t)dt =
8

π

π∫
0

cos3 t(cos t(2 cos2 t− 1)−

−2 sin2 t cos t)dt =
8

π

π∫
0

(2 cos6 t− cos4 t− 2 sin2 t cos4 t)dt =

=
8

π

π∫
0

(
2 ·
(1 + cos 2t

2

)3
−
(1 + cos 2t

2

)2
− (1− cos 2t)(1 + cos 2t)2

4

)
dt =

=
8

π

π∫
0

(1

4
(1 + 3 cos 2t+ 3 cos2 2t+ cos3 2t)− 1

4
(1 + 2 cos 2t+ cos2 2t)−

−1

4
(1− cos2 2t+ cos 2t− cos3 2t)

)
dt =

2

π

π∫
0

(−1 + 3 cos2 2t+ 2 cos3 t)dt =

=
2

π

(1

2

π∫
0

(1 + 3 cos 4t)dt+ 2

π∫
0

(1− sin2 t)d(sin t)
)

=

=
2

π

( t
2

+
3

8
sin 4t+ 2 sin t− 2

3
sin3 t

)∣∣∣π
0

= 1.

Îòæå, îòðèìà¹ìî ðîçêëàä ôóíêöi¨ f(x) = x3 çà ìíîãî÷ëåíàìè ×åáèøåâà

ó âèãëÿäi x3 =
3

4
T1(x) + T3(x), äå x ∈ (−1; 1).
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ßêùî ðîçïèñàòè ìíîãî÷ëåíè T1(x) i T3(x), òî

x3 =
3

4
x+

1

4
cos(3 arccos x), x ∈ (−1; 1). I
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Ôóíêöiÿ f(x) íàçèâà¹òüñÿ àáñîëþòíî iíòåãðîâíîþ íà R, ÿêùî iñíó¹

íåâëàñíèé iíòåãðàë

+∞∫
−∞

|f(x)|dx.

Òåîðåìà 1. Íåõàé ôóíêöiÿ f(x) íà íåñêií÷åííîìó ïðîìiæêó (−∞;∞) ¹

îáìåæåíîþ i àáñîëþòíî iíòåãðîâíîþ, à íà áóäü-ÿêîìó ñêií÷åííîìó âiäðiçêó

[a; b] çàäîâîëüíÿ¹ óìîâàì Äiðiõëå, òîáòî ìà¹ íà öüîìó âiäðiçêó ñêií÷åííó

êiëüêiñòü òî÷îê ðîçðèâó ïåðøîãî ðîäó i ñêií÷åííó êiëüêiñòü òî÷îê åêñòðå-

ìóìó. Òîäi âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

f(x− 0) + f(x+ 0)

2
=

1

π

+∞∫
0

dω

+∞∫
−∞

f(t) cosω(t− x)dt.

Çîêðåìà, â òî÷êàõ íåïåðåðâíîñòi ôóíêöi¨ f(x) âèêîíó¹òüñÿ ðiâíiñòü

f(x) =
1

π

+∞∫
0

dω

+∞∫
−∞

f(t) cosω(t− x)dt.

Öi ðiâíîñòi ÷àñòî íàçèâàþòü iíòåãðàëüíèìè ôîðìóëàìè Ôóð'¹ , à ïî-

âòîðíèé iíòåãðàë ñïðàâà íàçèâàþòü iíòåãðàëîì Ôóð'¹.

Çàóâàæèìî, ùî iíòåãðàëüíó ôîðìóëó Ôóð'¹ â òî÷êàõ íåïåðåðâíîñòi ìîæíà

ïåðåïèñàòè ó âèãëÿäi:

f(x) =
1

π

+∞∫
0

(a(ω) cosωx+ b(ω) sinωx)dω,

äå a(ω) =

+∞∫
−∞

f(t) cosωt dt, b(ω) =

+∞∫
−∞

f(t) sinωt dt.

Äëÿ ïàðíèõ ôóíêöié ôîðìóëà Ôóð'¹ ìà¹ âèãëÿä

f(x) =
2

π

+∞∫
0

( +∞∫
0

f(t) cosωt dt
)

cosωx dω.
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ßêùî ïîçíà÷èòè

a(ω) =

√
2

π

+∞∫
0

f(t) cosωt dt, (1)

òî iíòåãðàë Ôóð'¹ ïåðåïèøåòüñÿ ó âèäi

f(x) =

√
2

π

+∞∫
0

a(ω) cosωx dω. (2)

Ôîðìóëà (1) íàçèâà¹òüñÿ êîñèíóñ-ïåðåòâîðåííÿì Ôóð'¹ ïàðíî¨ ôóíêöi¨.

Äëÿ íåïàðíèõ ôóíêöié iíòåãðàëüíó ôîðìóëó ìîæíà çîáðàçèòè ó âèãëÿäi

f(x) =
2

π

+∞∫
0

( +∞∫
0

f(t) sinωt dt
)

sinωx dω.

ßêùî ïîçíà÷èòè

b(ω) =

√
2

π

+∞∫
0

f(t) sinωt dt, (3)

òî iíòåãðàëüíà ôîðìóëà ïåðåïèøåòüñÿ ó âèäi

f(x) =

√
2

π

+∞∫
0

b(ω) sinωx dω. (4)

Ôîðìóëà (3) íàçèâà¹òüñÿ ñèíóñ-ïåðåòâîðåííÿì Ôóð'¹ íåïàðíî¨ ôóí-

êöi¨ f(x).

Çàóâàæèìî, ùî ïàðíó àáî íåïàðíó ôóíêöiþ f(x) ìîæíà âiäíîâèòè,

âèêîðèñòîâóþ÷è âiäïîâiäíi iíòåãðàëè Ôóð'¹ (2) àáî (4) çà âiäïîâiäíèì

êîñèíóñ-ïåðåòâîðåííÿì àáî ñèíóñ-ïåðåòâîðåííÿì Ôóð'¹.

Ôîðìóëà

f(x) =
1

2π

+∞∫
−∞

( +∞∫
−∞

f(t)e−iω(t−x)dt
)
dω

íàçèâà¹òüñÿ iíòåãðàëîì Ôóð'¹ â êîìïëåêñíié ôîðìi .

Íåõàé äëÿ ôóíêöi¨ f(x) âèêîíóþòüñÿ óìîâè òåîðåìè 1. Òîäi ïðÿìèì

ïåðåòâîðåííÿì Ôóð'¹ íàçèâà¹òüñÿ iíòåãðàë

f̂(ω) ≡ F [f(x)] =
1√
2π

+∞∫
−∞

f(x)e−iωx dx. (5)
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Îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹, ÿêå âiäíîâëþ¹ ïî÷àòêîâó ôóíêöiþ

f(x), âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

f(x) ≡ F−1[f̂(ω)] =
1√
2π

+∞∫
−∞

f(ω)eiωx dω. (6)

Îòðèìàíà çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹ (5) ôóíêöiÿ f̂(ω) íàçèâà¹-

òüñÿ çîáðàæåííÿì çà Ôóð'¹ ôóíêöi¨ f(x).

Íàâåäåìî îñíîâíi âëàñòèâîñòi ïðÿìîãî òà îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹.

1) Ëiíiéíiñòü ïåðåòâîðåííÿ Ôóð'¹. ßêùî ôóíêöi¨ f1(x) òà f2(x)

çàäîâîëüíÿþòü óìîâè òåîðåìè 1, òî äëÿ äîâiëüíèõ äiéñíèõ ÷èñåë α1 òà α2

âèêîíóþòüñÿ ðiâíîñòi

F [α1f1(x) + α2f2(x)] = α1F [f1(x)] + α2F [f2(x)],

F−1[α1f̂1(ω) + α2f̂2(ω)] = α1F
−1[f̂1(ω)] + α2F

−1[f̂2(ω)].

2) Ôîðìóëà çâ'ÿçêó. ßêùî äëÿ ôóíêöi¨ f(x) iñíó¹ ïðÿìå òà îáåðíåíå

ïåðåòâîðåííÿ Ôóð'¹, òî

F [f(−x)] = F−1[f(x)].

3) Ïåðåòâîðåííÿ Ôóð'¹ ïîõiäíî¨. ßêùî äëÿ ôóíêöié f(x) òà f ′(x)

iñíó¹ ïåðåòâîðåííÿ Ôóð'¹, òî

F [f ′(x)] = iωF [f(x)].

ßêùî ôóíêöiÿ f(x) ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ i äëÿ äîâiëüíîãî

k ∈ N iñíó¹ ïåðåòâîðåííÿ Ôóð'¹ F [f (k)(x)], òî ñïðàâåäëèâå íàñòóïíå

ñïiââiäíîøåííÿ

F [f (k)(x)] = (iω)kF [f(x)], k ∈ N.

4) Ïîõiäíà âiä ïåðåòâîðåííÿ Ôóð'¹. Íåõàé ôóíêöiÿ f(x) íåïåðåðâíà

íà R, à xf(x) àáñîëþòíî iíòåãðîâíà íà R, òî

F ′[f(x)] = F [−ixf(x)].
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Â çàãàëüíîìó âèïàäêó âèêîíó¹òüñÿ ôîðìóëà

F (k)[f(x)] = F [(−ix)kf(x)], k ∈ N.

5) Ïåðåòâîðåííÿ Ôóð'¹ iíòåãðàëà. ßêùî äëÿ ôóíêöi¨ f(x) iñíó¹ ïå-

ðåòâîðåííÿ Ôóð'¹, òî

F
[ x∫
−∞

f(t)dt
]

=
1

iω
F [f(x)].

6) Ïåðåòâîðåííÿ Ôóð'¹ çñóíóòî¨ ôóíêöi¨. ßêùî äëÿ ôóíêöi¨ f(x)

iñíó¹ ïåðåòâîðåííÿ Ôóð'¹, òî äëÿ f(x− a) ñïðàâåäëèâà ôîðìóëà

F [f(x− a)] = e−iωaF [f(x)],

à äëÿ ôóíêöi¨ f(x+ a) � ôîðìóëà

F [f(x+ a)] = eiωaF [f(x)].

Çãîðòêîþ äâîõ ôóíêöié f1(x) òà f2(x), âèçíà÷åíèõ íà âñié äiéñíié îñi,

íàçèâà¹òüñÿ ôóíêöiÿ f1(x) ∗ f2(x), ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

f1(x) ∗ f2(x) =

+∞∫
−∞

f1(x− t)f2(t) dt =

+∞∫
−∞

f1(t)f2(x− t)dt.

7) Ïåðåòâîðåííÿ Ôóð'¹ çãîðòêè äâîõ ôóíêöié. ßêùî äëÿ ôóíêöié

f1(x) òà f2(x) iñíó¹ ïðÿìå òà îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹, òî âèêîíóþ-

òüñÿ íàñòóïíå ñïiââiäíîøåííÿ

F [f1(x) ∗ f2(x)] =
√

2πF [f1(x)] · F [f2(x)].

Çîáðàæåííÿ Ôóð'¹ f̂(ω) ≡ F [f(x)] ôóíêöi¨ f(x) íàçèâà¹òüñÿ ñïåêòðàëü-

íîþ ôóíêöi¹þ àáî ñïåêòðàëüíîþ õàðàêòåðèñòèêîþ äëÿ f(x). Ôóí-

êöiÿ eiωx íàçèâà¹òüñÿ êîìïëåêñíîþ ãàðìîíiêîþ, à f̂(ω) � êîìïëåêñíîþ

àìïëiòóäîþ ãàðìîíiêè eiωx.

Çàóâàæèìî, ùî ç ìåõàíi÷íî¨ òî÷êè çîðó ôóíêöiÿ eiωx ïðè äîâiëüíîìó çíà-

÷åííi ω îïèñó¹ ãàðìîíi÷íå êîëèâàííÿ. Òîäi ïåðåòâîðåííÿ Ôóð'¹ (5) ìîæíà
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ðîçóìiòè ÿê çîáðàæåííÿ ðóõó, ùî îïèñó¹òüñÿ ôóíêöi¹þ eiωx, ó âèãëÿäi íåñêií-

÷åííî¨ íåïåðåðâíî¨ ñèñòåìè íåçàëåæíèõ êîëèâàíü eiωx ç ðiçíèìè ÷àñòîòàìè

ω. Ôóíêöiÿ f̂(ω) ïðè öüîìó ïîêàçó¹, ç ÿêîþ iíòåíñèâíiñòþ âiäáóâàþòüñÿ êî-

ëèâàííÿ, ùî âiäïîâiäàþòü ðiçíèì çíà÷åííÿì ω. Ôóíêöiÿ |f̂(ω)| íàçèâà¹òüñÿ

àìïëiòóäíèì ÷àñòîòíèì ñïåêòðîì ôóíêöi¨ f(x).

Âïðàâè

1. Çîáðàçèòè iíòåãðàëîì Ôóð'¹ çàäàíi ôóíêöi¨:

1) f(x) =

0, ÿêùî x < 0,

e−x, ÿêùî x ≥ 0,

2) f(x) = e−|x|,

3) f(x) = e−x
2

,

4) f(x) =


cosx, ÿêùî |x| ≤ π

2
,

0, ÿêùî |x| > π

2
,

5) f(x) =

sinx, ÿêùî |x| ≤ π,

0, ÿêùî |x| > π,

6) f(x) =


1, ÿêùî |x| < 1,

0, ÿêùî |x| > 1,

1

2
, ÿêùî |x| = 1,

7) f(x) =



1, ÿêùî − 1 < x < 0,

1

2
, ÿêùî x = −1, x = 0, x = 1,

x, ÿêùî 0 < x < 1,

0, ÿêùî |x| > 1,
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8) f(x) =



−x− 2, ÿêùî − 2 ≤ x < −1,

x, ÿêùî − 1 ≤ x < 1,

−x+ 2, ÿêùî 1 ≤ x ≤ 2,

0, ÿêùî |x| > 2,

9) f(x) =

sgnx, ÿêùî |x| ≤ 1,

0, ÿêùî |x| > 1,

10) f(x) = sgn (x− a) · sgn (x− b), b > a,

11) f(x) =
1

a2 + x2
, a > 0,

12) f(x) =
x

a2 + x2
, a > 0,

13) f(x) =

4
(

1− |x|
2

)
, ÿêùî |x| ≤ 2,

0, ÿêùî |x| > 2,

14) f(x) = e−α|x| cos βx, α > 0,

15) f(x) = e−α|x| sin βx, α > 0,

16) f(x) = xe−x
2

.

2. Çíàéòè ñèíóñ-ïåðåòâîðåííÿ Ôóð'¹ íàñòóïíèõ ôóíêöié:

1) f(x) = e−bx, 2) f(x) =
1

x
,

3) f(x) =

1, ÿêùî 0 ≤ x ≤ 1,

0, ÿêùî x > 1,
4) f(x) =

x

x2 + b2
,

5) f(x) =

e
−αx, ÿêùî x ≥ 0, α > 0,

0, ÿêùî x < 0,
6) f(x) =

x, ÿêùî |x| ≤ 2,

0, ÿêùî |x| > 2,

7) f(x) = xe−αx
2

, 8) f(x) =
1√
x
,

9) f(x) =
cos βx

x
, 10) f(x) =

sin βx

x
.

3. Çíàéòè êîñèíóñ-ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ f(x):
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1) f(x) =

e
−αx, ÿêùî x ≥ 0, α > 0,

0, ÿêùî x < 0,
2) f(x) = e−αx,

3) f(x) = e−αx
2

, 4) f(x) =
1√
x
,

5) f(x) =
1

x2 + b2
, 6) f(x) =

1, ÿêùî 0 ≤ x ≤ 1,

0, ÿêùî x > 1,

7) f(x) = ln
x2 + b2

x2 + c2
, 8) f(x) =

sin βx

x
,

9) f(x) = sin βx2, 10) f(x) = cos βx2.

4. Çíàéòè ïåðåòâîðåííÿ Ôóð'¹ íàñòóïíèõ ôóíêöié:

1) f(x) = e−α|x|, α > 0, 2) f(x) =

1, ÿêùî |x| ≤ 1,

0, ÿêùî |x| > 1,

3) f(x) =
1

π
· 1

1 + x2
, x ∈ R, 4) f(x) =


1

2a
, ÿêùî |x| ≤ a,

0, ÿêùî |x| > a,

5) f(x) = xe−α|x|, α > 0, 6) f(x) = e−
x2

2 , x ∈ R,

7) f(x) = e−
x2

2 cos βx, x∈R, β∈R, 8) f(x) = e−
x2

2 sin βx, x ∈ R, β ∈ R,

9) f(x) =
x2

x2 + b2
, x ∈ R, b ∈ R, 10) f(x) = e−

(x−a)2

2σ2 , x∈R, a∈R, σ>0.

5. Ôóíêöiÿ f(x) çàäîâîëüíÿ¹ óìîâó

+∞∫
−∞

(1 + x2)|f(x)|dx < +∞. Âèðàçè-

òè ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ x2f(x), x ∈ R, ÷åðåç ïåðåòâîðåííÿ Ôóð'¹

ôóíêöi¨ f(x).

6. Äîâåñòè ðiâíîñòi:

1)

+∞∫
0

cosωx

a2 + ω2
dω =

π

2a
e−|x|, x ∈ R, a > 0,

2)

+∞∫
0

e−ω cosωx dω =
1

1 + x2
, x ∈ R,
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3)

+∞∫
0

e−
1
2σ

2ω2

cosωx dω =
1

σ

√
π

2
e
x2

2σ2 , x ∈ R, σ > 0,

4) F
[ 1

2
√
πt
e−

x2

4t

]
=
√

2πe−ω
2t, x ∈ R, t > 0.

7. Çíàéòè ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨:

1) f(x) =
2x

(x2 + 4)2
, 2) f(x) =

9− x2

(x2 + 9)2
.

8. Çíàéòè ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ f(x− 3), ÿêùî

f(x) =

|x|, ÿêùî |x| ≤ 3,

0, ÿêùî |x| > 3.

9. Çíàéòè ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ f(x), ÿêùî:

1) f(x) =
1

x2 + 2x+ 10
, 2) f(x) =

2

x2 + 2x+ 5
.

10. Íåõàé f(x) � íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ i

+∞∫
−∞

|f (k)(x)|dx <

+∞, k = 0, 1, 2, . . . , i f(x) → 0 ïðè x → ±∞. Çíàéòè çâ'ÿçîê ìiæ ïåðåòâî-

ðåííÿì Ôóð'¹ ôóíêöié f òà f ′.

11. Çíàéòè ôóíêöi¨ ϕ(x) i ψ(x), ÿêùî:

1)

+∞∫
0

ϕ(y) cosxy dy =
1

1 + x2
, 2)

+∞∫
0

ψ(y) sinxy dy = e−x, x > 0.

12. Çíàéòè çãîðòêó íàñòóïíèõ ôóíêöié:

1) f1(x) =

e
−αx, ÿêùî x≥0, α>0,

0, ÿêùî x < 0,
f2(x) =

e
−βx, ÿêùî x≥0, β>0,

0, ÿêùî x < 0,

2) f1(x) =

1, ÿêùî 0 ≤ x ≤ 1,

0, ÿêùî x < 0, x > 1,
f2(x) = e−αx, x ≥ 0, α > 0,
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3) f1(x) =

0, ÿêùî x < 0,

sinx, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

shx, ÿêùî x ≥ 0,

4) f1(x) =

0, ÿêùî x < 0,

sinx, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

cos 2x, ÿêùî x ≥ 0,

5) f1(x) =

0, ÿêùî x < 0,

ex, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

sin 3x, ÿêùî x ≥ 0,

6) f1(x) =

0, ÿêùî x < 0,

shx, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

chx, ÿêùî x ≥ 0,

7) f1(x) =

0, ÿêùî x < 0,

e4x, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

1− e4x, ÿêùî x ≥ 0,

8) f1(x) =

0, ÿêùî x < 0,

x2, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

x3, ÿêùî x ≥ 0,

9) f1(x) =

0, ÿêùî x < 0,

x, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

sin2 x, ÿêùî x ≥ 0,

10) f1(x) =

0, ÿêùî x < 0,

sh 2x, ÿêùî x ≥ 0,
f2(x) =

0, ÿêùî x < 0,

cos 3x, ÿêùî x ≥ 0.

13. Çíàéòè ïåðåòâîðåííÿ Ôóð'¹ çãîðòêè ôóíêöié

f1(x) =

e
−αx, ÿêùî x ≥ 0,

0, ÿêùî x < 0,
f2(x) =

1, ÿêùî |x| ≤ 1,

0, ÿêùî |x| > 1.

14. Çíàéòè îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ äëÿ ôóíêöi¨

f̂(ω) =
1

(α + iω)(β + iω)
, α > 0, β > 0.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.6. Ôóíêöiÿ f(x) çàäîâîëüíÿ¹ óìîâè òåîðåìè 1. Îòæå, äëÿ íå¨ ìîæåìî

îá÷èñëèòè iíòåãðàë Ôóð'¹. Îòðèìà¹ìî:

f(x) =
1

π

+∞∫
0

dω

+∞∫
−∞

f(t) cosω(t− x) dt =
1

π

+∞∫
0

( 1∫
−1

cosω(t− x)dt
)
dω =

=
1

π

+∞∫
0

( 1

ω
sinω(t− x)

∣∣∣1
−1

)
dω =

1

π

+∞∫
0

1

ω
(sinω(1− x) + sinω(1 + x))dω =

=
1

π

+∞∫
0

2 sinω · cosωx

ω
dω =

2

π

+∞∫
0

sinω · cosωx

ω
dω

� iíòåãðàë Åéëåðà äëÿ çàäàíî¨ ôóíêöi¨.

Ç ôîðìóëè
1

2
=

2

π

+∞∫
0

sinω cosω

ω
dω îòðèìà¹ìî

π

2
=

+∞∫
0

sin 2ω

2ω
d(2ω).

Îòæå,
+∞∫
0

sin t

t
dt =

π

2
. I

1.8. Çàóâàæèìî, ùî çàäàíà ôóíêöiÿ f(x) íà ïðîìiæêó (−∞;∞) ¹ îáìå-

æåíîþ i àáñîëþòíî iíòåãðîâíîþ. Óìîâè Äiðiõëå äëÿ f(x) âèêîíóþòüñÿ. Îòæå,

ôóíêöiþ ìîæíà çîáðàçèòè iíòåãðàëîì Ôóð'¹
1

π

+∞∫
0

dω

+∞∫
−∞

f(t) cosω(t− x)dt.

Îá÷èñëèìî ñïî÷àòêó âíóòðiøíié iíòåãðàë:

I(x, ω) =

+∞∫
−∞

f(t) cosω(t−x)dt =

−1∫
−2

(−t−2) cosω(t−x)dt+

1∫
−1

t cosω(t−x)dt+

+

2∫
1

(−t+ 2) cosω(t− x)dt =

∣∣∣∣∣∣U = −t− 2, dV = cosω(t− x)dt

dU = −dt, V =
1

ω
sinω(t− x)

∣∣∣∣∣∣+
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+

∣∣∣∣∣∣ U = t, dV = cosω(t− x)dt

dU = dt, V =
1

ω
sinω(t− x)

∣∣∣∣∣∣+

∣∣∣∣∣∣U = −t+ 2, dV = cosω(t− x)dt

dU = −dt, V =
1

ω
sinω(t− x)

∣∣∣∣∣∣ =

=
−t− 2

ω
sinω(t− x)

∣∣∣−1
−2

+
1

ω

−1∫
−2

sinω(t− x)dt+
t

ω
sinω(t− x)

∣∣∣1
−1
−

− 1

ω

1∫
−1

sinω(t− x)dt+
−t+ 2

ω
sinω(t− x)

∣∣∣2
1

+
1

ω

2∫
1

sinω(t− x)dt =

=
1

ω
sinω(1 + x)− 1

ω2
cosω(t− x)

∣∣∣−1
−2

+
1

ω
sinω(1− x)− 1

ω
sinω(1 + x)+

+
1

ω2
cosω(t− x)

∣∣∣1
−1
− 1

ω
sinω(1− x)− 1

ω2
cosω(t− x)

∣∣∣2
1

=
1

ω2
(− cosω(1 + x)+

+ cosω(2 + x) + cosω(1− x)− cosω(1 + x)− cosω(2− x) + cosω(1− x)) =

=
1

ω2
(cosω(2 + x)− cosω(2− x)− 2 cosω(1 + x) + 2 cosω(1− x)) =

=
1

ω2
(−2 sin 2ω sinωx+ 2 · 2 sinω sinωx) =

2

ω2
(2 sinω sinωx− sin 2ω sinωx) =

=
2

ω2
(2 sinω sinωx− 2 sinω cosω sinωx) =

4 sinω

ω2
· (1− cosω) sinωx.

Îòæå,

f(x) =
4

π

+∞∫
0

(1− cosω) sinω

ω2
· sinωx dω.

� iíòåãðàë Ôóð'¹ äëÿ çàäàíî¨ ôóíêöi¨. I

2.6. Çàäàíà ôóíêöiÿ f(x) ¹ íåïàðíîþ i îáìåæåíîþ. Êðiì òîãî f(x) ¹

àáñîëþòíî iíòåãðîâíîþ íà âñié äiéñíié îñi i çàäîâîëüíÿ¹ óìîâàì Äiðiõëå. Òîäi

ñèíóñ-ïåðåòâîðåííÿ Ôóð'¹ çàäàíî¨ ôóíêöi¨ îá÷èñëþ¹ìî çà ôîðìóëîþ

b(ω) =

√
2

π

+∞∫
0

f(t) sinωt dt.

Îòðèìà¹ìî:

b(ω) =

√
2

π

2∫
0

t sinωt dt =

∣∣∣∣∣∣ U = t, dV = sinωt dt

dU = dt, V = − 1

ω
cosωt

∣∣∣∣∣∣ =
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=

√
2

π

(
− 1

ω
t cosωt

∣∣∣2
0

+
1

ω

2∫
0

cosωt dt
)

=

√
2

π

(
− 2

ω
cos 2ω +

1

ω2
sinωt

∣∣∣2
0

)
=

=

√
2

π

(
− 2

ω
cos 2ω +

1

ω2
sin 2ω

)
=

√
2

π
· sin 2ω − 2ω cos 2ω

ω2

� ñèíóñ-ïåðåòâîðåííÿ Ôóð'¹ çàäàíî¨ ôóíêöi¨. I

3.8. Ôóíêöiÿ f(x) =
sin βx

x
¹ àáñîëþòíî iíòåãðîâíîþ íà ïðîìiæêó

(0; +∞) (äèâ. ïðèêëàä 1.6) i çàäîâîëüíÿ¹ óìîâè Äiðiõëå. Òîäi êîñèíóñ-ïåðå-

òâîðåííÿ Ôóð'¹ îá÷èñëþ¹ìî çà ôîðìóëîþ:

a(ω) =

√
2

π

+∞∫
0

f(t) cosωt dt =

√
2

π

+∞∫
0

sin βt

t
cosωt dt =

=

√
2

π

+∞∫
0

1

2t
(sin(β + ω)t+ sin(β − ω)t) dt =

=
1√
2π

( +∞∫
0

sin(β + ω)t

t
dt+

+∞∫
0

sin(β − ω)t

t
dt
)

=

=
1√
2π

(π
2
sgn (β + ω) +

π

2
sgn (β − ω)

)
=

=
1

2

√
π

2

(
sgn (β + ω) + sgn (β − ω)

)
=



√
π

2
, ÿêùî β > ω,

1

2

√
π

2
, ÿêùî β = ω,

0, ÿêùî β < ω.

Çàóâàæèìî, ùî ïðè çíàõîäæåííi êîñèíóñ-ïåðåòâîðåííÿ Ôóð'¹ çàäàíî¨

ôóíêöi¨, ìè ñêîðèñòàëèñü iíòåãðàëîì Äiðiõëå, à ñàìå

D(β) =

+∞∫
0

sin βx

x
dx =

π

2
sgn β. I

4.6. Äëÿ ôóíêöi¨ f(x) = e−
x2

2 âèêîíóþòüñÿ âñi óìîâè òåîðåìè 1. Òîäi çà

ôîðìóëîþ ïåðåòâîðåííÿ Ôóð'¹ îòðèìà¹ìî:

f̂(ω) =
1√
2π

+∞∫
−∞

e−
x2

2 e−iωxdx =
1√
2π

+∞∫
−∞

e−
1
2 (x

2+2iωx+(iω)2)+ 1
2 (iω)

2

dx =
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=
1√
2π

e−
ω2

2

+∞∫
−∞

e−
1
2 (x+iω)

2

dx.

Îá÷èñëèìî òåïåð iíòåãðàë I(ω) =

+∞∫
−∞

e−
1
2 (x+iω)

2

dx. Òîäi

I(ω) = lim
A→+∞

A∫
−A

e−
1
2 (x+iω)

2

dx =

∣∣∣∣∣∣z = x+ iω

dx = dz

∣∣∣∣∣∣ = lim
A→+∞

A+iω∫
−A+iω

e−
z2

2 dz

Ïðîäèôåðåíöiþâàâøè êðàéíi ÷àñòèíè öi¹¨ ðiâíîñòi ïî ω, îòðèìà¹ìî

I ′(ω) = lim
A→+∞

(
ie−

1
2 (A+iω)

2 − ie−
1
2 (−A+iω)

2
)

= 0.

Çâiäñè I(ω) = c, äå c = const.

Îá÷èñëèìî I(0). Îòðèìà¹ìî I(0) =

+∞∫
−∞

e−
x2

2 dx i I(0) =

+∞∫
−∞

e−
y2

2 dy. Ïåðå-

ìíîæèìî öi ðiâíîñòi. Òîäi

I2(0) =

+∞∫
−∞

e−
x2

2 dx ·
+∞∫
−∞

e−
y2

2 dy =

+∞∫
−∞

+∞∫
−∞

e−
x2+y2

2 dxdy.

Ïåðåõîäÿ÷è â îñòàííüîìó iíòåãðàëi äî ïîëÿðíèõ êîîðäèíàò, îòðèìà¹ìî

I2(0) =

∣∣∣∣∣∣x = r cosϕ, 0 ≤ ϕ ≤ 2π

y = r sinϕ, 0 ≤ r < +∞

∣∣∣∣∣∣ =

2π∫
0

dϕ

+∞∫
0

re−
r2

2 dr =

=
1

2

2π∫
0

dϕ

+∞∫
0

e−
r2

2 d(r2) = 2π
(
− e−

r2

2

)∣∣∣+∞
0

= 2π.

Îòæå, I(0) =

+∞∫
−∞

e−
x2

2 dx =
√

2π.

Ïîâåðòàþ÷èñü äî ïåðåòâîðåííÿ Ôóð'¹ ïî÷àòêîâî¨ ôóíêöi¨, îòðèìà¹ìî

f̂(ω) =
1√
2π

e−
ω2

2 ·
√

2π = e−
ω2

2 . I

7.2. Çàóâàæèìî, ùî ôóíêöiÿ f(x) =
9− x2

(x2 + 9)2
¹ ïîõiäíîþ ôóíêöi¨

Φ(x) =
x

x2 + 9
, òîáòî Φ′(x) = f(x).
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Çíàéäåìî âiä îáèäâîõ ÷àñòèí îñòàííüî¨ ðiâíîñòi ïåðåòâîðåííÿ Ôóð'¹. Òîäi

F [f ] ≡ f̂(ω) = F [Φ′] = iωF [Φ] ≡ iωΦ̂(ω).

Äëÿ òîãî, ùîá çíàéòè ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ Φ(x) =
x

x2 + 9
, ñïî÷à-

òêó çíàéäåìî ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨
1

x2 + 9
.

Îñêiëüêè

F [e−3|x|] =
1√
2π

+∞∫
−∞

e−3|x|e−iωxdx =
1√
2π

( 0∫
−∞

e3xe−iωxdx+

+∞∫
0

e−3xe−iωxdx
)

=

=
1√
2π

( +∞∫
0

e−(3−iω)xdx+

+∞∫
0

e−(3+iω)xdx
)

=
1√
2π

(
−e
−(3−iω)x

3− iω

∣∣∣+∞
0
−e
−(3+iω)x

3 + iω

∣∣∣+∞
0

)
=

=
1√
2π

(
− 1

−3 + iω
+

1

3 + iω

)
=

6√
2π(9 + ω2)

,

òî F−1
[ 6√

2π(9 + ω2)

]
= F

[ 6√
2π(9 + ω2)

]
= e−3|x|.

Çâiäñè, ïîìiíÿâøè ìiñöÿìè çìiííi ω òà x, îòðèìà¹ìî

F
[ 1

9 + x2

]
=

√
2πe−3|ω|

6
.

Ç âëàñòèâîñòi 4 ìîæåìî çàïèñàòè

F
[ −ix

9 + x2

]
= F ′

[ 1

9 + x2

]
=
(√2πe−3|ω|

6

)′
ω

=

=

√
2π

6
· (−3) sgnω e−3|ω| = −

√
2π

2
sgnω e−3|ω|.

Çâiäñè

F
[ x

9 + x2

]
=

√
π

2
i sgnω e−3|ω|.

Îñòàòî÷íî îòðèìó¹ìî, ùî

F
[ 9− x2

(9 + x2)2

]
= i ω sgnω

√
π

2
ie−3|ω| = −

√
π

2
ω sgnω e−3|ω|. I

12.9. Çà îçíà÷åííÿì çãîðòêè äâîõ ôóíêöié çàïèøåìî:

f1(x)∗f2(x) =

+∞∫
−∞

f1(x−t) ·f2(t) dt =

x∫
0

(x−t) sin2 t dt =

∣∣∣∣sin2 t =
1− cos 2t

2

∣∣∣∣ =
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=
1

2

x∫
0

(x− t)(1− cos 2t) dt =
1

2

x∫
0

(x− t) dt− x

2

x∫
0

cos 2t dt+
1

2

x∫
0

t cos 2t dt =

=
1

2

(
xt− t2

2

)∣∣∣x
0
− 1

4
x sin 2t

∣∣∣x
0

+
1

2

x∫
0

t cos 2t dt =

∣∣∣∣∣∣ U = t, dV = cos 2t dt

dU = dt, V =
1

2
sin 2t

∣∣∣∣∣∣ =

=
1

2
· x

2

2
− 1

4
x sin 2x+

1

4
t sin 2t

∣∣∣x
0
− 1

4

x∫
0

sin 2t dt =

=
x2

4
+

1

8
cos 2t

∣∣∣x
0

=
x2

4
+

1

8
cos 2x− 1

8
=

1

4
(x2 − sin2 x). I

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó V

1. Ðîçâèíóòè â ðÿä Ôóð'¹ çàäàíó ôóíêöiþ f(x), (T = 2π). Ïîáóäóâàòè

ãðàôiê ñóìè ðÿäó. Çíàéòè çíà÷åííÿ ñóìè ðÿäó â çàäàíié òî÷öi x0 :

1) f(x) = x, x ∈ [0;π], çà ñèíóñàìè êðàòíèõ äóã, x0 = π,

2) f(x) = x, x ∈ [0;π], çà êîñèíóñàìè êðàòíèõ äóã, x0 = 0,

3) f(x) = x, x ∈ [0; 2π], x0 = 2π,

4) f(x) =

−1, ÿêùî x ∈ [−π; 0),

1, ÿêùî x ∈ [0;π],
x0 = 0,

5) f(x) =

2, ÿêùî x ∈ [−π; 0),

−1, ÿêùî x ∈ [0;π],
x0 = 0,

6) f(x) = −x, x ∈ [0;π], çà êîñèíóñàìè êðàòíèõ äóã, x0 = π,

7) f(x) = −x, x ∈ [0;π], çà ñèíóñàìè êðàòíèõ äóã, x0 = π,

8) f(x) = −x, x ∈ [0; 2π], x0 = 2π,

9) f(x) = π − x, x ∈ [0;π], x0 = π,

10) f(x) =

π, ÿêùî x ∈ [−π; 0),

π − x, ÿêùî x ∈ [0;π],
x0 = π,

11) f(x) =

−x, ÿêùî x ∈ [−π; 0),

−1, ÿêùî x ∈ [0;π],
x0 = 0,
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12) f(x) = π − x, x ∈ [0;π], çà êîñèíóñàìè êðàòíèõ äóã, x0 = π,

13) f(x) =

−x, ÿêùî x ∈ [−π; 0),

0, ÿêùî x ∈ [0;π],
x0 = π,

14) f(x) =

0, ÿêùî x ∈ [−π; 0),

x, ÿêùî x ∈ [0; π],
x0 = π,

15) f(x) =

0, ÿêùî x ∈ [−π; 0),

1, ÿêùî x ∈ [0; π],
x0 = 0,

16) f(x) =

π + x, ÿêùî x ∈ [−π; 0),

π, ÿêùî x ∈ [0; π],
x0 = π,

17) f(x) =

π + x, ÿêùî x ∈ [−π; 0),

1, ÿêùî x ∈ [0; π],
x0 = 0,

18) f(x) =

x, ÿêùî x ∈ [−π; 0),

0, ÿêùî x ∈ [0; π],
x0 = π,

19) f(x) =

x, ÿêùî x ∈ [−π; 0),

1, ÿêùî x ∈ [0; π],
x0 = 0,

20) f(x) = 2π − x, x ∈ [0; 2π], x0 = 0,

21) f(x) = π − x

2
, x ∈ [0; 2π], x0 = 0,

22) f(x) = −π + x, x ∈ [0; π], çà ñèíóñàìè êðàòíèõ äóã, x0 = 0,

23) f(x) = −π + x, x ∈ [0; π], çà êîñèíóñàìè êðàòíèõ äóã, x0 = 0,

24) f(x) = −2π + x, x ∈ [0; 2π], x0 = 0,

25) f(x) =

0, ÿêùî x ∈ [−π; 0),

−π + x, ÿêùî x ∈ [0; π],
x0 = 0,

26) f(x) =

1, ÿêùî x ∈ [−π; 0),

−π + x, ÿêùî x ∈ [0; π],
x0 = π,
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27) f(x) =

−π − x, ÿêùî x ∈ [−π; 0),

0, ÿêùî x ∈ [0;π],
x0 = π,

28) f(x) =

−π − x, ÿêùî x ∈ [−π; 0),

1, ÿêùî x ∈ [0;π],
x0 = 0,

29) f(x) =

−π − x, ÿêùî x ∈ [−π; 0),

π, ÿêùî x ∈ [0;π],
x0 = 0,

30) f(x) =

−1, ÿêùî x ∈ [−π; 0),

−π + x, ÿêùî x ∈ [0; π],
x0 = 0.

2. Ðîçâèíóòè â ðÿä Ôóð'¹ ôóíêöiþ f(x) íà çàäàíîìó iíòåðâàëi. Ïîáóäó-

âàòè ãðàôiê öi¹¨ ôóíêöi¨, à òàêîæ ãðàôiê ¨¨ ïåðiîäè÷íîãî ïðîäîâæåííÿ.

1) f(x) = 4− x, x ∈ (2; 6), T = 2l = 4,

2) f(x) = x+ 2π, x ∈ (−3π;−2π), T = 2l = π, çà êîñèíóñàìè êðàòíèõ äóã,

3) f(x) = 1, x ∈ (2; 3), T = 2l = 1, çà ñèíóñàìè êðàòíèõ äóã,

4) f(x) = x− 4π, x ∈ (4π; 5π), T = 2l = π, çà ñèíóñàìè êðàòíèõ äóã,

5) f(x) = x+ 2π, x ∈ (−3π;−2π), T = 2l = π, çà ñèíóñàìè êðàòíèõ äóã,

6) f(x) = −1, x ∈ (−2;−1), T = 2l = 1, çà ñèíóñàìè êðàòíèõ äóã,

7) f(x) = 2π − x, x ∈ (π; 2π), T = 2l = π,

8) f(x) = x− 2, x ∈ (2; 4), T = 2l = 2,

9) f(x) = 4− x, x ∈ (3; 4), T = 2l = 1,

10) f(x) = x+ 1, x ∈ (−2;−1), T = 2l = 1,

11) f(x) = x− 3, x ∈ (2; 4), T = 2l = 2, çà ñèíóñàìè êðàòíèõ äóã,

12) f(x) = x− 3π, x ∈ (2π; 4π), T = 2l = 2π,

13) f(x) = 4π − x, x ∈ (3π; 4π), T = 2l = π,

14) f(x) = 3− x, x ∈ (2; 3), T = 2l = 1, çà êîñèíóñàìè êðàòíèõ äóã,

15) f(x) = x− 2, x ∈ (0; 2), T = 2l = 2,

16) f(x) = x− 3π, x ∈ (0; 3π), T = 2l = 3π, çà ñèíóñàìè êðàòíèõ äóã,
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17) f(x) = −x, x ∈ (−2π; 0), T = 2l = 2π,

18) f(x) = 6π − x, x ∈ (5π; 6π), T = 2l = π,

19) f(x) = x− 4π, x ∈ (4π; 5π), T = 2l = π, çà êîñèíóñàìè êðàòíèõ äóã,

20) f(x) = −x− π, x ∈ (−2π;−π), T = 2l = π,

21) f(x) = x+ 2π, x ∈ (−3π;−2π), T = 2l = π,

22) f(x) = −x− 1, x ∈ (−2;−1), T = 2l = 1, çà êîñèíóñàìè êðàòíèõ äóã,

23) f(x) = x+ 2, x ∈ (−3;−2), T = 2l = 1,

24) f(x) = x− 2, x ∈ (2; 4), T = 2l = 2,

25) f(x) = 3− x, x ∈ (2; 4), T = 2l = 2,

26) f(x) = −x− π, x ∈ (−2π;−π), T = 2l = π,

27) f(x) = 6− x, x ∈ (5; 6), T = 2l = 1,

28) f(x) = 5− x, x ∈ (4; 6), T = 2l = 2,

29) f(x) = x− 4, x ∈ (3; 5), T = 2l = 2,

30) f(x) = x− 3, x ∈ (2; 3), T = 2l = 1, çà êîñèíóñàìè êðàòíèõ äóã.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ äî ðîçäiëó V

1. Ðîçâèíóòè â ðÿä Ôóð'¹ çàäàíó ôóíêöiþ f(x) =

1, ÿêùî x ∈ [−π; 0),

π − x, ÿêùî x ∈ [0; π],

(T = 2π). Ïîáóäóâàòè ãðàôiê ñóìè ðÿäó. Çíàéòè çíà÷åííÿ ñóìè ðÿäó â

çàäàíié òî÷öi x0 = 0.

Ðîçâ'ÿçàííÿ. Ôóíêöiÿ f(x) çàäîâîëüíÿ¹ óìîâè Äiðiõëå: 1) ðiâíîìiðíî

îáìåæåíà, áî |f(x)| ≤ π ïðè x ∈ [−π; π]; 2) ìà¹ ñêií÷åííå ÷èñëî òî÷îê ðîç-

ðèâó I ðîäó, à ñàìå ðîçðèâ òèïó ñòðèáêà ó òî÷öi x0 = 0, áî lim
x→−0

f(x) =

−1, lim
x→+0

f(x) = π; 3) ìà¹ íå áiëüøå íiæ ñêií÷åííå ÷èñëî òî÷îê åêñòðåìóìó,

à ñàìå, ìàêñèìóì â òî÷öi x = 0 i ìiíiìóì ó òî÷öi x = π. Òîìó ó âñiõ òî÷êàõ

iíòåðâàëó (−π; π), äå âîíà íåïåðåðâíà, äîïóñêà¹ ðîçâèíåííÿ â òðèãîíîìåòðè-

÷íèé ðÿä Ôóð'¹

f(x) =
a0
2

+
+∞∑
n=1

an cosnx+ bn sinnx,

äå

a0 =
1

π

π∫
−π

f(x)dx, an =
1

π

π∫
−π

f(x) cosnxdx,

bn =
1

π

π∫
−π

f(x) sinnxdx, n ∈ N.

Çíàéäåìî êîåôiöi¹íòè ðÿäó:

a0 =
1

π

π∫
−π

f(x)dx =
1

π

( 0∫
−π

1·dx+

π∫
0

(π−x)dx
)

=
1

π

(
x
∣∣∣0
−π

+
(
πx−x

2

2

)∣∣∣π
0

)
= 1+

π

2
;

an =
1

π

π∫
−π

f(x) cosnxdx =
1

π

( 0∫
−π

cosnxdx+

π∫
0

(π − x) cosnxdx
)

=

=
1

π

(sinnx

n

∣∣∣0
−π

+ (π − x)
sinnx

n

∣∣∣π
0

+

π∫
0

sinnx

n
dx
)

= −1

π

cosnx

n2

∣∣∣π
0

=

=
1− cos πn

πn2
=

(−1)n+1 + 1

πn2
.
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bn =
1

π

π∫
−π

f(x) sinnxdx =
1

π

( 0∫
−π

sinnxdx+

π∫
0

(π − x) sinnxdx
)

=

=
1

π

(
− cosnx

n

∣∣∣0
−π

+ (π − x)
(− cosnx)

n

∣∣∣π
0
−

π∫
0

cosnx

n
dx
)

=

=
1

π

(−1 + cos πn

n
+
π

n
− sinnx

n2

∣∣∣π
0

)
=

(−1)n − 1

πn
+

1

n
.

Îòæå,

f(x) =
2 + π

4
+

+∞∑
n=1

((−1)n+1 + 1

πn2
cosnx+

((−1)n − 1

πn
+

1

n

)
sinnx

)
.

Öÿ ðiâíiñòü ìà¹ ìiñöå ó âñiõ òî÷êàõ iíòåðâàëó (−π; π), êðiì òî÷îê ðîçðèâó

òà éîãî êiíöiâ. Â òî÷öi ðîçðèâó ñóìà ðÿäó äîðiâíþ¹ ñåðåäíüîìó àðèôìåòè-

÷íîìó ãðàíèöü ôóíêöi¨ ñïðàâà i çëiâà, òîáòî S(0) = 1+π
2 . Íà êiíöÿõ iíòåðâàëó

S(π) = S(−π) = f(−π+0)+f(π−0)
2 = 1

2 .

Ãðàôiê ñóìè ðÿäó áóäå ñêëàäàòèñÿ iç íåñêií÷åííî¨ ìíîæèíè îêðåìèõ òî-

÷îê ç îðäèíàòîþ 1
2 i àáñöèñîþ πn, n ∈ Z \ {0} òî÷îê

(
2πn; π+1

2

)
, n ∈ Z

òà ãðàôiêiâ ôóíêöié y = 1, x ∈ (−π; 0) òà y = π − x, x ∈ (0; π) íàä ÿêèìè

çäiéñíþ¹òüñÿ ïàðàëåëüíå ïåðåíåñåííÿ âçäîâæ îñi Ox íà 2πn, n ∈ Z \ {0}.
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2. Ðîçâèíóòè â ðÿä Ôóð'¹ ôóíêöiþ f(x) = −x− π íà çàäàíîìó iíòåðâàëi

x ∈ (−2π;−π). Ïîáóäóâàòè ãðàôiê öi¹¨ ôóíêöi¨, à òàêîæ ãðàôiê ¨¨ ïåðiîäè-

÷íîãî ïðîäîâæåííÿ ïðè T = 2l = π.

Ðîçâ'ÿçàííÿ.Ìà¹ìî âèïàäîê äîâiëüíîãî ïðîìiæêó (a; b), äîâæèíà ÿêîãî

2l = π. Ïðîäîâæèìî íàøó ôóíêöiþ ïåðiîäè÷íèì ÷èíîì ç ïåðiîäîì T = π

íà âñþ äiéñíó âiñü i ðîçãëÿíåìî, íàïðèêëàä, ïðîìiæîê (0; π). Íîâà ôóíêöiÿ,

ïåðiîäè÷íà ç ïåðiîäîì T = π, íà öüîìó ïðîìiæêó ìàòèìå âèãëÿä

f1(x) = −x+ π.

Ðîçâèíåìî ¨¨ â ðÿä Ôóð'¹, êîåôiöi¹íòè ÿêîãî áóäåìî øóêàòè çà ôîðìóëàìè

an =
1

l

2l∫
0

f1(x) cos
πnx

l
dx, n = 0, 1, 2, ...

bn =
1

l

2l∫
0

f(x) sin
πnx

l
dx, n = 1, 2, ...

Îá÷èñëèìî êîåôiöi¹íòè:

a0 =
2

π

π∫
0

(π − x)dx =
2

π

(
− x2

2
+ πx

)∣∣∣π
0

= π.

an =
2

π

π∫
0

f1(x) cosnxdx =
2

π

( π∫
0

(π − x) cos
πnx
π
2

dx
)

=

=
2

π

(
(π − x)

sin 2nx

2n

∣∣∣π
0

+

π∫
0

sin 2nx

2n
dx
)

= −2

π

cos 2nx

(2n)2

∣∣∣π
0

= 0.

bn =
2

π

π∫
0

f(x) sin 2nxdx =
2

π

π∫
0

(π − x) sin 2nxdx =

=
2

π

(
(π − x)

(− cos 2nx)

2n

∣∣∣π
0
−

π∫
0

cos 2nx

2n
dx
)

=

=
2

π

( π
2n
− sin 2nx

(2n)2

∣∣∣π
0

)
=

1

n
.
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Îòæå,

f1(x) =
π

2
+

+∞∑
n=1

1

n
sin 2nx, S(0) = S(π) =

f(+0) + f(π − 0)

2
=
π

2
.

Ñóìà öüîãî ðÿäó ó âñiõ òî÷êàõ íåïåðåðâíîñòi f(x) ïðè x ∈ (−2π;−π)

ñïiâïàäà¹ iç çíà÷åííÿìè ôóíêöi¨. Òàêèì ÷èíîì

f(x) =
π

2
+

+∞∑
n=1

1

n
sin 2nx, x ∈ (−2π;−π).
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