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actical and of high-di i optimal portfolio selection

Llnlroduc(ion

Introduction

Optimization problem:

Wy — %w’}:w — max subjectto w'1=1.

where p = E(y), £ = Var(y), w = (wq, Ws, ..., wp)’ is the p-dimensional vector of the
portfolio weights, and y is the vector of asset returns.

Solution: ; . ;
¥11 » _ o= E

Wy = —— + Qu with Q=" ——— ——

BV g1 77 B 1E 1

> Population efficient frontier:

(R - Ramv)? = s(V = Vemv),

where |
1S ' 1

— = Vew=-———,ands=p/'Qu.
1/2711 GMV [22As 72

R =
amv 1z

Remark: wgy, Rey, Veu, Ramvs Vamy and s are functions of i and X only.
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Llnlroduc(ion

L Parameter uncertainty

Parameter uncertainty: Estimation
p and X are unknown parameters ~ estimation

Sample mean vector and covariance matrix:

_ 1 C 1< _ _
Yn = " Zyj and S, = n_1 Z(Vj—yn)(yl‘—yn)l~
J=1 j=1

Sample EU portfolio weights:

Wey = 1?35;1‘11 +a1Qnfn with @y =S5 1 — %
Sample efficient frontier:
(R—Ramv)® =3(V - Vamy),
where ) P — 1 )
Ramv = 1,5'7? Vemy = s and & = ¥,Qnyn .

3/23



Practical and i p of high-di i optimal portfolio selection
Llnlroduc(ion

L Parameter uncertainty

How good is the sample efficient frontier?

p =10, n =500 p =50, n =500
H &
p = 250, n = 500 p = 400, n = 500

Portioo Expected Return
00 0s 10 15 20 25 30

Portiolo Expected Return
00 05 10 15 20 25 30

000 005 010 ols 020
Portiolo Variance.

Sample efficient frontier is overoptimistic, especially for large p
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Practical and theoretical aspects of high-dimensional optimal portfolio selection

leproved estimator: Shrinkage approach

Improved estimators: Shrinkage approach

» Mean vector: James and Stein (1961), Gleser (1986), Chételat and Wells (2012),
Wang, Tong, Cao and Miao (2014), Bodnar, Okhrin and Parolya (2018)

> Covariance matrix/precision matrix: Efron and Morris (1976), Ledoit and Wolf
(2004), Cai, Lui and Luo (2011), Xue and Zou (2012), Fan, Liao and Mincheva
(2013), Wang, Pan, Tong and Zhu (2015), Bodnar, Gupta, and Parolya (2014,
2016)

» Optimal portfolio weights: Golosnoy and Okhrin (2007), Frahm and Memmel
(2010), Kourtis, Dotsis and Markellos (2012), Bodnar, Parolya, and Schmid (2018)

Classical approach: Optimal portfolio weights are obtained by using improved
estimators for the mean vector and for the precision matrix

Improved estimator is constructed directly for portfolio weights ~~ Reduction of
the estimation error
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p i : Shrinkage app!

Data-generating model

Let Yo = (Y1, ..., Yn) be the observation matrix and let
Yn g [.L1;7 + 21/2Xn,

where X, consists of i.i.d. random variables with zero means and unit variances.

Assumptions:
(A1) X is a non-random positive definite matrix.

(A2) The elements of X, have bounded 4 + ¢ moments for some £ > 0.

(A3) The efficient frontier is asymptotically a nondegenerate object: s = u'Qu > 0
uniformly in p.
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Practical and theoretical aspects of high-dimensional optimal portfolio selection

L Improved estimator: Shrinkage approach

Shrinkage estimator
We seek the estimator in the form (for ¢ € (0, +00), ¢ # 1)

WSE = anWEU + (1 — Ozn)b with b’1 =1 and b’Xb < 0,

where

> Wey is the sample estimator of the EU portfolio (Moore-Penrose inverse is used
forc > 1)

> b is a vector of given nonrandom target weights with uniformly bounded norm
» «ap —some unknown shrinkage intensity ~~ object of interest

U = W (an)p — %ng(an)waE(an) — max st an

ot =y (Wey — b)'(p — v=b)
" (Wey — b)Y E(Wey —b)

@ Bodnar, T., Okhrin, Y., and Parolya, N. (2023). Optimal shrinkage-based portfolio selection in high dimensions. Journal of Business
& Economic Statistics 41: 140-156.
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Practical and theoretical aspects of high-dimensional optimal portfolio selection

L Improved estimator: Shrinkage approach

Theorem 1
Under Assumptions (A1)-(A3), it holds that

al % o for %HC€(0,+OO)\{1} as n— co with

—1

1 Y
(Remv — Rb) (1+7> +v(Vp — Vemv) + s
1 1 1—c
7 1 s c e<t,
—V -2 R, — R +y 2 —t——— | + V
) T Vv ( ( b GMV)) 2l <(1 o8 o c)3> b
o = 1 7—1
Bamy — Ro) [ 1+ ——— | +~(Vb — Vauy) + s
B (Remv b)< ©-n (Vb — Vamy) e =)
5 c>1.
¢y 2(v + 2= (R, —R ))+ -2 s L2 .y,
(e 1) amv amv + gle=1) (Rb — Ramv ¥ -1 T oo b
where

> Rguyv and Vgyy are the expected return and the variance of the true GMV
portfolio

> R, =b’pand V, = b’Tb are the expected return and the variance of the target
portfolio b

> s —the slope parameter of the efficient frontier
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: Shrinkage app!

Oracle shrinkage EU portfolio

Corollary 1

Wose = o™ Wey + (1 —a™)b

Let Usg and Us be the expected utilities for the oracle shrinkage EU portfolio and the
sample EU portfolio, respectively. Then the relative losses are given by

Ugy — U,
rop = JEU = Use as,

Ueu

_ Ueu—Us as,
Uey

for £ — ¢ € (0, +00)

1+c— csz—RGMV v

—1

s

(a*Prs+(1 —a*)n +a*(1 —a* )=y b

—1

Ry—R, s
0 re (1 — a*P2h + a*(1 — a*)-c_ Fo—Ramy—
(a™)rs + ( "o ( ) ey
7 (4 1(1__1 1 ¥
% (72 —1) Vamv+ (2 (14)*2(1,,:)3) T GsoB
=
Ramv+15— 5= % Vauv

I (P 1) vy gy et
3\ o=1 Gmy+Y 75—15 W 7 -8

=
Ty 5= % Vamv

\ {1} asn— oo.

for c < 1,

for ¢ > 1.

for c < 1,

for ¢ > 1.
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Relative losses as a function of p

relative loss

relative loss
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Figure: ¢ = 0.2 (top left), 0.5 (top right), 0.8 (bottom left), 2 (bottom right)
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p i : Shrinkage app!

Bona-fide estimation

Theorem 2
Under Assumptions (A1)-(A3), consistent estimators for Rgyy, Veuy, S, By and V,,
under large dimensional asymptotics p/n — ¢ as n — oo are given by

Re = Rawv =5 Ramv
1 ~
—V f 1

) 1= pjn oMV or c< 1,

Ve = 2% Vamv
— Vs for ¢ > 1.
p/n(p/n—1) M
(1 —-p/n)s—p/n for c <1,

& = 2% s
p/n(p/n—1)§—p/n for c > 1.

Ry = by 2% R,

¥ = b'Spb 2% V,,

where Rgyy, Vawy and § are the corresponding sample estimators.
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p i : Shrinkage app!

Bona-fide shrinkage EU portfolio

Wprse = &*"Wey + (1 —a”)b

with
PO 1 N -1
o (Rc*Rb)<1+m)+’Y(Vb V,,-)+ p/n oot
1 N N -1 2 A _ 3¢ p/n " ’
‘1-p/’nVC‘z("”%m(”"‘””)”2((1—p/n)3+< p/n)s) Y
ag(b) =
N ~ 1 v w" ~
. (””"’(”p/n(p/nfn)“(v" Y pintp/n— 1) oot
(p/n) 2(\7 + (R ))+L(§ +( /n)2)+\7
p/n—1 Ve—2(Ve P/"P/"‘ b (p/n—1y8 TP °
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Practical and of high-di i optimal portfolio selection

Lshrinkae-based test on EU portfolio weight

LTest theory based on the sample estimator

Tests on the weights of optimal portfolios

Generalized linear hypothesis:

Ho : Lwgy =7 against Hy : Lwgy #r,
» L : k x pdimensional matrix with k < p — 1
> r: k-dimensional vector
Approach: Tests based on Mahalanobis distance

@ Bodnar, T. and Schmid, W. (2011). On the exact distribution of the estimated expected utility portfolio weights: Theory and
applications, Statistics & Risk Modeling 28: 319-342.

@ Bodnar, T., Dette, H., Parolya, N. and Thorsén, E. (2022). Sampling distributions of optimal portfolio weights and characteristics in
low and large dimensions, Random Matrices: Theory and Applications 11: 2250008.
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Practical and of high-di i optimal portfolio selection

Lshrinkae-based test on EU portfolio weight

LTest theory based on the sample estimator

Test based on Mahalanobis distance

Test statistics:
N A1
TL=M—p+1)(W —r)Q (W —r),

where
A A LS, " A -
Wi = LVVEU = ‘7ﬁ¥£?4fl +’7’ 1L()nYn:
1,8, "1,
. LQ,L’ A A A o ol A
Q = a5+ QY0 + 1)LQL + v 2LQnYAY,QnL!
1,8, 1,

Under the null hypothesis:

> T A xﬁ as n — oo (classical asymptotics)
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Lshrinkae-based test on EU portfolio weight

LTest theory based on the sample estimator

High-dimensional improvement

Test statistics: )
TL;C = (n - p) (WL;C - r)/ Ql:c (WL;C - I’) ’

where

o LS, "1, an

Wie = a1, T SchLe

1,5, 1,

Q. = (772(30 +1) + VGMV;C) (1= ca)LQLT + 72827,

with
5 LA,y ) . . 1%
ﬁL-c:SCTCH cinyn’ So=(1—cn)b—cp Vp= JCMV =P
' Sc ¥,Qnyn 1—ocn n

Under the null hypothesis:

> TLe LA xﬁ for p/n — ¢ as n — oo with k << p (high-dimensional asymptotics)
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|—Shrinkage-based test on EU portfolio weight

LTest theory based on the sample estimator

c=08 k=10 c=08, k=30
S ] S ]
S —— Asymptotic o —— Asymptotic
B — T b — T
38 — Tue 8 ] — Tue
=) c
z 8 > 8
G ° 2 3
T < | S < |
a 3 a 3
= S
o o
S 4 S 4
=) c
) )
S 4 S
S T T T T T T T S T T T T T T T T
0 10 20 30 40 50 60 70 0 15 30 45 60 75 90 105 120 135

x2-approximation of the densities of T_ and Ti.c together with their kernel density
estimators for v = 5 and p = 300

c=03
k=10 k=30 k=100
N 0.526 0.890 1
Tic 0.059 0.071 0.172
c=0.38
k=10 k=30 k=100
In 0.216 0.762 1
T 0.069 0.105 0.220

Empirical sizes of the tests based on T and T .. using 10* independent replications.
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Lshrinkae-based test on EU portfolio weight

LTest theory based on the sample estimator

Take home message

» Both T, and Ty are highly inconsistent
> Especially, T\ has a much higher size than the nominal significance value

» Tp.c performs much better than Ty for smaller values of k, but discrepancy
becomes large if k increases

> Both tests cannot be applied to validate the structure of the whole portfolio as a
single test ~» multiple test

> Negative impact on the power of each marginal test

Solution: New approaches for testing the structure of the whole optimal portfolio.
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Lshrinkae-based test on EU portfolio weight

L Shrinkage-based test

High-dimensional shrinkage test on wg;, = wy

Hypotheses in terms of weights:
Ho : Wey = wp against Hy - wey # wo,
ldea: setb = wg ~ a*(wp) =0

Theorem
Under the null hypothesis, it holds that

Vnag(wo) —d>./\/(0, Cu0), forp/n—ce[0,1)asn— oo

> &% (wp) is a consistent estimator of o* (wg)

Ca;O = Ca;O(HGMVa Rb7 VGMV7 Vb: S)‘

@ Bodnar, T., Dmytriv, S., Okhrin, Y., Parolya, N., and Schmid, W. (2021). Statistical inference for the expected utility portfolio in high
dimensions, /IEEE Transactions on Signal Processing 69: 1-14.
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Practical and theoretical aspects of high-dimensional optimal portfolio selection
LShrinkage-based test on EU portfolio weight
L Shrinkage-based test

Test statistics
Under the null hypothesis:

>
To = Aﬁacfwoz - E>/\/(0,1)forp/n—>ce[0,1)asn—>oo
\/Ca;O(RGMW Rp, Ve, Vi, 8¢)
>
Ta = . :ﬁ?C(‘f’O) — % N(0,1) for p/n— c € [0,1) as n — oo
v/ Caso(Remy. Bo, Ve, Vo, 1(Ry — Rauy))
where

» Reuv, By, and ¥, are the sample estimator of Rguyy, Re, and V,
» /. and & are consistent estimators of Vg, and s

Remark: Using the duality between the test theory and confidence interval, the null
hypothesis is rejected at significance level 8 as soon as the (1 — 3) confidence interval
constructed for a*(wp) does not include zero.
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|—Shrinkage-based test on EU portfolio weight
L Shrinkage-based test

Size properties

c=03 c=08
0 v
5 ——  Asymptotic ° ——  Asymptotic
— Ta — Ta
< — Ta < — T
S s
© ®
2 S 2 S
[} [%}
5 5
~ &
a g [a R
= Ja!
o 7 o 7
T T T T T T T T T T T T T T T T T T
4 -3 2 -1 0 1 2 3 4 4 3 =2 -1 o0 1 2 3 4

Normal approximation of the densities of T, and Ta together with their kernel density
estimators for v = 5 and p = 300

c=03 <¢c=08

T.  0.052 0.053
Ta 0.051 0.052

Empirical sizes of the tests based on T,, and T using 10* independent replications.
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Lshrinkae-based test on EU portfolio weight
L Shrinkage-based test

Power analysis
Model under the alternative hypothesis

i =pte
where
e=-a-(1,...,1,0,...,0),
N—— ——

m m

where a=0.01«, « € {0,1,2,...,35}, m=0.5p.

c=03 c=08
o o
= =]
@ ®
S S
o | o |
g ° g °
5 1 5
[ [
S o
N o
S S
B — T B — Ta
o — Ta o | — Ta
S =)
T T T T T T T T T T T T T T T T
000 005 010 015 020 025 030 035 000 005 010 015 020 025 030 035

Change Change

Empirical power of the proposed tests as a function of the change a and p = 300
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LEmpirical illustration

Efficiency of the equally weighted portfolio: empirical illustration
Data: Daily returns on all companies listed in the S&P 500 index for the period from
April 1999 to March 2020
Portfolio: First p assets, p € {100,300}, in alphabetic order from the available data.

¢=0. 8, p=100, y=5 ©=0.8, p=300, y=5

I SO O SO Sy G S
ST IS LIPS TSP SESEEESF SIS
Date

Estimated shrinkage intensities for the equally weighted portfolio as the target portfolio with 95%
pointwise confidence intervals. The black dots indicate the periods with rejected Hy (1-values) and

not rejected Hp (0-values)

@ Bodnar, T., S. Dmytriv, Y. Okhrin, D. Otryakhin and N. Parolya (2022) HDShOP: High-Dimensional Shrinkage Optimal Portfolios. R
package version 0.1.3.
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LSummary

Why all these efforts?
> Interesting mathematics

> Better understanding the properties of the estimators and the test statistics

> Simple application to financial data

> Interesting empirical results

T T T T
2000 2005 2010 2015 2020

1 » Equally weighted portfolio is not
2% efficient, especially when p is large
&7 : » Naive portfolio has a poor performance
e | during the volatile period
‘ 2000 20‘05 20‘10 20‘15 20‘20

Date
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